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Introduction

This report describes an application, which simulates the scattered magnetic field near a linear conductor
that is illuminated by a vertically polarized antenna. Currents are induced in the conductor by the antenna
and the scattered magnetic field is estimated. The simulation is designed to complement an experiment
in which a conductor of fixed length lies on or just above the ground. The magnetic field components are
measured at positions corresponding to a search pattern; the search trajectories are straight lines at a
fixed sensor height.
In the experimental arrangement, the antenna is a vertical whip (Cactus Navigation & Communication
n.d.) with a ground plane consisting of eight radial wires. The base of the whip is close to the ground. It is
driven from an amplifier through a coaxial cable. A base coil of variable inductance is used for matching
purposes. The antenna is short with a distribution of current, which is closely linear so that it drops to zero
at its upper end. Therefore, the antenna impedance is primarily capacitive with a small radiation
resistance. The base coil helps to cancel the capacitance and, near resonance, raises the voltage at the
base of the antenna, so that a significant current can be driven into it. The radiation resistance is too small
to be matched in such an arrangement and significant reflections can be expected and are observed.
Moreover, the coil and cable could be responsible for significant fields and these need not be vertically
polarized.
The electromagnetic (EM) field from the antenna itself is vertically polarized. At distances less than a few
wavelengths, the field comprises near and far components. This is the configuration to which the present
simulation applies. The near fields fall off faster than the far fields, which are responsible for the radiated
power. The near fields represent a reactive energy. Because the antenna is at a finite height, there is a
small horizontal component of the electric field even in the absence of the ground. However, currents
induced in the ground by the changing magnetic field from the vertical antenna can produce a significant
horizontal component of the electric field. The combined fields are responsible for inducing current in the
wire.
The presence of the earth affects the fields because of its lossy dielectric properties. These are handled
using a theoretical approach due to Sommerfeld (1964), which is appropriate through the amplitude
modulation (AM) band of broadcast frequencies up to tens of megahertz. It is based on solutions of the
wave equation in the two media, in which the boundary conditions across the air-ground interface are
carefully applied. There are two possible approaches. The Sommerfeld fields at the wire can be calculated
and the current induced it in can be estimated. This current then creates a scattered field, which can be
measured as a deviation from the excitation field. This is the approach taken here; it is a transmission line
method. The second approach is to use the Sommerfeld theory in conjunction with the method of
moments. This is likely to be more accurate but more time consuming. In a companion study (Irvine and
Tunaley 2018), a commercial software package called “FEKO” was run for comparison purposes and the
transmission line approach has been validated for the current application. The simulation continues to be
validated using FEKO (Altair Hyperworks n.d.).
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1.1 Scope
This report provides a summary of the theory researched to develop software to simulate a wire being
excited by an external dipole. The results of this custom software are compared to those from commercial
simulation software.
This report is submitted as a deliverable under Contract W7714-207172. The software is provided as a
separate deliverable.

1.2 Definitions
Acronym

Definition

AM

Amplitude Modulation

EM

Electromagnetic

GUI

Graphical user interface

ITU

International Telecommunications Union

PEC

Perfectly Electrically Conducting
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Ground Wire Excitation

In this simulation the focus is frequencies from about 10 kHz to 15 MHz with corresponding free-space
wavelengths from 30 km to 20 m. It is assumed that the earth is flat and that the wire lies on the ground
or very close to it. To find the EM fields from a vertically polarized antenna located above a homogeneous
conducting half-space, the Sommerfeld theory is employed (Sommerfeld 1964). It is understood that the
ground is typically not homogeneous and that its characteristics may change with depth; a better
approach would be to introduce a layered model. However, this would introduce additional complexities
and it is doubtful whether this would be useful, because of inherent uncertainties about ground
composition. Moreover, the effect of the ground is limited to the penetration depth, as explained in an
International Telecommunications Union document R-REC P.527 (International Telecommunications
Union 1992). Also, at low frequencies and long wavelengths, some averaging over ground properties is
expected. In practice, some effective ground parameters (relative permittivity and conductivity) are
employed and the approximation of homogeneity is retained.
To estimate the electric and magnetic fields near the ground, Sommerfeld integrals must be evaluated.
The integrand is typically complex and oscillatory and may fall off quite slowly. There are also poles and
branch points close to the integration path. The poles and branch points can be avoided by deforming the
path as advocated by Sommerfeld (1964). This is the approach taken here, though there has recently been
progress using variable transformations to suppress the effects of poles. There has also been some
significant effort to evaluate the “Sommerfeld tails” to improve convergence and mitigate the effects of
oscillation (Michalski and Mosig 2016; Golubovic, Polimeridis, and Mosig 2012).
It is assumed that wire and ground act as a transmission line; the ground behaves as a return path. The
theory has been discussed by Wait (1972) and this allows the wave number and the characteristic
impedance of the line to be estimated. This theory is strictly applicable when the wire is above or below
the air-ground interface by more than one or two wire diameters. However, Coleman (1950) has provided
an expression for the wave number for a wire half-embedded in the ground. This permits the line wave
number to be interpolated over the range of small heights.
The Wait theory also involves a Sommerfeld integral and, at low frequencies, oscillations are not a serious
problem. Therefore, a modern efficient approach is considered using an integration path along the real
axis. This is due to Michalski and Mosig (2016). Unfortunately, convergence becomes a problem at high
frequencies and a straightforward Simpson’s method with error control must be adopted. The solutions
also require iteration, and this is achieved with a secant method adapted to a complex wave number. The
technique has been described by Tunaley and Irvine (Tunaley and Irvine 2020).
The wire acts as a Beverage antenna and once the electric field component along the wire is evaluated,
the current must be found. This uses the theory due to King (1976). The electric field is represented by
infinitesimal voltage generators along the wire. The effect of each generator can be determined in terms
of standard transmission line theory so that the entire excitation can be expressed in terms of an integral
over a Green’s function.
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Finally, the magnetic field close to the wire is effectively estimated by summing the effects of the induced
currents in the wire. Again, Sommerfeld theory is employed because of the presence of a conducting
ground. It is noticed that use of the Biot-Savart law to calculate the magnetic field tends to over-estimate
the field. This is due to eddy currents induced in the ground by the scattered fields, which reduce the
scattered fields by Lenz’s law. Table 1 shows some comparisons for the magnetic field in the y-direction
at z = 1 m above a dipole of strength 1.0 A.m at 5 MHz located on the ground surface (see Table 2 for
ground properties). For these parameters, the reduction from the Biot-Savart law is about 33% for very
dry ground and 120% for very wet ground. In FEKO it was not possible to locate the dipole on the ground
at z = 0 and this may account for the differences in the last two columns.
Table 1. Magnetic field comparison
Ground

Biot-Savart Law (mA/m)

FEKO (mA/m)

Program (mA/m)

Very Dry

-79.58

-61.88-1.63j

-59.85-1.67j

Very Wet

-79.58

-38.42+5.26j

-35.99+5.31j

2.1 Geometry
The geometry of the transmitter and wire arrangement is shown in Figure 1. The wire is located from A to
B with center at O. The transmitter is at T at an angle θ to the wire. The nominal distance of the transmitter
to the wire is TO.

Figure 1. Geometry
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2.2 Soil Properties
At frequencies in the range 10 kHz to 50 MHz, the ground is characterized by its relative permittivity and
conductivity. According to the International Telecommunications Union (ITU) (2017), these are almost
independent of frequency, including fresh and saltwater. Soil characteristics are strongly affected by the
presence of water. As the water content increases, both the relative permittivity and the conductivity
increase. The composition of the ground is important. It can be regarded as a mixture of sand, silt, clay,
water and air. Different types of soil can be analyzed using the sand-silt-clay triangle. However, in absence
of ground-truth, data from Table 2, again from the ITU (International Telecommunications Union 2007),
is used to roughly estimate the soil parameters.
Table 2. Soil parameters
Soil Type

Relative Permittivity

Conductivity (S/m)

Very Dry

3

10-4

Dry

7

3 x 10-4

Medium Dry

15

10-3

Medium Wet

22

3 x 10-3

Wet

30

10-2

Very Wet

40

3 x 10-2

Figure 2 shows the penetration depth for dry and wet soil according to Table 2, as a function of frequency.
The upper line corresponds to the first row of the table and the lower line to the last, and so on.
1000.0

Depth (m)

100.0

10.0

1.0

0.1

0.1

1

Frequency (MHz)

Figure 2. Penetration Depth
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2.3 Typical Values
Typical parameters and their ranges are shown in Table 3.
Table 3. Typical parameters
Relative Permittivity

Conductivity (S/m)

Frequency (MHz)

Parameter

1.71

1-5

Wire Length (m)

100.0

10-500

Wire Diameter (mm) (e.g. 13 strands, each ϕ0.2 mm)

1.0

Wire Conductivity (S/m)

1-3

5.96 x 10

5.96 x 107

Insulation Thickness (mm)

1.0

1-2

Insulation Permittivity

4.0

3-5

Transmitter Distance (m)

256

50-1000

Antenna Length (m)

4.4

4.4

Antenna Current (A)

≈1

≈1

Antenna Capacitance (pF)

60

60

Antenna Height (m)

0.8

0-10

Magnetic Sensor Height (m)

0.3

0-1

7

2.4 Electromagnetic (EM) Field Characteristics
The characteristics of the EM field from vertical and horizontal dipoles are summarized. First, the vertical
dipole is considered. An elementary dipole comprises a short current element. If this is oriented along the
z-axis in free space, it creates an electric field, which resembles the field distribution of a static electric
dipole. From symmetry, the azimuthal components of the electric field are zero. The magnetic field also
resembles that from a static current element and this comprises only an azimuthal component.
When a vertical dipole is placed over a Perfectly Electrically Conducting (PEC) ground plane, the ground
plane can be represented by an image of the dipole. This image tends to augment the fields above the
ground plane. The electric field from the dipole plus its image again has zero azimuthal components and
the magnetic field has just azimuthal components. Therefore, in a cylindrical coordinate system with the
ground plane at z = 0 and the dipole at x = y = 0, there are generally both vertical and radial components
of the electric field but the magnetic field has just an azimuthal component.
When the ground has a finite conductivity, eddy currents are induced by the varying magnetic field. These
modify the EM field. However, the magnetic field is still azimuthal with no other components and the
electric field has no azimuthal components by symmetry. These properties permit a simplification of the
numerical routines, so that it is not necessary to calculate explicitly the Sommerfeld integrals for all the
components separately.
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The fields from a horizontal dipole are more complicated. Here the dipole is considered to be located in a
Cartesian coordinate system parallel to the x-axis. The ground plane lies at z = 0. When the ground plane
is perfectly electrically conducting, it can be represented by an image of the dipole. However, unlike the
vertical dipole, the image now tends to cancel the fields. The current in the dipole and its image create a
magnetic field with no x-component. There are typically components of the electric field in all directions.
When the ground has a finite conductivity, it turns out that the magnetic field can now have a component
along the x-axis, though this may be small.
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Electromagnetic (EM) Field Simulation

Components of the EM field from a vertical antenna are required. The approaches for both the horizontal
electric field in the direction of the wire and the horizontal component of the magnetic field perpendicular
to the wire are similar. The Sommerfeld (1964) approach is used for both. In this technique, the fields are
decomposed into two parts. In the first part, the electric or magnetic field is established for a perfectly
conducting ground plane. The contribution at a point is the sum of a direct field and the field from an
image in the ground plane. For a vertically polarized antenna, these contributions tend to add. The second
part involves a Sommerfeld integral, which can be regarded as a correction for the finite conductivity of
the ground. Clearly, this integral goes to zero as the conductivity of the ground increases to infinity. The
calculations for the first part can be implemented analytically using standard textbook formulae, such as
in Stutzman and Thiele (1981), p16.
The customary treatment involves the field from an elementary dipole, which can be represented by a
pair of spheres driven by a voltage source. A real antenna consists of a distribution of such elementary
dipoles. The current in a short dipole falls off linearly, so that it is zero at its end. Therefore, the field is
dominated by the current near the base. The effective height of an antenna from its base, represented by
a single source, is about 1/3 of its length. A better method, especially for very short ranges is to represent
a real dipole by several elementary sources, spaced along it. However, this increases the number of
calculations, which can take a considerable time, and it is presently not implemented.
When the antenna radiates over ground with finite conductivity, currents are induced by the time-varying
magnetic field. These cause horizontal electric fields in the direction of propagation and are associated
with surface waves. Whereas the direct waves propagate with a wave number that is determined entirely
by the medium, such as air, the surface wave number is partly determined by the complex ground
permittivity. The surface waves, being more or less confined to small distances above and below the earth,
do not dissipate rapidly and are responsible for long range broadcast transmission capability in the AM
band. However, at short range, it is not possible to decompose the fields into distinct direct and surface
wave components.
The magnetic field from a vertically polarized antenna over ground with finite conductivity is always
horizontal and perpendicular to the direction of propagation.
The current in the wire induced by the impressed electric field from the antenna creates a scattered
magnetic field. This should be calculated by integrating the effects from the current elements of the wire.
However, this requires too much time to be practical. Therefore, the process of integration has been
replaced by a variant of the transition from the Biot-Savart law, which applies to current elements, to
Ampere’s law, which can be applied to long wires. Just one Sommerfeld evaluation is needed and the
appropriate factor applied to convert this to the magnetic field from a long wire. This can be justified by
noting that the magnetic field is generated by the current in the wire and from eddy currents in the
neighboring ground. It should be valid for distances close to the wire compared with its length.
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3.1 FEKO Comparisons
The first comparison is for the electric and magnetic fields from a vertically polarized antenna over a PEC
ground plane. Examples of FEKO results are shown in Figure 3 to Figure 5 for an elementary dipole at a
height of 2.5 m with dipole strength of 1 A-m; the frequency is 5 MHz, the height is 1 m above ground and
the distance is in the radial direction. The results from the simulation and FEKO are very close, because
they can be determined analytically. FEKO gives magnitude of the fields to about six places of decimals.
However, the results do not match exactly because FEKO presents the phase to only two decimal places.
Therefore, for this simple analytical case, it found that the results match those of FEKO to between four
or five decimal places. Figure 5 shows the vertical component of the electric field as a function of radial
distance from the dipole. Again this matches FEKO and demonstrates the relative magnitudes of the
vertical and horizontal components.
To test the Sommerfeld integral evaluation, runs at a frequency of 5 MHz are compared using the same
parameters as above. The least conductive ground is very dry ground and this is employed as the most
extreme case for realistic comparisons. The relative permittivity of this ground is 3.0 and its conductivity
is 10-4 S/m (see Table 2).
Figure 6 to Figure 17 show results from the present code for various cases. Both electric and magnetic
field graphs are shown for points above and below ground. It should be noted that there is very little
difference between the horizontal components of the electric and magnetic fields at ±1 m height. This is
because these components must be continuous across the air-ground interface.
20
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Figure 3. Horizontal component of electric field from vertical dipole over PEC ground plane for z = 1 m.
(Blue: real, red: imaginary)
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Figure 4. Azimuthal component of magnetic field from vertical dipole over PEC ground plane for z = 1 m.
(Blue: real, Red: imaginary)
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Figure 5. Vertical component of electric field from vertical dipole over PEC ground plane for z = 1 m. (Blue:
real, Red: imaginary)
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Figure 6. Horizontal component of electric field from vertical dipole over very dry ground and z = 1m. (Real
part from code-Long dash; Imaginary part from code-Short dash; Real part from FEKO-Circle; Imaginary
part from FEKO-Square)
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Figure 7. Vertical component of electric field from vertical dipole over very dry ground and z = 1m. (Real
part from code-Long dash; Imaginary part from code-Short dash; Real part from FEKO-Circle; Imaginary
part from FEKO-Square)

C-CORE R-19-074-1559 to DRDC

11

Electromagnetic (EM) Propagation, Scattering, and Emission Modeling and Analysis
Support for Sensors, Final Report
PREPARED FOR

Defence Research and Development Canada

DOC ID

R-19-074-1559

REVISION 1.1

DATE

April, 2020

Magnetic Field Hy (uA/m)

15
10
5
0
-5
-10
-15

200

250

300

350

400

450

500

550

Distance (m)

Figure 8. Horizontal component of magnetic field from vertical dipole over very dry ground and z = 1m.
(Real part from code-Long dash; Imaginary part from code-Short dash; Real part from FEKO-Circle;
Imaginary part from FEKO-Square)
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Figure 9. Horizontal component of electric field from vertical dipole below very dry ground and z = --1m.
(Real part from code-Long dash; Imaginary part from code-Short dash; Real part from FEKO-Circle;
Imaginary part from FEKO-Square)
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Figure 10. Vertical component of electric field from vertical dipole below very dry ground with z = --1m.
(Real part from code-Long dash; Imaginary part from code-Short dash; Real part from FEKO-Circle;
Imaginary part from FEKO-Square)
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Figure 11. Horizontal component of magnetic field from vertical dipole below very dry ground with z = 1m. (Real part from code-Long dash; Imaginary part from code-Short dash; Real part from FEKO-Circle;
Imaginary part from FEKO-Square)
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Figure 12. Horizontal component of magnetic field, Hx, from horizontal dipole over very dry ground with
y = -10 m, z = 1m. (Real part from code-Long dash; Imaginary part from code-Short dash; Real part from
FEKO-Circle; Imaginary part from FEKO-Square)
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Figure 13. Horizontal component of magnetic field, Hy, from horizontal dipole over very dry ground and y
= -10 m, z = 1m. (Real part from code-Long dash; Imaginary part from code-Short dash; Real part from
FEKO-Circle; Imaginary part from FEKO-Square)
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Figure 14. Vertical component of magnetic field, Hz, from horizontal dipole over very dry ground and y =
-10 m, z = 1m. (Real part from code-Long dash; Imaginary part from code-Short dash; Real part from FEKOCircle; Imaginary part from FEKO-Square)
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Figure 15. Horizontal component of magnetic field, Hx, from horizontal dipole below very dry ground and
y = -10 m, z = -1m. (Real part from code-Long dash; Imaginary part from code-Short dash; Real part from
FEKO-Circle; Imaginary part from FEKO-Square)
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Figure 16. Horizontal component of magnetic field, Hy, from horizontal dipole below very dry ground and
y = -10 m, z = -1m. (Real part from code-Long dash; Imaginary part from code-Short dash; Real part from
FEKO-Circle; Imaginary part from FEKO-Square)
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Figure 17. Vertical component of magnetic field, Hz, from horizontal dipole below very dry ground and y
= -10 m, z = -1m. (Real part from code-Long dash; Imaginary part from code-Short dash; Real part from
FEKO-Circle; Imaginary part from FEKO-Square)

C-CORE R-19-074-1559 to DRDC

16

Electromagnetic (EM) Propagation, Scattering, and Emission Modeling and Analysis
Support for Sensors, Final Report
PREPARED FOR

Defence Research and Development Canada

DOC ID

R-19-074-1559

REVISION 1.1

DATE

April, 2020

3.2 Technical Details
The antenna is actually a vertical whip over a practical ground plane and this differs slightly from a current
element over a homogeneous conducting half space. In applications to AM broadcasting 1, the ratio of the
electric field at 1 km from the transmitter to 300 mV/m is used as the parameter to find the fields at
greater distances. This renders the results independent of the ground plane efficiency and the terrain
details within 1 km from the antenna. However, 300 mV/m is the field strength of a 1 kW transmitter at 1
km over an ideal PEC ground plane. This is described in Appendix A, where the radiation resistance of the
antenna is derived. It is clear that in this case the radiation resistance is just a few Ohms. In this simulation,
the ground is assumed to be entirely flat and the ground plane efficiencies absorbed into uncertainties in
the vertical dipole strength.
The Sommerfeld results for the various fields are provided in Appendix B. These can be decomposed into
an analytical part and a Sommerfeld integral. These results have been verified using FEKO for comparison
purposes. To evaluate most of these integrals, the contour of integration, which is from the origin to
infinity along the real axis, has been deformed and split into three parts. These are a linear part extending
into the upper half of the complex plane to just above the pole, a second linear part from just above the
pole back to the real axis somewhat beyond it and a final part out to infinity. The location of the pole is
derived in Appendix C.
The wave number on the conductor as a transmission line is affected by the internal inductance of the
conductor. At frequencies above 1 MHz, the skin effect may be important, though in this case, it seems
not to be particularly significant. The details of the internal impedance are provided in Appendix D.
Appendix E provides a derivation of the King formula, which is based on a simple transmission line model.
Thus, radiation from a line of finite length is neglected. This implies that, in the complete absence of losses,
the formula will be highly inaccurate at resonance. Fortunately, losses are typically important in the
current application and serious problems should not occur for typical ground properties.

3.3 Program Example
Figure 18 shows the graphical user interface. The transmission line wave number and characteristic
impedance are provided as well as the fields, which are plotted. Figure 19 shows a comparison of the
conductor current with FEKO for a frequency of 5 MHz. The conductor is at z = 0 and has a length of 50 m
as in Figure 18. The real part of the current matches FEKO quite closely but there are significant differences
in the imaginary parts. This suggests that the phasing is inaccurate; in other words the wave number is
not correct.

1

For example, the GRWAVE program from the ITU.

C-CORE R-19-074-1559 to DRDC

17

Electromagnetic (EM) Propagation, Scattering, and Emission Modeling and Analysis
Support for Sensors, Final Report
PREPARED FOR

Defence Research and Development Canada

DOC ID

R-19-074-1559

REVISION 1.1

DATE

April, 2020

Figure 18. Example of Graphical user interface (GUI) with parameters for Figure 19
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Figure 19. Comparison of conductor current at 5 MHz. Real: blue, Imaginary: red. Program: solid line,
FEKO: markers.

3.4 Discussion
Sommerfeld integrals, which are a large part of this application, involve exponential functions, Bessel
functions, and components with poles and branch points. Apart from the poles and branch points, the last
of these tends to be slowly varying. The contour of integration is along the real axis from zero to infinity.
The exponential functions imply an upper limit to the required integration parameter for a given accuracy.
However, Bessel functions are oscillatory and the argument of the Bessel function has the range as a
factor. Thus, the integrals tend to require significant computational resources when the height of the
antenna is small (the magnitude of the integration parameter is large) and the range is large (many
oscillations).
In this study, the method of integration includes accuracy control. The poles are avoided by deforming
the contour into the upper half of the complex plane. The quadrature utilizes the trapezoidal method and
the number of integrand evaluations is increased until the specified level of accuracy is reached.
Unfortunately, this means that, for some combinations of parameters, the computations can take a
considerable time.
The Michalski & Mosig (2016) approach, which also includes accuracy control, can be used for Sommerfeld
integrals when the height of the antenna is large and the range is short. Otherwise, the approach fails to
converge properly. When convergence occurs, the number of iterations seems to be much smaller than
with the previous method, which is based on trapezoidal quadrature.
The calculation of the wave number and characteristic impedance of the conductor as a transmission line
also involves an integral, which resembles a Sommerfeld integral but does not include a Bessel function.
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This suggests that the Michalski & Mosig (2016) approach would be useful. However, the complex nature
of the exponential argument implies that the integrand is oscillatory but at low frequency. At low radio
frequencies, less than about 7 MHz, oscillations do not seem to be important, but at higher frequencies
and especially with low conductivity grounds, convergence becomes a problem. Therefore, the MichalskiMosig approach may not be applicable. In fact, the standard trapezoidal quadrature method is used in the
application but without error control. The results are very close to those found in an ongoing independent
study (Tunaley and Irvine 2020).
When the conductor is very close to the ground, such as when it is half embedded in it, Wait’s theory
(Wait 1972) for the wave number and the characteristic impedance is not strictly valid. At low frequencies,
it is possible to derive the wave number (Wait 1972; Coleman 1950) and use this directly or as a value in
an interpolation. However, the characteristic impedance is uncertain. This is found using interpolation.
The current in the conductor is inversely proportional to the characteristic impedance as can be seen from
Appendix E. The phase of the waves is determined by the wave number. This affects the results, such as
those in Figure 19.
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Conclusions

The application provides graphical and numerical simulation results and should assist in the design and
interpretation of experimental results for the excitation of linear conductors close to the ground using a
vertically polarized transmitter. Improvements could be made by reducing the time taken by the
integration algorithms; this would permit the density of data points to be increased as well as the
parameter range. There exist acceleration techniques (Golubovic, Polimeridis, and Mosig 2012) but these
are more difficult to program.
The calculation of the transmission line parameters could also be improved. An attempt was made to
extend the existing treatment to include a layer of insulation but this was unsuccessful because of
computing code problems. An older less accurate method was used. Theory for the half-embedded
conductor at high frequencies does not seem to exist and would be very helpful in the parameter space
not covered by Wait (1972).
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Appendix A Dipole Radiation
Dipole radiation from an elementary current element, 𝐼𝐼𝐼𝐼𝐼𝐼, is treated by noting that the magnetic vector
potential 𝐴𝐴⃗ obeys the wave equation and its solution is proportional to 𝐼𝐼𝐼𝐼𝐼𝐼. The electric and magnetic
fields are derivatives of the vector potential and, in this sense, it is the integral of the desired solution.
The average Poynting vector is given by (Ramo and Whinnery 1953):
1
𝐼𝐼𝐼𝐼𝐼𝐼 2 2
�
𝑁𝑁 = 𝑍𝑍0 � � sin 𝜃𝜃
8
𝑟𝑟𝑟𝑟

(1)

where 𝑍𝑍0 is the impedance of free space, 𝑟𝑟 is the radial distance, 𝜆𝜆 is the wavelength and 𝜃𝜃 is the angle
to the dipole axis.
The total energy per second, 𝑃𝑃, radiated in all directions is given by an integral over 𝜃𝜃:
𝜋𝜋

� sin 𝜃𝜃 𝑑𝑑𝑑𝑑 =
𝑃𝑃 = � 2𝜋𝜋𝑟𝑟 2 𝑁𝑁
0

𝜋𝜋𝜋𝜋0 (𝐼𝐼𝐼𝐼𝐼𝐼)2
3𝜆𝜆2

(2)

From (2), the radiation resistance is given by:
𝑅𝑅𝑟𝑟 =

2𝜋𝜋𝑍𝑍0 𝑑𝑑𝑑𝑑 2
� �
3
𝜆𝜆

(3)

It is desired to confirm the ITU statement (International Telecommunications Union 2007) that the electric
field from a 1 kW transmitter at 1 km distance is approximately 300 mV/m. Now, the Poynting vector is
given by:
(4)

�⃗ = 𝐸𝐸�⃗ × 𝐻𝐻
�⃗
𝑁𝑁

�⃗ is the magnetic field.
where 𝐻𝐻

The time averaged Poynting vector in terms of the electric field in the far field is:
�=
𝑁𝑁

𝐸𝐸 2
2𝑍𝑍0

(5)

Therefore, the electric field along the main lobe can be expressed in terms of the radiated power:
1

�)2 =
𝐸𝐸 = (2𝑍𝑍0 𝑁𝑁

(6)

𝑍𝑍0 𝐼𝐼𝐼𝐼𝐼𝐼 1 3𝑃𝑃𝑍𝑍0
= �
2𝑟𝑟𝑟𝑟
𝑟𝑟
4𝜋𝜋
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If the antenna is a monopole set over a ground plane, it acts like a dipole. The current in the monopole is
equivalent to the current in one half of a dipole and it matched by a similar current in its image in a
perfectly conducting ground. The monopole and its image form a dipole with twice the factor 𝐼𝐼𝐼𝐼𝐼𝐼. This
factor of two matches the increase of two in the radiation volume, when comparing the monopole to a
dipole.
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Appendix B Electric and Magnetic Fields Using Sommerfeld Formulation
First, the case of a vertical dipole is considered using cylindrical coordinates(𝑟𝑟, 𝜃𝜃, 𝑧𝑧). The vector potential
has a single component in the vertical (z-direction). It is given by:
𝐴𝐴𝑧𝑧 =

∞ (𝜆𝜆𝜆𝜆)𝑒𝑒 −𝑢𝑢1 (ℎ+𝑧𝑧)
𝐼𝐼𝐼𝐼𝐼𝐼 𝑒𝑒 −𝑗𝑗𝑘𝑘1 𝑅𝑅1 𝑒𝑒 −𝑗𝑗𝑘𝑘2 𝑅𝑅2
𝐽𝐽0
𝑢𝑢2 𝜆𝜆𝜆𝜆𝜆𝜆
2
+
−
2𝑘𝑘
�
�
� , 𝑧𝑧 > 0
1
2
2
4𝜋𝜋
𝑅𝑅1
𝑅𝑅2
𝑢𝑢1
𝑘𝑘1 𝑢𝑢2 + 𝑘𝑘2 𝑢𝑢1
0

(7)

𝐴𝐴𝑧𝑧 =

∞ (𝜆𝜆𝜆𝜆)𝑒𝑒 𝑢𝑢2 𝑧𝑧−𝑢𝑢1 ℎ
𝐼𝐼𝐼𝐼𝐼𝐼
𝐽𝐽0
𝜆𝜆𝜆𝜆𝜆𝜆� , 𝑧𝑧 < 0
�2𝑘𝑘12 �
4𝜋𝜋
𝑘𝑘12 𝑢𝑢2 + 𝑘𝑘22 𝑢𝑢1
0

(8)

where 𝐼𝐼𝐼𝐼𝐼𝐼 is the current element, 𝑘𝑘1,2 is the wave number in media 1 or 2, 𝑅𝑅1,2 is the radial distance
(spherical coordinates) from the dipole (subscript 1) or its image (subscript 2) and 𝑟𝑟 is the transverse
distance (in cylindrical coordinates), and

Now:

2
2
𝑢𝑢1,2
= 𝜆𝜆2 − 𝑘𝑘1,2

𝐸𝐸�⃗ = −𝑗𝑗𝑗𝑗𝜇𝜇0 𝐴𝐴⃗ +

(9)

1
∇(∇ ⋅ 𝐴𝐴⃗)
𝑗𝑗𝑗𝑗𝑗𝑗

(10)

(This is applied to each half space separately.) The transverse radial electric field is given by:
𝐸𝐸𝑟𝑟 =

1 𝜕𝜕 2 𝐴𝐴𝑧𝑧
𝑗𝑗𝑗𝑗𝑗𝑗 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

(11)

The vertical electric field is given by:
𝐸𝐸𝑧𝑧 = −𝑗𝑗𝑗𝑗𝜇𝜇0 𝐴𝐴𝑧𝑧 +

1 𝜕𝜕 2 𝐴𝐴𝑧𝑧
𝜕𝜕 2
=
−𝑗𝑗𝑗𝑗𝜇𝜇
+
�1
� 𝐴𝐴
0
𝑗𝑗𝑗𝑗𝑗𝑗 𝜕𝜕𝑧𝑧 2
𝑘𝑘 2 𝜕𝜕𝑧𝑧 2 𝑧𝑧

The magnetic field has just an azimuthal component (𝐴𝐴⃗ is azimuthally symmetric) and is given by:
𝐻𝐻𝜃𝜃 = �∇ × 𝐴𝐴⃗�𝜃𝜃 = −

𝜕𝜕𝐴𝐴𝑧𝑧
𝜕𝜕𝜕𝜕

(12)

(13)

The results for the first two terms of (7) correspond to the dipole and its image in a perfectly conducting
ground plane and can be found in a textbook, such as Stutzman and Thiele (1981). These are called the
primary fields. For 𝑧𝑧 > 0, they are usually given in spherical and Cartesian coordinates by:
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𝐸𝐸𝑟𝑟𝑃𝑃 = 𝐸𝐸𝜃𝜃𝑃𝑃 cos 𝜃𝜃 + 𝐸𝐸𝑟𝑟𝑃𝑃 sin 𝜃𝜃
𝑗𝑗𝑗𝑗𝜇𝜇0 𝑃𝑃𝑒𝑒 −𝑗𝑗𝑘𝑘0 𝑅𝑅1
3
3
(𝑥𝑥 − 𝑥𝑥𝑑𝑑 )(𝑧𝑧 − 𝑧𝑧𝑑𝑑 ) �1 +
=
+
�
3
2
(𝑗𝑗𝑘𝑘
𝑗𝑗𝑘𝑘
𝑅𝑅
4𝜋𝜋𝑅𝑅1
0 1
0 𝑅𝑅1 )
𝑗𝑗𝑗𝑗𝜇𝜇0 𝑃𝑃𝑒𝑒 −𝑗𝑗𝑘𝑘0 𝑅𝑅2
3
3
(𝑥𝑥 − 𝑥𝑥𝑑𝑑 )(𝑧𝑧 + 𝑧𝑧𝑑𝑑 ) �1 +
+
+
�
3
𝑗𝑗𝑘𝑘0 𝑅𝑅2 (𝑗𝑗𝑘𝑘0 𝑅𝑅2 )2
4𝜋𝜋𝑅𝑅2

(14)

𝐸𝐸𝑧𝑧𝑃𝑃 = −𝐸𝐸𝜃𝜃𝑃𝑃 sin 𝜃𝜃 + 𝐸𝐸𝑟𝑟𝑃𝑃 cos 𝜃𝜃
𝑗𝑗𝑗𝑗𝜇𝜇0 𝑃𝑃𝑒𝑒 −𝑗𝑗𝑘𝑘0 𝑅𝑅1
1
1
=
+
�
�−(𝑥𝑥 − 𝑥𝑥𝑑𝑑 )2 �1 +
3
𝑗𝑗𝑘𝑘0 𝑅𝑅1 (𝑗𝑗𝑘𝑘0 𝑅𝑅1 )2
4𝜋𝜋𝑅𝑅1
2
2
+ (𝑧𝑧 − 𝑧𝑧𝑑𝑑 )2 �
+
��
𝑗𝑗𝑘𝑘0 𝑅𝑅1 (𝑗𝑗𝑘𝑘0 𝑅𝑅1 )2
𝑗𝑗𝑗𝑗𝜇𝜇0 𝑃𝑃𝑒𝑒 −𝑗𝑗𝑘𝑘0 𝑅𝑅2
1
1
+
+
�
�−(𝑥𝑥 − 𝑥𝑥𝑑𝑑 )2 �1 +
3
2
(𝑗𝑗𝑘𝑘
𝑅𝑅
𝑗𝑗𝑘𝑘
4𝜋𝜋𝑅𝑅2
0 2
0 𝑅𝑅2 )
2
2
+ (𝑧𝑧 + 𝑧𝑧𝑑𝑑 )2 �
+
��
2
(𝑗𝑗𝑘𝑘
𝑗𝑗𝑘𝑘0 𝑅𝑅2
0 𝑅𝑅2 )

(15)

𝐻𝐻𝜃𝜃𝑃𝑃 =

𝑟𝑟𝑟𝑟
1 𝑒𝑒 −𝑗𝑗𝑘𝑘1 𝑅𝑅1
1 𝑒𝑒 −𝑗𝑗𝑘𝑘1 𝑅𝑅1
��𝑗𝑗𝑘𝑘1 + �
+
�𝑗𝑗𝑘𝑘
+
�
�
1
4𝜋𝜋
𝑅𝑅1
𝑅𝑅2
𝑅𝑅12
𝑅𝑅22

(16)

where 𝑃𝑃 = 𝐼𝐼𝐼𝐼𝐼𝐼.

For 𝑧𝑧 < 0, they are zero.

The secondary fields for 𝑧𝑧 > 0 are given by derivatives of the integral in (7). Therefore:
𝐸𝐸𝑟𝑟𝑆𝑆 = −
𝐸𝐸𝑧𝑧𝑆𝑆

∞ (𝜆𝜆𝜆𝜆)𝑒𝑒 −𝑢𝑢1 (𝑧𝑧+𝑧𝑧𝑑𝑑 )
𝑗𝑗𝑗𝑗𝜇𝜇0 𝜕𝜕 2 𝐴𝐴𝑧𝑧 𝑗𝑗𝑗𝑗𝜇𝜇0 𝑃𝑃
𝐽𝐽1
=
2
�
𝑢𝑢2 𝜆𝜆2 𝑑𝑑𝑑𝑑
2 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
4𝜋𝜋
𝑘𝑘1
𝑘𝑘12 𝑢𝑢2 + 𝑘𝑘22 𝑢𝑢1
0

𝜕𝜕 2
𝑗𝑗𝑗𝑗𝜇𝜇0 𝑃𝑃 2 ∞ 𝐽𝐽1 (𝜆𝜆𝜆𝜆)𝑒𝑒 −𝑢𝑢1 (𝑧𝑧+𝑧𝑧𝑑𝑑 ) 𝑢𝑢2 𝜆𝜆𝜆𝜆𝜆𝜆
𝑢𝑢12
= −𝑗𝑗𝑗𝑗𝜇𝜇0 �1 + 2 2 � 𝐴𝐴𝑧𝑧 =
2𝑘𝑘1 �
�1 + 2 �
4𝜋𝜋
𝑢𝑢1
𝑘𝑘1 𝜕𝜕𝑧𝑧
𝑘𝑘12 𝑢𝑢2 + 𝑘𝑘22 𝑢𝑢1
𝑘𝑘1
0

𝐻𝐻𝜃𝜃𝑆𝑆 = −

∞ (𝜆𝜆𝜆𝜆)𝑒𝑒 −𝑢𝑢1(𝑧𝑧+𝑧𝑧𝑑𝑑 )
𝜕𝜕𝜕𝜕𝑧𝑧
𝑃𝑃
𝐽𝐽1
𝑢𝑢2 𝜆𝜆2 𝑑𝑑𝑑𝑑
=
2𝑘𝑘12 �
𝜕𝜕𝜕𝜕
4𝜋𝜋
𝑢𝑢1
𝑘𝑘12 𝑢𝑢2 + 𝑘𝑘22 𝑢𝑢1
0

The secondary fields when 𝑧𝑧 < 0 are given by:
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DATE

𝑗𝑗𝑗𝑗𝜇𝜇0 𝜕𝜕 2 𝐴𝐴𝑧𝑧 𝑗𝑗𝑗𝑗𝜇𝜇0 𝑃𝑃 ∞ 𝐽𝐽1 (𝜆𝜆𝜆𝜆)𝑒𝑒 𝑢𝑢2 𝑧𝑧−𝑢𝑢1 𝑧𝑧𝑑𝑑
=
�
𝑢𝑢 𝜆𝜆2 𝑑𝑑𝑑𝑑
2𝜋𝜋 0 𝑘𝑘12 𝑢𝑢2 + 𝑘𝑘22 𝑢𝑢1 2
𝑘𝑘22 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝐸𝐸𝑧𝑧 = −𝑗𝑗𝑗𝑗𝜇𝜇0 �1 +

April, 2020

(20)

𝜕𝜕 2
𝑗𝑗𝑗𝑗𝜇𝜇0 𝑃𝑃 2 ∞ 𝐽𝐽0 (𝜆𝜆𝜆𝜆)𝑒𝑒 𝑢𝑢2 𝑧𝑧−𝑢𝑢1 𝑧𝑧𝑑𝑑
𝑢𝑢22
𝐴𝐴
=
−
2𝑘𝑘
�
𝜆𝜆𝜆𝜆𝜆𝜆
+
�
�1
�
𝑧𝑧
2
4𝜋𝜋
𝑘𝑘22 𝜕𝜕𝑧𝑧 2
𝑘𝑘12 𝑢𝑢2 + 𝑘𝑘22 𝑢𝑢1
𝑘𝑘22
0

∞ (𝜆𝜆𝜆𝜆)𝑒𝑒 𝑢𝑢2 𝑧𝑧−𝑢𝑢1 𝑧𝑧𝑑𝑑
𝜕𝜕𝜕𝜕𝑧𝑧
𝑃𝑃
𝐽𝐽1
2
𝐻𝐻𝜃𝜃 = −
=
2𝑘𝑘2 �
𝜆𝜆2 𝑑𝑑𝑑𝑑
𝜕𝜕𝜕𝜕
4𝜋𝜋
𝑘𝑘12 𝑢𝑢2 + 𝑘𝑘22 𝑢𝑢1
0

(21)

(22)

The horizontal dipole is now considered. Two components of the magnetic vector potential exist so that
boundary conditions can be satisfied:
𝐴𝐴𝑥𝑥 =

∞ (𝜆𝜆𝜆𝜆)𝑒𝑒 −𝑢𝑢1 (ℎ+𝑧𝑧)
𝐼𝐼𝐼𝐼𝐼𝐼 𝑒𝑒 −𝑗𝑗𝑘𝑘1 𝑅𝑅1 𝑒𝑒 −𝑗𝑗𝑘𝑘2 𝑅𝑅2
𝐽𝐽0
−
+ 2�
𝜆𝜆𝜆𝜆𝜆𝜆� ,
�
4𝜋𝜋
𝑅𝑅1
𝑅𝑅2
𝑢𝑢1 + 𝑢𝑢2
0

𝐴𝐴𝑧𝑧 = −
𝐴𝐴𝑥𝑥 =

∞ (𝜆𝜆𝜆𝜆)𝑒𝑒 −𝑢𝑢1 (ℎ+𝑧𝑧)
𝐼𝐼𝐼𝐼𝐼𝐼
𝐽𝐽1
(𝑢𝑢1 − 𝑢𝑢2 ) 2
cos 𝜙𝜙 2 �
𝜆𝜆 𝑑𝑑𝑑𝑑 ,
2
2
4𝜋𝜋
𝑘𝑘1 𝑢𝑢2 + 𝑘𝑘2 𝑢𝑢1
0

∞ (𝜆𝜆𝜆𝜆)𝑒𝑒 𝑢𝑢2 𝑧𝑧−𝑢𝑢1 ℎ
𝐼𝐼𝐼𝐼𝐼𝐼
𝐽𝐽0
2�
𝜆𝜆𝜆𝜆𝜆𝜆 ,
4𝜋𝜋 0
𝑢𝑢1 + 𝑢𝑢2

𝐴𝐴𝑧𝑧 = −

𝑧𝑧 > 0

𝑧𝑧 > 0

(24)

(25)

𝑧𝑧 < 0

∞ (𝜆𝜆𝜆𝜆)𝑒𝑒 𝑢𝑢2 𝑧𝑧−𝑢𝑢1 ℎ (𝑢𝑢
𝐼𝐼𝐼𝐼𝐼𝐼
𝐽𝐽1
1 − 𝑢𝑢2 ) 2
cos 𝜙𝜙 2 �
𝜆𝜆 𝑑𝑑𝑑𝑑 ,
2
2
4𝜋𝜋
𝑘𝑘1 𝑢𝑢2 + 𝑘𝑘2 𝑢𝑢1
0

(23)

𝑧𝑧 < 0

(26)

where 𝜙𝜙 is the azimuthal angle in cylindrical coordinates and 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 𝑥𝑥 / 𝑟𝑟.

The magnetic field is given by:
�⃗ = ∇ × 𝐴𝐴⃗ = 𝑥𝑥�
𝐻𝐻

𝜕𝜕𝐴𝐴𝑧𝑧
𝜕𝜕𝐴𝐴𝑥𝑥 𝜕𝜕𝐴𝐴𝑧𝑧
𝜕𝜕𝐴𝐴𝑥𝑥
+ 𝑦𝑦� �
−
� + 𝑧𝑧̂
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

(27)

Again, the first two terms in (23) represent the magnetic field from the dipole and its image in a perfectly
conducting ground plane and this is textbook material; when the dipole is parallel to the x-axis, the
primary field is:
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𝐻𝐻𝑥𝑥𝑃𝑃 = 0,
−∞ < 𝑧𝑧 < ∞,
𝐻𝐻𝑦𝑦𝑃𝑃 = 𝐻𝐻𝑧𝑧𝑃𝑃 = 0,
𝑧𝑧 < 0
−𝑗𝑗𝑘𝑘1 𝑅𝑅1
𝐼𝐼𝐼𝐼𝐼𝐼
1
𝑒𝑒
1
𝑒𝑒 −𝑗𝑗𝑘𝑘1 𝑅𝑅2
(ℎ
(ℎ + 𝑧𝑧)� ,
𝐻𝐻𝑦𝑦𝑃𝑃 =
�� + 𝑗𝑗𝑘𝑘1 �
−
𝑧𝑧)
+
�
+
𝑗𝑗𝑘𝑘
�
1
4𝜋𝜋 𝑅𝑅1
𝑅𝑅2
𝑅𝑅12
𝑅𝑅22
𝐻𝐻𝑧𝑧𝑃𝑃 =

𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼
1
𝑒𝑒 −𝑗𝑗𝑘𝑘1 𝑅𝑅1
1
𝑒𝑒 −𝑗𝑗𝑘𝑘1 𝑅𝑅2
�� + 𝑗𝑗𝑘𝑘1 �
+
�
+
𝑗𝑗𝑘𝑘
�
�,
1
4𝜋𝜋
𝑅𝑅1
𝑅𝑅2
𝑅𝑅12
𝑅𝑅22

𝑧𝑧 > 0

April, 2020

(28)
𝑧𝑧 > 0

When the distances are small compared with a wavelength, this reduces to the Biot-Savart Law (applied
twice; once for the dipole and then for its image). In the limit of long wavelengths and long wires and,
when the radial distances are short, Ampere’s Law could be employed for the integrated effect of a long
wire.
The field according to the Biot-Savart law is given by:
𝐻𝐻𝑥𝑥𝑃𝑃 = 0,
𝑧𝑧 > 0
𝐼𝐼𝐼𝐼𝐼𝐼
1
1
𝐻𝐻𝑦𝑦𝑃𝑃 =
� 3 (𝑧𝑧 − ℎ) + 3 (𝑧𝑧 + ℎ)� ,
4𝜋𝜋 𝑅𝑅1
𝑅𝑅2
𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼
1
1
𝐻𝐻𝑧𝑧𝑃𝑃 =
𝑧𝑧 > 0
� − �,
4𝜋𝜋 𝑅𝑅13 𝑅𝑅23

(29)
𝑧𝑧 > 0

Now, for the magnetic field integrals, for 𝑧𝑧 > 0:
𝐻𝐻𝑥𝑥𝑆𝑆 =

𝜕𝜕𝜕𝜕𝑧𝑧 𝐼𝐼𝐼𝐼𝐼𝐼 𝑥𝑥𝑥𝑥 ∞ 𝐽𝐽2 (𝜆𝜆𝜆𝜆)𝑒𝑒 −𝑢𝑢1 (𝑧𝑧+ℎ)
=
2 �
(𝑢𝑢1 − 𝑢𝑢2 )𝜆𝜆3 𝑑𝑑𝑑𝑑
𝜕𝜕𝜕𝜕
4𝜋𝜋 𝑟𝑟 2 0 𝑘𝑘12 𝑢𝑢2 + 𝑘𝑘22 𝑢𝑢1

(30)

𝐻𝐻𝑦𝑦𝑆𝑆 =

𝜕𝜕𝜕𝜕𝑥𝑥 𝜕𝜕𝐴𝐴𝑧𝑧
−
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

(31)

𝐻𝐻𝑧𝑧𝑆𝑆

∞ (𝜆𝜆𝜆𝜆)𝑒𝑒 −𝑢𝑢1 (𝑧𝑧+ℎ)
𝐽𝐽0
𝐼𝐼𝐼𝐼𝐼𝐼
=
𝑢𝑢1 𝜆𝜆𝜆𝜆𝜆𝜆
�−2 �
𝑢𝑢1 + 𝑢𝑢2
4𝜋𝜋
0
2 ∞ 𝐽𝐽1 (𝜆𝜆𝑟𝑟)𝑒𝑒 −𝑢𝑢1 (𝑧𝑧+ℎ) (𝑢𝑢1 − 𝑢𝑢2 ) 2
+ �
𝜆𝜆 𝑑𝑑𝑑𝑑
𝑟𝑟 0
𝑘𝑘12 𝑢𝑢2 + 𝑘𝑘22 𝑢𝑢1
𝑥𝑥 2 ∞ 𝐽𝐽2 (𝜆𝜆𝜆𝜆)𝑒𝑒 −𝑢𝑢1 (𝑧𝑧+ℎ) (𝑢𝑢1 − 𝑢𝑢2 ) 3
+2 2�
𝜆𝜆 𝑑𝑑𝑑𝑑�
𝑟𝑟 0
𝑘𝑘12 𝑢𝑢2 + 𝑘𝑘22 𝑢𝑢1

𝜕𝜕𝜕𝜕𝑥𝑥 𝐼𝐼𝐼𝐼𝐼𝐼 𝑦𝑦 ∞ 𝐽𝐽1 (𝜆𝜆𝜆𝜆)𝑒𝑒 −𝑢𝑢1 (𝑧𝑧+ℎ) 2
=−
=
𝜆𝜆 𝑑𝑑𝑑𝑑�
�2 �
𝜕𝜕𝜕𝜕
4𝜋𝜋
𝑟𝑟 0
𝑢𝑢1 + 𝑢𝑢2

Now, when 𝑧𝑧 < 0:
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𝐻𝐻𝑥𝑥 =

𝜕𝜕𝜕𝜕𝑧𝑧 𝐼𝐼𝐼𝐼𝐼𝐼 𝑥𝑥𝑥𝑥 ∞ 𝐽𝐽2 (𝜆𝜆𝜆𝜆)𝑒𝑒 𝑢𝑢2 𝑧𝑧−𝑢𝑢1 ℎ
=
2 �
(𝑢𝑢1 − 𝑢𝑢2 )𝜆𝜆3 𝑑𝑑𝑑𝑑
𝜕𝜕𝜕𝜕
4𝜋𝜋 𝑟𝑟 2 0 𝑘𝑘12 𝑢𝑢2 + 𝑘𝑘22 𝑢𝑢1

(33)

𝐻𝐻𝑦𝑦 =

𝜕𝜕𝜕𝜕𝑥𝑥 𝜕𝜕𝐴𝐴𝑧𝑧
−
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

(34)

𝐻𝐻𝑧𝑧 = −

∞ (𝜆𝜆𝜆𝜆)𝑒𝑒 𝑢𝑢2 𝑧𝑧−𝑢𝑢1 ℎ
𝐽𝐽0
𝐼𝐼𝐼𝐼𝐼𝐼
=
𝑢𝑢2 𝜆𝜆𝜆𝜆𝜆𝜆
�2 �
𝑢𝑢1 + 𝑢𝑢2
4𝜋𝜋
0
2 ∞ 𝐽𝐽1 (𝜆𝜆𝜆𝜆)𝑒𝑒 𝑢𝑢2 𝑧𝑧−𝑢𝑢1 ℎ (𝑢𝑢1 − 𝑢𝑢2 ) 2
+ �
𝜆𝜆 𝑑𝑑𝑑𝑑
𝑟𝑟 0
𝑘𝑘12 𝑢𝑢2 + 𝑘𝑘22 𝑢𝑢1
𝑥𝑥 2 ∞ 𝐽𝐽2 (𝜆𝜆𝜆𝜆)𝑒𝑒 𝑢𝑢2 𝑧𝑧−𝑢𝑢1 ℎ (𝑢𝑢1 − 𝑢𝑢2 ) 3
−2 2�
𝜆𝜆 𝑑𝑑𝑑𝑑�
𝑟𝑟 0
𝑘𝑘12 𝑢𝑢2 + 𝑘𝑘22 𝑢𝑢1

𝜕𝜕𝜕𝜕𝑥𝑥 𝐼𝐼𝐼𝐼𝐼𝐼 𝑦𝑦 ∞ 𝐽𝐽1 (𝜆𝜆𝜆𝜆)𝑒𝑒 𝑢𝑢2 𝑧𝑧−𝑢𝑢1 ℎ 2
=
𝜆𝜆 𝑑𝑑𝑑𝑑�
�2 �
𝜕𝜕𝜕𝜕
4𝜋𝜋
𝑟𝑟 0
𝑢𝑢1 + 𝑢𝑢2
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Appendix C Sommerfeld Factorization
The denominator in a typical Sommerfeld integral is:
𝑘𝑘12 𝑢𝑢2 + 𝑘𝑘22 𝑢𝑢1

(36)

As Sommerfeld (1964) points out, the denominator in the integral has a pole near the positive real axis.
However, he also notes that there are two branch points at 𝑘𝑘1 and 𝑘𝑘2 . Luckily, these branch points are
not important for us.
To implement the Michalski & Mosig (2016) and other methods, the denominator must be factorized. This
is most easily accomplished by shifting the square roots to the numerator:
1
𝑘𝑘12 𝑢𝑢2 − 𝑘𝑘22 𝑢𝑢1 𝑘𝑘12 𝑢𝑢2 + 𝑘𝑘22 𝑢𝑢1
=
𝑘𝑘12 𝑢𝑢2 + 𝑘𝑘22 𝑢𝑢1 𝑘𝑘12 𝑢𝑢2 − 𝑘𝑘22 𝑢𝑢1 𝑘𝑘14 𝑢𝑢22 + 𝑘𝑘24 𝑢𝑢12
𝑘𝑘12 𝑢𝑢2 + 𝑘𝑘22 𝑢𝑢1
= 4 2
𝑘𝑘1 (𝜆𝜆 − 𝑘𝑘22 ) − 𝑘𝑘24 (𝜆𝜆2 − 𝑘𝑘12 )
𝑘𝑘12 𝑢𝑢2 + 𝑘𝑘22 𝑢𝑢1
= 2 4
𝜆𝜆 (𝑘𝑘1 − 𝑘𝑘24 ) − 𝑘𝑘12 𝑘𝑘22 (𝑘𝑘12 − 𝑘𝑘22 )
𝑘𝑘12 𝑢𝑢2 + 𝑘𝑘22 𝑢𝑢1
= 4
(𝑘𝑘1 − 𝑘𝑘24 )(𝜆𝜆 − 𝑝𝑝)(𝜆𝜆 + 𝑝𝑝)

(37)

where the poles are located at:
1

(38)

𝑘𝑘12 𝑘𝑘22 2
𝑝𝑝 = ± � 2
�
𝑘𝑘1 + 𝑘𝑘22

The poles are the similar to those derived by Sommerfeld.
When the denominator in the integral is:
𝑢𝑢2 + 𝑢𝑢1

(39)

1
𝑢𝑢1 − 𝑢𝑢2 𝑢𝑢1 − 𝑢𝑢2 𝑢𝑢1 − 𝑢𝑢2
=
=
𝑢𝑢1 + 𝑢𝑢2 𝑢𝑢1 − 𝑢𝑢2 𝑢𝑢12 − 𝑢𝑢22 𝑘𝑘22 − 𝑘𝑘12

(40)

This can be expanded as:

Therefore, there are no poles.
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Appendix D Internal Inductance
The internal inductance for a circular cylinder is found. It is assumed that the high conductivity dominates,
so that the displacement current is ignored and the wavenumber in the medium is given by:
𝑘𝑘 = 𝜔𝜔�𝜇𝜇0 𝜀𝜀 = 𝜔𝜔�−𝑗𝑗

where 𝜎𝜎 is the conductivity.

(41)

𝜇𝜇0 𝜎𝜎
= �−𝑗𝑗𝜇𝜇0 𝜔𝜔𝜔𝜔
𝜔𝜔

Cylindrical coordinates are the obvious choice and physical quantities which are axial are chosen because
this simplifies the wave equation. Therefore, the electric field or the current density should be used. (The
magnetic vector potential is not appropriate because the current density acts as a source and appears on
the right hand side of the wave equation.) The electric field, which has a single axial component, is chosen
as the principal variable. It is related to the current density, 𝑖𝑖𝑧𝑧 , by:
𝑖𝑖𝑧𝑧 = 𝜎𝜎𝐸𝐸𝑧𝑧

(42)

𝐸𝐸𝑧𝑧 = 𝐶𝐶𝐽𝐽0 (𝑘𝑘𝑘𝑘)

(43)

(The current density is employed by Ramo and Whinnery (1953).) In the wave equation, only waves in
the transverse or radial direction are considered and those in the axial direction are ignored. This is
because the wave number of waves on the wire as a transmission line (in the axial direction) is typically
very much less than 𝑘𝑘 in (41). Therefore, the solution of the wave equation in cylindrical coordinates is:
This is related to the current in the cylinder of radius 𝑎𝑎 via:
𝑎𝑎

𝑎𝑎

𝐼𝐼 = � 𝑖𝑖𝑧𝑧 (𝑟𝑟)2𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋 = 2𝜋𝜋𝜋𝜋𝜋𝜋 � 𝑟𝑟𝐽𝐽0 (𝑘𝑘𝑘𝑘)𝑑𝑑𝑑𝑑 = 2𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝐽𝐽1 (𝑘𝑘𝑘𝑘)/𝑘𝑘
0

0

This gives the constant 𝐶𝐶 and thus from (43) and (44):
𝐸𝐸𝑧𝑧 =

(44)

𝐼𝐼𝐼𝐼𝐽𝐽0 (𝑘𝑘𝑘𝑘)
2𝜋𝜋𝜋𝜋𝜋𝜋𝐽𝐽1 (𝑘𝑘𝑘𝑘)

(45)

The impedance per unit length is given by:
𝑍𝑍 =

𝐸𝐸𝑧𝑧 (𝑎𝑎)
𝑘𝑘𝐽𝐽0 (𝑘𝑘𝑘𝑘)
=
𝐼𝐼
2𝜋𝜋𝜋𝜋𝜋𝜋𝐽𝐽1 (𝑘𝑘𝑘𝑘)

(46)

This is identical to the result in Ramo and Whinnery (1953) but the derivation is simpler. The internal
inductance is (𝑍𝑍 = 𝑗𝑗𝑗𝑗𝑗𝑗):
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(47)

At low frequencies, 𝑘𝑘 → 0, 𝐽𝐽0 (𝑘𝑘𝑘𝑘) → 1, 𝐽𝐽1 (𝑘𝑘𝑘𝑘) → 𝑘𝑘𝑘𝑘/2. Therefore, the impedance per unit length
goes to:
𝑍𝑍 →

1
𝜋𝜋𝑎𝑎2 𝜎𝜎

(48)

𝐿𝐿 →

𝜇𝜇0
8𝜋𝜋

(49)

This is exactly what is expected at low frequencies. To find the inductance, more terms are needed in the
Bessel functions. Ramo and Whinnery (1953) show that the low frequency inductance is given by the real
part of (47) when 𝑘𝑘 → 0:
This has the value 5.0x10-8 H. Numerical evaluations confirm these results. As the frequency increases,
the resistance per unit length increases by virtue of the skin effect and the internal inductance falls.
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Appendix E The King Formula
This applies to the calculation of the current along a transmission line, when one of the conductors is cut
and a voltage source is inserted into the break at distance 𝑥𝑥 from its center. First the current at 𝑥𝑥 is found.
This is achieved by imagining the line to be split into two independent sections by the voltage source, so
that the voltages across the line on either side of this source are 𝑣𝑣1 and 𝑣𝑣2 . The current in the line at the
break, 𝑖𝑖, is continuous across the break. If the length of the line is 𝑙𝑙 and the wave number on the line is
𝑘𝑘, standard theory shows that (Ramo and Whinnery 1953):

Then

𝑙𝑙
𝑣𝑣1 (𝑥𝑥) = −𝑗𝑗𝑍𝑍0 𝑖𝑖(𝑥𝑥) cot 𝑘𝑘 � − 𝑥𝑥�
2
𝑙𝑙
𝑣𝑣2 (𝑥𝑥) = 𝑗𝑗𝑍𝑍0 𝑖𝑖(𝑥𝑥) cot 𝑘𝑘 � − 𝑥𝑥�
2

(50)

𝑙𝑙
𝑙𝑙
𝑣𝑣 = 𝑣𝑣2 − 𝑣𝑣1 = −𝑗𝑗𝑍𝑍0 𝑖𝑖 �cot 𝑘𝑘 � − 𝑥𝑥� + cot 𝑘𝑘 � + 𝑥𝑥��
2
2

(51)

𝑙𝑙
𝑙𝑙
𝑗𝑗𝑗𝑗(𝑥𝑥) sin 𝑘𝑘 �2 − 𝑥𝑥� sin 𝑘𝑘 �2 + 𝑥𝑥�
𝑖𝑖(𝑥𝑥) =
𝑍𝑍0
sin(𝑘𝑘𝑘𝑘)

(52)

𝑙𝑙
sin 𝑘𝑘 � − 𝑥𝑥2 �
2
𝑖𝑖(𝑥𝑥2 ) = 𝑖𝑖(𝑥𝑥1 )
𝑙𝑙
sin 𝑘𝑘 �2 − 𝑥𝑥1 �

(53)

𝑙𝑙
𝑙𝑙
𝑗𝑗𝑗𝑗(𝑥𝑥1 ) sin 𝑘𝑘 �2 − 𝑥𝑥2 � sin 𝑘𝑘 �2 + 𝑥𝑥1 �
𝑖𝑖(𝑥𝑥2 ) =
, 𝑥𝑥2 > 𝑥𝑥1
𝑍𝑍0
sin(𝑘𝑘𝑘𝑘)

(54)

𝑙𝑙
𝑙𝑙
𝑗𝑗𝑗𝑗(𝑥𝑥1 ) sin 𝑘𝑘 �2 − 𝑥𝑥1 � sin 𝑘𝑘 �2 + 𝑥𝑥2 �
𝑖𝑖(𝑥𝑥2 ) =
, 𝑥𝑥2 < 𝑥𝑥1
𝑍𝑍0
sin(𝑘𝑘𝑘𝑘)

(55)

This can be re-arranged to yield:

Now consider the current at some arbitrary position, 𝑥𝑥2 , with the voltage source at 𝑥𝑥1 . If 𝑥𝑥2 > 𝑥𝑥1 and
noting that the current is sinusoidal over the right-hand region of the line, the current at 𝑥𝑥2 is given by:

Therefore, the basic King (1976) formula from (52) and (53) is:

And similarly, for 𝑥𝑥2 < 𝑥𝑥1 :
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Linearity permits (54) and (55) to be converted into a Green’s function when a distribution of
electromotive forces (i.e. voltages) is present along the line.
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