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1 Introduction 

This contract report documents work performed under contract W7707-4501520847 for Project 
Authority (PA) Stefan Murphy. The work was performed between January 2017 and August 
2018. 

The SPPACS program sp_correlate computes the correlation of two input signals, and is 
typically used to correlate acoustic time-series data with a known replica (a matched filter) 
based on the transmitted waveform. In matched-filter (MF) processing, the replica is typically 
normalized such that the correlated output signal and noise levels have meaningful values that 
are related to the input signal. The purpose of this document is to present matched-filter theory 
describing these relationships such that the output of sp_correlate can be properly interpreted 
by STAR users in terms of absolute physical units. Following the introduction, the document is 
composed of the following sections: 

� Section 2 provides background theory, including the fundamental physical units in the 
context of sonar operation, and a theoretical development of the matched-filter processing 
gain1 for a linear frequency modulated (LFM) signal. Matched-filter normalization schemes 
are also discussed. 

� Section 3 presents empirical results of a simple test case consisting of two synthetic 
waveforms that are processed using a matched filter and an uncorrelated band-pass filter. 
Whereas the matched-filter output provides a gain in signal to noise, the band-pass filter 
does not. The gain in signal-to-noise provided by the matched filter will be computed 
theoretically and empirically for some simple test cases and will be compared to the signal-
to-noise ratio (SNR) at the output of the band pass filter. Various measurements of the input 
synthetic waveforms are compared to measurements of the filtered data in the context of the 
equations presented in Section 2. Data processing described in this section is performed 
entirely with IDL. Equations describing the input and output signal and noise levels are 
presented according to the normalization scheme used in IDL. 

� Section 4 describes how the output of SPPACS sp_correlate is related to the equations 
defined in Section 2 and the IDL processing described in Section 3. This is achieved through 
a comparison of simulated data processed using both IDL and SPPACS processing. 

� Section 5 discusses normalization implementation options within SPPACS. 
� Section 6 summarizes the document and highlights key concepts. 
� Annex A discusses energy conservation in LFM pulses. 
� Annex B details the acronyms used in this document. 
� Annex C contains a list of references used in this document. 

Readers who prefer a more brief discussion of the output units of sp_correlate without the 
associated background theory are referred to [1]. 

                                                 
1 We use the term processing gain to distinguish it from array gain which one would achieve using multiple sensors. 
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2 Matched-filter theory and normalization options 

This section presents background theory, with supporting equations, of matched-filter 
processing. Section 2.1 discusses the physical units used in underwater acoustics, and Section 
2.2 examines the theoretical definitions for SNR and processing gain as they pertain to the 
output of a matched filter. Section 2.3 presents normalization options typically used in matched-
filter processing, and then presents an alternative approach used by IDL’s DIGITAL_FILTER 
routine, which is used as a baseline to which matched-filtered output is compared in Section 3. 

2.1 A review of the physical units in underwater acoustics 

For a plane wave we recall that 
 

𝐼 =  ± 
𝑝0

2

𝜌𝑐
 

 
(1) 

 
where I is the plane wave intensity (a vector), po is the rms amplitude of the plane wave 
pressure (a signed quantity to determine the direction of the intensity), and Uc is the specific 
acoustic impedance of the medium.  Intensity is the power per unit area so we can re-write this 
as: 

𝐸 = 𝑃∆𝑡 = 𝐼∆𝑡 =  𝑝0
2∆𝑡
𝜌𝑐

  
(2) 

 
where E is the energy per unit area of the wave front. In the sonar community all 
measurements are made in water and nearly all are made in the far field, so the relationship 
between intensity and pressure never changes. Therefore it is common practice to refer to the 
pressure squared po2 as the intensity and po2't as the energy. However, this is not strictly 
correct and it can lead to confusion. Nonetheless, we too shall utilize this nomenclature. 
 
We shall return to these units when we examine the output of STAR and SPPACS. First 
however, we shall review some of the mathematics associated with the matched filter. 

2.2 The SNR and gain at the output of a matched-filter 

From Whalen [1] (Equation 6-70) or Mahafza [3] (Equation 6.18) one obtains for the output peak 
instantaneous SNR for a signal in additive white noise2: 

𝑆𝑁𝑅𝑜 = 2𝐸
𝑁0

  
(3) 

where E denotes the energy of the input signal, and No is the noise power in a 1 Hz band of the 
one-sided spectral density function, G(Z). We define G(Z) as: 

𝐺(𝜔) = 2𝑆(𝜔) =  ∫ 𝑅𝑥𝑥(𝜏)𝑒−𝑖𝜔𝑡𝑑𝜏, 𝜔 ≥ 0−   
(4) 

 𝐺(𝜔) =  0, 𝜔 < 0 (5) 

                                                 
2 Note that this equation is not valid for signals that are reverberation limited. 
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where Rxx is the autocorrelation function. This clarification of No is important because various 
factors of 2 can become confused in the ensuing discussion. The average input signal power for 
a pulse of duration T is Si = E/T.  Therefore the SNR at the input of the matched filter is given 
by: 

𝑆𝑁𝑅𝑖 = 𝐸
𝑁0𝐵𝑇

  
(6) 

where B is the bandwidth, and the noise power in the pass band is given by NoB. Taking the 
ratio of the SNR at the input and output of the matched filter gives the matched-filter gain, GD. 
That is,  

𝐺 =
2𝐸
𝑁0
𝐸

𝑁0𝐵𝑇

= 2𝐵𝑇 
 

(7) 

This has a factor of 2 that appears inconsistent with some definitions for which G = BT; (cf. 
Ainslie [4], (Equation 6.301). The inconsistency arises because the definition of SNR in 
Equation (6) is based on the noise at the input of the detector, noted by the subscript D in 
Equation (7). That is to say, when one computes the detection probability, the formulae are 
based on the noise level at the detector input which would be No, as shown in Equation (3); 
however, the numerator in Equation (7) is based on the signal envelope. When one examines 
the output from the matched filter, both No and E are enveloped and therefore, the SNR at the 
output of the matched filter should be written, 

𝑆𝑁𝑅𝑒𝑛 = 𝐸
𝑁0

  
(8) 

Thus, when comparing the quasi-theoretical and numerical SNR estimates from the ensuing IDL 
code, Equation (8) should be used. Doing this also resolves the ambiguity of the additional 
factor of 2 in Equation (7) that is usually absent in the expression for the matched-filter gain. 
Thus we chose to redefine the gain in the more conventional form: 

𝐺 =
𝐸

𝑁0
𝐸

𝑁0𝐵𝑇

= 𝐵𝑇 
 

(9) 

It is important to note that there is no error in either definition of SNR. Equation (3) is typically 
used when computing detection probabilities since No is the value one inputs into the equations. 
In this case however, we are doing post-detection analysis and are working backward from the 
output of the matched filter, by which time the numerical SNR estimate is using the envelope of 
the noise. 

The previous discussion relates to the gain of the MF for an LFM compared to the IDL band 
pass filter, but we have omitted any discussion of the relationship of those gains in the context 
of a CW compared to an LFM. We note that since for a CW, B=1/T, then by definition, the BT 
gain for a CW is 1. But in (apparent) contrast to that, we know that the SNR at the output of any 
matched filter is 2E/N0 as defined in Equation (3). This means that an LFM and a CW with 
equal amplitudes and durations must have identical SNRs at the output of their respective 
matched filters. The answer to this apparent conundrum is in the definition of the matched-filter 
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gain in Equation (9). The definition of the input SNR of the signals includes the bandwidth. 
Implicit in this definition is that any out of band noise has been filtered. This results in the SNR 
of the input CW being B times greater than the SNR of the input LFM; so the “bandwidth gain” 
has already been accounted for prior to matched filtering. Of course in order to realize this gain 
in a CW one would normally do an FFT and compute the power spectrum to isolate the signal 
within a single FFT bin which is in fact the matched filter for a CW. Were one to observe either 
time series (LFM or CW) in its pre-filtered form, they would have identical SNRs. If one were to 
then run each signal through an uncorrelated filter of the appropriate bandwidth, the LFM would 
look much noisier, since the filter band would be B times greater than for the CW. In practice 
this is rarely done since it serves little purpose to add an uncorrelated filter prior to performing 
the matched filter since the matched filter serves to band pass the uncorrelated noise as well as 
match-filter the correlated signal in one step. This last statement will become clear in Section 
2.3 when we compare the outputs of the IDL’s (uncorrelated) digital filter with matched filter for 
an LFM pulse. 

2.3 Normalization options 

Matched-filter replicas are normalized such that the filter output signal and/or noise levels have 
meaningful units that are related to the input signal. A matched-filter signal is typically 
normalized either in terms of total energy or in terms of power3. Each has its advantages in 
different situations. Traditionally, power normalization is used in passive sonar because the 
signals of interest are typically CW tones (e.g. blade lines) and the noise background is ambient 
noise. In this situation the signal and noise power are approximately stationary, and the energy 
in both will increase at the same rate with longer integration periods. Therefore, the relative 
power of the two signals is more meaningful. To achieve signal gain in this circumstance, one 
increases the integration time which reduces the frequency bin size. Because the tone is 
assumed to be constant, the signal power will equal po2/2 for a pressure signal of the form 
posin(Zt). The longer the FFT, the higher the frequency resolution of the tone; but its power will 
remain po2/2. In contrast, the noise power is constant and independent of frequency, so 
increasing the FFT length (reducing the frequency bin size) reduces the pass band of the filter, 
thereby reducing the noise in the signal bin, which results in an increase in SNR. This is an 
important point and we shall return to it momentarily, during our discussion of energy 
normalization. 

For active sonar, normalizing in terms of energy is more useful (cf. [4] pp. 95-96). The logic here 
is virtually the opposite of the passive case. In active sonar, signal power is not steady state and 
the pulse duration provides an explicit time associated with the measurement. Using a 
measurement window longer than the pulse duration adds additional noise, but no additional 
signal4. Conversely, using a shorter time window neglects some of the available signal. Active 
sonar has an additional consideration in that the signal may be noise limited, similar to the 

                                                 
3 Typically both are referenced to an rms level. However, in this discussion all equations are defined relative to the pulse 
amplitude, A. Relationships to RMS levels are discussed where necessary. 
4 This is not always true since time spreading (eg. multipath) could extend the echo duration. 
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passive case, or it may be reverberation limited.5 If it is noise limited, increasing the source level 
or the duration will increase the signal energy and improve the SNR. If it is reverberation limited, 
increasing the signal energy will raise both the signal and reverberation levels equally (similar to 
shouting louder in an echo chamber) and the SRR (signal-to-reverberation ratio) will not 
improve. In this circumstance, one must try to reduce the insonified area, which is generating 
the reverberation, by altering the signal characteristics. A typical example of this would be 
increasing the bandwidth of a linear frequency modulated (LFM) chirp. The effective annulus GR 
of the insonified seabed after matched-filtered an LFM is, 𝛿𝑅 = 𝑐

2𝐵 s
 where c, B, and T are the 

sound speed, bandwidth and grazing angle, respectively. Increasing B reduces the annulus GR, 
and in so doing, it reduces reverberation. Typically, in active sonar the goal is to choose the 
width strategically to maximize the return from the target and minimize the reverberation. 

It must be noted that normalization has absolutely no effect on the performance of a matched 
filter. That is, the SNR and gain of a matched filter are defined entirely by the filter parameters 
described in Equations (8) and (9), while the normalization scheme defines the numerical value 
and corresponding units of the filter output signal and noise levels. As a simple analogy, speed 
measurements may be reported in m/s, km/h, or miles/h. While the chosen units will clearly 
impact the numerical values of the reported data, it has no effect on the objects to which the 
measurements pertain. 

For the purposes of the data presented in Sections 0 and 4 of this document, we discuss two 
specific normalization methods; one used by IDL’s DIGITAL_FILTER procedure, and another 
used by SPPACS sp_build_chirp and sp_correlate applications. The IDL normalization scheme 
is introduced below in Section 2.3.1 and forms a basis which is used throughout the remainder 
of this report, while the SPPACS normalization scheme is not introduced until Section 4.  

2.3.1 IDL filter normalization 

An empirical investigation of the coefficients generated by IDL’s DIGITAL_FILTER function shows 
that the filters are normalized so that the magnitude of the signal in the pass band is conserved 
at the output of the filter. Figure 1 shows the spectrum of Gaussian noise and the resulting 
spectrum after applying a band-pass filter from 1 to 3 kHz generated with the DIGITAL_FILTER 
function. The filter has zero-gain in that the power magnitude in the pass band is equal to the 
input noise power.   

                                                 
5 For reverberation limited scenarios, the term signal-to-reverberation ratio (SRR) replaces SNR. 
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Figure 1: Example input and output spectrum generated using IDL.s digital filter function. 
The input data are Gaussian distributed noise (black line), which are filtered from 1 to 3 kHz (blue 

line).The filter is applied using IDL’s BLK_CON function. The input and output noise power is equivalent 
within the filter pass band. 

The band-pass filter used for Figure 1 is one example of an uncorrelated filter. Since this goal of 
this document is to illustrate the normalization of matched-filters, it is instructive to repeat the 
exercise using a filter that would typically be used in matched-filter processing, but applied to 
Gaussian noise so that it, too, acts as an uncorrelated filter6. Figure 2 shows the spectrum of the 
same Gaussian noise shown in Figure 1, but this time the data are filtered using a 1 to 3 kHz 
LFM sweep. Like the band-pass filter output, the output level in the pass band of the LFM filter 
is equivalent to the noise level of the input spectrum. This is achieved by normalizing the LFM 
filter using both an energy and bandwidth correction: 

𝑛𝑜𝑟𝑚𝐸 =  √𝑓𝑖𝑙𝑡𝑒𝑟2  
(10) 

 

𝑛𝑜𝑟𝑚𝐵 = √
𝐵

𝑓𝑠
2⁄

 
 

(11) 

  

𝑛𝑜𝑟𝑚𝑎𝑙𝑖𝑧𝑒𝑑 𝑓𝑖𝑙𝑡𝑒𝑟 = 𝑓𝑖𝑙𝑡𝑒𝑟 ∗  𝑛𝑜𝑟𝑚𝐵
𝑛𝑜𝑟𝑚𝐸

  
(12) 

where filter is the LFM time-series, B is the LFM bandwidth, and fs is the sample rate. These 
equations were derived empirically by analyzing IDL’s DIGITAL_FILTER function. 

                                                 
6 A filter is neither correlated (matched) or uncorrelated by definition; it depends on whether or not it matches the data it is being 
applied to.  
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Figure 2: Input and output spectrum using a 1-3 kHz LFM replica correlated with Gaussian noise. 
The input data are shown with the black curve, while the filtered data are shown with the blue curve. The 
filter is applied using IDL’s BLK_CON function. The input and output noise power is equivalent within the 

filter pass band. 

Now that we have established a normalization scheme for an LFM filter that matches IDL’s 
DIGITAL_FILTER function, we can proceed to use the LFM as a matched filter and investigate the 
relationship between the correlated and uncorrelated filter outputs. This analysis is described in 
Section 3. 
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3 Comparison of uncorrelated filter and matched filter 
using IDL processing 

In this section we shall look at numerical examples to illustrate matched-filter concepts 
presented in Section 2. To prevent the discussion from getting too unwieldy, it shall focus on the 
effects of changing pulse duration in an active sonar LFM pulse, and compare the outputs of 
signal, noise, and SNR. This analysis also compares the MF results with an uncorrelated filter to 
illustrate the relationship between the two filter types. All processing is performed in IDL7, as 
follows: 

� All input time-series data and replica data are composed of real, floating-point values with a 
20 kHz sample rate. 

� Band-pass (uncorrelated) filter coefficients are generated using IDL’s DIGITAL_FILTER 
function. The filter is applied by correlating the coefficients with the input time-series using 
IDL’s BLK_CON function. 

� Matched-filter replicas are LFM sweeps, and are normalized using the energy-bandwidth 
scheme employed by IDL’s DIGITAL_FILTER function, discussed in Section 2.3.1. Therefore, 
both BPF and MF use the same filter normalization scheme. 

� Both band pass and matched filters have the same pass band. 
� Filters are applied by correlating the normalized filter with the input time-series using IDL’s 

BLK_CON function. 
� The outputs of all filters are enveloped using IDL’s HILBERT function such that the output 

levels can be represented with the equations presented in Section 2.2. 

Processing is applied to two synthetic LFM pulses. Both have a frequency range of 1800-2600 
Hz. One pulse has a duration of 0.8192s, while the other has a duration of 6.554s, and the pulse 
amplitudes are 7.07 and 2.5, respectively. This maintains equal energy with a factor of 8 
difference in duration and √8 in signal amplitude. The noise power was set to unity for both test 
signals. When spread over a bandwidth of 10 kHz (Nyquist), this results in a value of -40 dB 
computed as 

𝑠𝑦𝑛𝑡ℎ𝑒𝑡𝑖𝑐 𝑁0 = 10𝑙𝑜𝑔10
1

104 =  −40 𝑑𝐵  
(13) 

so the per Hz level is 1/104, or -40 dB. The synthetic pulses and their BPF and MF outputs are 
shown in Figure 3. Table 1 shows numerical input pulse parameters and the outputs from both 
LFM MF and BPF processing. 

                                                 
7 LFM replicas were, constructed using SPPACS sp_build_chirp. Normalization of the replicas and application of the matched-
filter are applied in IDL. 
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Figure 3: Raw and filter output time-series data. 
The raw time-series are shown in panels (a) and (c), and the filter outputs are shown in panels (b) and 
(d). Panel (a) shows the 0.8192s pulse, and panel (b) shows its corresponding band-pass filter output 

(black) and matched-filter output (blue). Panel (c) shows the 6.554s pulse, and panel (d) shows its 
corresponding band-pass filter output (black) and matched-filter output (blue).The input time-series data 

are 100s in duration, but only the centre 20 seconds showing the pulse are displayed. 

Figure 3 and Table 1 illustrate the relationship between the BPF and the MF, which reflect the 
equations presented in Section 2. Since the MF replicas are normalized to energy8 and because 
the synthetic pulses have equal energy, the MF peak output of 45.2 dB (shown in row 9 of Table 
1)) is the same for both pulses9.  

The theoretical gain (Equation (9)) is greater for the longer pulse by 9 dB as predicted. 
Subtracting the gain in row 8 from the MF peak returns the BPF average level10 shown in row 
10.  There is an important implication implicit in all of this: 

 
                                                 
8 They are also normalized to bandwidth, but since the bandwidth is the same for these pulses, it’s a moot point. 
9 The values are equivalent to within 0.1 dB.  
10 The BPF output is approximately flat across the pulse duration so it is referred to as the level rather than the peak. 
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Increasing either B or T simply increases the gain of the output relative to that of an unmatched 
filter. It does not necessarily lead to an increase in SNR at the output of the filter. For 
example, for an LFM in ambient noise, increasing the bandwidth doesn’t increase the SNR 
since the pulse energy is not increased. In contrast, keeping the bandwidth constant, and 
increasing the pulse duration does increase SNR. The key here is that this definition of 
processing gain, (Equation (9)), refers to the ratio of the signal output one achieves using 
a matched-filter relative to what one achieves using an uncorrelated filter. For the 
examples just given, both the matched and unmatched filters are affected by changing either 
the bandwidth or pulse duration. So while the equation holds true in all cases, the definition of 
the gain does not imply anything about the SNR at the filter output. 

Returning to the analysis of the example signals, noise levels output from both filters are 
equivalent, as shown in Rows 10 and 13 of Table 1. This reinforces another important feature of 
the filters discussed in Section 2.3.1:  

When applied to Gaussian noise, both the band-pass and matched filters act as 
uncorrelated filters and produce equivalent output levels.  

Table 1: Signal parameters and filter outputs from an LFM matched filter and IDL’s  digital_filter. 
The first four lines show input signal parameters, lines 5-8 show calculated and inferred parameters 

based on the input signals, while lines 9-13 show measurements of the output filtered data. 

ROW NAME RELEVANT EQUATION / 
NOTES 

SHORT 
PULSE 

LONG 
PULSE 

1 Bandwidth (Hz)  800 800 
2 Signal Amplitude (linear) Amplitude and duration result 

in equal energy pulses. 
7.07 2.5 

3 Duration (s)  0.8192 6.554 
4 Noise Amplitude (linear)  1 1 
5 Total energy (dB) Equation (2), where the signal 

amplitude in line 2 is assumed 
to be po. 

13.1 13.1 

6 Noise in per Hz band, No (dB)  Equation (13) -40.0 -40.0 
7 Theoretical MF SNR (dB) Equation (8), Row 5 – Row 6 53.1 53.1 
8 Theoretical MF gain  (dB)  10log10(BT) 28.2 37.2 
9 MF peak (dB)  45.2 45.1 
10 MF noise (dB) Mean level across a 10s 

window that excludes the peak. 
-8.0 -8.0 

11 MF SNR (dB) Row 9 – Row 10 53.2 53.1 
12 BPF  average level (dB) Mean level across peak of BPF 

output. 
17.0 8.0 

13 BPF noise (dB) Mean level across a 10s -8.0 -8.0 
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ROW NAME RELEVANT EQUATION / 
NOTES 

SHORT 
PULSE 

LONG 
PULSE 

window that excludes the peak. 
14 Actual MF gain (dB) Row 9 – Row 12 28.2 37.2 
 

Finally, the SNR of the MF was computed numerically and theoretically and the results are 
within 0.1 dB for both pulses. 

What remains then, is to combine the information of the preceding sections to identify the 
physical units of the various outputs for this normalization scheme and answer the questions: 

� What are the units of the filter noise output? 
� What are the units of the filter signal output? 

These relationships were determined empirically by analyzing the data presented in Table 1.  

As previously discussed, since the noise is uncorrelated, both the MF and BPF act equivalently 
on uncorrelated noise, and the noise level out of either filter is given by 

𝑁𝑒𝑛 = 2𝑁0𝐵 (14) 

where the factor of 2 accounts for the envelope from the Hilbert transform calculation. For the 
example shown in Table 1, substituting values for N0 and B into Equation (14), one obtains 

𝑁𝑒𝑛 = 10𝑙𝑜𝑔10 ((2) 1
104 (800)) =  −8 𝑑𝐵  

(15) 

The signal level out of the MF should be approximately 53.1 dB greater than this value and is 
given by 

𝑆𝑒𝑛 _𝑝𝑒𝑎 = 2𝐵𝑇𝐴2

2
 (16) 

where the 2 in the numerator accounts for the envelope function. Inserting the values from the 
first three rows in Table 1 yields11 

𝑆𝑒𝑛 _𝑝𝑒𝑎 = 10𝑙𝑜𝑔10
2(800)(6.554)(2.5)2

2
= 45.2 𝑑𝐵  

(17) 

This is consistent with the measured value in row 9. 

It is instructive to cast Equation (16) in terms of the signal energy, E, and power, P, defined in 
Section 2.1. In the absence of any physical units in this simulation, the energy and power of the 
pulses are simply E = TA2 and P = A2, respectively. Writing in terms of energy, Equation (16) 
becomes 

𝐸 = 𝑆𝑒𝑛 _𝑝𝑒𝑎

𝐵
 (18) 

                                                 
11 The same result is obtained using parameters of the shorter pulse. 
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and in terms of power becomes 

𝑃 = 𝑆𝑒𝑛 _𝑝𝑒𝑎

𝐵𝑇
 (19) 

where the factor of 2/2 has been removed from both representations. Thus, the signal envelope 
is greater than the peak power by the processing gain factor G defined in Equation (9). It has 
already been noted that the peak output of the band-pass filter is a factor of G = BT below the 
MF output; therefore, the uncorrelated filter output level can be written as 

 𝑃 = 𝑆 𝑝𝑓 = 𝐴2. (20) 

This is perfectly consistent with Equation (19) since the processing gain of the uncorrelated 
band pass filter is unity. Finally, multiplying Equation (20) by T gives the result in terms of 
energy:  

𝐸 = 𝑆 𝑝𝑓𝑇 (21) 

Therefore, if one computes the average output of the envelope of the band-pass filter, and 
multiplies it by the pulse duration, the result is the pulse energy. The same value is obtained by 
dividing the peak of the matched filter by the bandwidth. That is an important but subtle point. 
The total energy in the pulse is conserved with both filters, but the MF compresses it into a peak 
which provides the gain. Thus, even though there is a gain, there isn’t an increase in the energy 
of the signal relative to the ambient noise. It is easy to lose sight of this equivalence when one 
starts thinking about getting more signal output from the matched filter. This is not the case in 
reverberation since the pulse compression suppresses the reverberation by reducing the 
annulus of the reverberation ring as discussed in Section 2.3. 

One can use the calculations from Table 1 and Equations (18) and (19) to show that computing 
the signal energy and power can be done by dividing the MF filter outputs by their respective 
bandwidth (energy) and time-bandwidth product (power). 

The example presented here demonstrates the relationship between uncorrelated and matched 
filter outputs, and the results have been used to infer equations relating the outputs to input 
signal parameters. GeoSpectrum extended the empirical analysis to cover a range of pulse 
durations, amplitudes, and bandwidths to validate these results. These test cases are described 
in more detail in Section 4. 

Finally, since rms levels rather than peak levels are generally preferred, (and the noise is in rms 
units already), the signal envelope given in Equations (16) and (17) shall be recast in terms of 
the rms levels resulting in 

𝑆𝑒𝑛 _𝑟𝑚𝑠 = 𝐵𝑇𝐴2

2
 (22) 

where the factor of 2/2 in Equation (16) has been eliminated. It is a straightforward exercise to 
show that Equations (18)-(21) continue to hold so long as one remains consistent in the use of 
rms or peak power in all terms. 
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4 Sample processing from STAR and SPPACS 

This section extends the analysis from Section 3 to a larger set of pulses covering a range of 
pulse durations, bandwidths, and amplitudes. Additionally, results from SPPACS sp_correlate 
are included in the results and compared with the output from the IDL processing and the 
equations presented in the preceding sections. This results in an interpretation of the output of 
sp_correlate. The analysis is contained in the trials12 trial folder repository under 
LCAS16/correlation_normalization_testing.  

Section 4.1 describes the set of pulses used in the tests, and Section 4.2 describes the settings 
and options used for SPPACS processing (The IDL processing was presented in Section 3). 
Finally, Section 4.3 presents the resulting measurements, and provides insight on how the 
measurements from the IDL and SPPACS processing are related. 

4.1 Synthetic pulse set description 

The synthetic data set consists of 2 sets of 25 unique pulses, where every combination of five 
durations and six bandwidths is represented in each set. Pulse durations are 1, 3, 5, 10, and 20 
seconds; pulse bandwidths are 100, 200, 300, 500, 1000, and 2000 Hz. For each pulse type, 
there is a replica and a synthetic data file with the pulse embedded in Gaussian noise. The 
noise power and sample rate, 8 kHz, result in a value of -36 dB for N0. All synthetic data files are 
100 s in duration. The pulse amplitudes are scaled such that all pulses in each set have equal 
energy or equal power. All processing is performed with a replica that corresponds to its 
matching synthetic data set.  

Although the results of all processing are stored in the STAR trial folder, only summary results 
and general trends are presented in this document. 

4.2 SPPACS processing settings 

All replicas are constructed using sp_build_chirp. The replicas have no window shading, and 
are normalized to have an rms value of 112,13. Replicas with both real float and complex-float 
number types are included in this analysis. 

Correlation processing is conducted using sp_correlate. Both of the available --output-format 
options, energy and linear, are included in this analysis. Selecting energy produces the 
magnitude squared of the matched-filtered time series.  

Although the available options for the –-output-format flag are named linear and energy, 
these words do not accurately describe the data generated with these settings. A more 

                                                 
12 This is achieved by setting the –rms argument to sp_build_chirp, and is the configuration most often used in STAR data 
analysis. 
13 For IDL matched-filter processing, the rms normalization is ignored, and the replicas are renormalized using the energy-
bandwidth scheme described in Section 2.3. 
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appropriate interpretation is amplitude (instead of linear) and magnitude squared 
(instead of energy). 

This nomenclature adds further confusion in the context of this document, as the concept of 
acoustic energy is central to this discussion. In order to distinguish energy and linear as flag 
settings in sp_correlate, they will be hereafter referred to as the linear flag and energy flag.  

The implications of using either float or complex-float replicas with the energy flag or linear flag 
outputs are discussed in Section 4.3. 

The peak matched-filtered output level of sp_correlate is equal to the rms level of the input time-
series data. That is: 

𝑆𝑝𝑒𝑎 =  1
𝑁

∑ 𝑑𝑎𝑡𝑎2
𝑎
  

(23) 

Where the exponent, a, is either ½ or 1 if the output format is the linear flag or energy flag, 
respectively. This behaviour is contingent upon the replica being normalized such that its rms 
level is 1. This is achieved using the –rms option in sp_build_chirp.  

4.3 Results 

The results of the synthetic data processing are summarized in Table 2, which describes the 
input replica number type and output data format. The peak signal level (S) and mean noise 
levels are presented, along with their relationships to equations presented earlier. Noise levels 
are the average of 10 seconds of data away from the matched-filter peak. 

All matched-filter peak signal levels are related only to the amplitude of the input signal. When 
using the energy output flag, the peak matched-filter level is equal to the rms level squared of 
the input signal squared, while using linear output results in the rms level. The peak matched-
filtered level is independent of the data type of the replica, illustrated in Figure 6. Comparison to 
the IDL normalization scheme, summarized in Equation (22), reveals that the SPPACS signal 
level outputs are reduced by a factor of BT, with an additional factor of 2 to convert from 
amplitude to rms level, from the levels output from IDL. 
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Table 2: Output signal and noise levels from sp_correlate. 
Setting the rms flag in sp_build_chirp scales the replica to generate a matched filter output in rms units. 

REPLICA 
NUMBER 
TYPE 

OUTPUT 
FORMAT 
FLAG 

MAXIMUM 
MATCHED-
FILTERED 
LEVEL14 

RELATED 
EQUATION 
(SIGNAL) 

OUTPUT  
NOISE  
LEVEL 

RELATED 
EQUATION 
(NOISE) 

real 
float 

linear15 𝐴
√2

 √𝑒𝑞(16)
𝐵𝑇

 
N/A16 N/A 

complex 
float 

linear 𝐴
√2

 √𝑒𝑞(16)
𝐵𝑇

 
N/A N/A 

real 
float 

energy 𝐴2

2
 

𝑒𝑞 (22)
2𝐵𝑇

 
𝑁0

2𝑇
 

𝑒𝑞 (14)
4𝐵𝑇

 

complex 
float 

energy 𝐴2

2
 

𝑒𝑞(22)
2𝐵𝑇

 
𝑁0

𝑇
 

𝑒𝑞 (14)
2𝐵𝑇

 

In summary: 

� Signal levels output from sp_correlate are independent of signal duration and 
bandwidth when replicas are normalized to rms unity.  

� Signal levels output from sp_correlate are only dependent on signal amplitude when 
replicas are normalized to rms unity. Specifically, output signal levels are equivalent 
to the rms level of the input waveform.  

This contrasts with the behaviour of the normalization scheme employed by IDL’s 
DIGITAL_FILTER, which results in filtered signal levels that are dependent on amplitude, duration, 
and bandwidth. 

It must also be noted that the signal level outputs presented in Table 2 are the definition of the 
rms level (and rms level squared) of a pure sinusoidal wave. If the signal and replicas have 
shading applied, the waveforms are no longer perfect sinusoids, so the rms definition of A/√2 is 
no longer applicable. In these cases, the rms level of the input signal must be computed using 
Equation (23). 

The resulting noise levels out of sp_correlate are related to both the input noise level, N0, and 
the duration of the pulse when the energy output flag is set, but are independent of pulse 
bandwidth. 

� Noise levels output from sp_correlate depend only on the input noise level and the 
signal (filter) duration if the energy output flag is set. 

                                                 
14 When –rms flag is set. 
15 Specifies the sp_correlate output format flag.  
16 When the output format is linear, the mean noise level output of sp_correlate is nominally zero for a zero-mean input time-
series. 
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When the linear output flag is set the output matched-filtered timeseries has a zero mean (if 
the input time-series noise level has a zero mean and is not meaningful with respect to the input 
waveform parameters. 

Plots of sp_correlate peak signal level and mean noise levels are shown in Figure 4 and Figure 
5. These figures show the outputs for two sets of constant-energy pulses and two sets of 
constant-power pulses, respectively. In both figures, panel (a) shows results as a function of 
pulse duration, and panel (b) shows the levels as a function of pulse bandwidth. Reference 
curves for pulse energy E (black line), and power (red line), and N0 (blue line) are also shown. 
These data were processed using a complex replica and the energy output flag set.  

In Figure 4 the energy is constant for all pulses, depicted by the solid back lines. Focusing on 
panel (a), the amplitude is reduced by a factor of 4 (and power by a factor of 2) for each 
doubling in pulse duration. The peak output from sp_correlate (dashed black line with dots) is 
always 3 dB, a factor of 2, below the power curve, consistent with the expression for maximum 
matched-filtered level shown in Table 2. The mean noise output from sp_correlate decreases 
with increased pulse duration. In the special case where T=1s, the mean noise output from 
sp_correlate, using the configuration stated in the preceding paragraph, is equal to N0. Panel (b) 
shows the output levels for constant duration (20-second), variable bandwidth pulses. In this 
scenario, amplitude is constant as a function of bandwidth, and therefore the peak output of 
sp_correlate is also. Note again that the peak sp_correlate output is 3 dB lower than power. 
Since duration is constant for these pulses, both N0 and the mean noise output from 
sp_correlate are constant. Since the pulse duration is 20 seconds for all pulses shown in panel 
(b), the levels are equivalent to the 20-second data points in panel (a). 

 

Figure 4: Signal and noise levels output from the SPPACS correlator (sp_correlate) for constant-energy 
pulses. 

A complex replica and the energy output format flag are used. Panel (a) shows the levels of 2000 Hz 
bandwidth pulses as a function of pulse duration. Panel (b) shows the levels of 20 s duration pulses as a 
function of pulse bandwidth. Pulse E and P are shown with the solid black and red lines. N0 is shown with 

the solid blue line. Peak matched-filter output is shown with the black dashed line with dots, and mean 
matched-filter noise level is shown with the blue dashed line with dots. Blue curves reference the right y-

axis, all other curves reference the left y-axis. 
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Figure 5 shows output of sp_correlate for constant-power pulses. As pulse duration increases 
(panel (a)), this results in an increase in total energy. Again, however, the peak output of 
sp_correlate is consistently 3 dB below the power, while the mean noise decreases with 
increased pulse duration. As a function of bandwidth, the correlator output of the constant-
power pulses have the same characteristics as the constant-energy pulses; they are 
independent of pulse bandwidth. 

 

Figure 5: Signal and noise levels output from the SPPACS correlator (sp_correlate) for constant-power 
pulses. 

Panel (a) shows the levels of 2000 Hz bandwidth pulses as a function of pulse duration. Panel (b) shows 
the levels of 20 s duration pulses as a function of pulse bandwidth. Plot settings are the same as Figure 

4. 

Recall from Sections 2.2 and 2.3.1 that all derivations and calculations are based on the 
envelope of the filtered time series. Using sp_correlate with a complex-float replica produces 
an enveloped matched-filtered time series, while using a float replica results in an un-
enveloped time series. Therefore, the latter results in an additional factor of 1/2 in the noise 
estimate. Note, however, that whether or not the matched-filter time-series is enveloped only 
affects the noise estimate, and does not affect the signal level output, as illustrated in Figure 6. 
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Figure 6: Effect of using a real and complex replica with sp_correlate. 
Panel (a) shows the matched-filtered peak and four side-lobes of the 6.554s pulse, while panel (b) shows 
the noise output of the filter. The blue line shows the matched-filter output when using a complex-valued 

replica, and the black line shows the matched-filter output when using a real-valued replica. The peak 
levels for both curves are equivalent, while mean levels computed across a finite time window are 3dB 

lower when using a real-valued replica. Note that both the x and y axis scales are different between 
panels (a) and (b). 

Table 3 shows the signal levels output from sp_correlate, S, in terms of the signal energy and 
power. These representations highlight the simplicity of the SPPACS normalization scheme in 
that the dependence on signal bandwidth is removed. Similar to the results presented in Section 
3, the conversion from energy to power is achieved with a simple correction of the pulse 
duration. 

Table 3: Output signal level from sp_correlate in terms of signal energy and power. 

OUTPUT  
FORMAT 
FLAG 

OUTPUT  
SIGNAL 
 LEVEL 

SIGNAL 
ENERGY 

SIGNAL 
POWER 

linear 𝑆𝑙 =
𝐴

√2
 𝐸 = 2𝑇𝑆𝑙

2 𝑃 = 2𝑆𝑙
2 

energy 𝑆𝑒 =
𝐴2

2
 𝐸 = 2𝑇𝑆𝑒 𝑃 = 2𝑆𝑒 

 

4.4  Exceptions 

There are situations where the signal and/or noise levels presented in Table 2 will not 
necessarily hold true. Such situations include: 

� The signal and replica have different shading. 
� The replicas are zero padded. 
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In these cases, we no longer have a matched-filter since the replica is no longer an exact match 
to the transmitted signal, and the gain will be reduced from the theoretical value of BT. In this 
case an analytical formulation of the gain may not be trivial to compute and it would be easier to 
estimate it empirically. The discussion presented in this document examines a signal in 
uncorrelated noise. Estimating the matched-filter gain for a signal in reverberation is beyond the 
scope of this document. Moreover, measured data are affected by a myriad of experimental 
conditions such as non-isotropic noise, non-uniformity of pulses, and Doppler spreading, all of 
which may cause a mismatch between the replica and the received signal, resulting in the 
output of sp_correlate to deviate from the theoretical matched-filter gain. The exact cause of 
these departures from the theoretical gain forms the basis of much of much of the signal 
processing research in underwater acoustics. 
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5 Normalization implementation options 

Sp_correlate is currently limited to the rms normalization scheme. Representing output signal 
and noise levels in terms of other parameters such as pulse duration and bandwidth requires 
analysts to implement an additional scale factor at some point in the data processing or analysis 
scripts. Methods of applying these corrections include: 

� Apply appropriate scale factors in post-processing analysis scripts (e.g. IDL or Matlab 
programs). 
{ Pros:  

► Various normalization schemes can be applied to the same processed data (i.e. no 
need to regenerate processed data if required normalization scheme is changed or if 
multiple normalization schemes are required). 

► No further software development required. 
{ Cons:  

► Requires analysts to compute appropriate scale factors to achieve correct 
normalization. 

► Application of normalization has to be accounted for in all analysis scripts, whereas 
performing the correction in the processing chain means that the processed data 
files will be normalized, and all analysis programs can access the normalized data.  

� Apply scale factors using sp_apply_gain after matched-filter processing. 
{ Pros: 

► Normalization is applied in the processing stream, so analysis programs can access 
the normalized data instead of applying post-processing corrections.  

{ Cons: 
► Requires analysts to compute appropriate scale factors to achieve correct 

normalization. 
► If multiple normalization schemes are required, of if the required normalization 

scheme changes during analysis, the processed data will have to be regenerated. 

Alternatively, it could be possible to update SPPACS to support various normalization schemes. 

{ Pros: 
► Specific normalizations could be specified using command line arguments to 

SPPACS modules. 
► Normalization is applied in the processing stream, so analysis programs can access 

the normalized data instead of applying post-processing corrections. 
► Normalization calculations are maintained in tested, change-controlled software, 

reducing the risk of analyst error or errors resulting from repeatedly computing 
normalization factors. 

{ Cons: 
► Requires additional software development to implement. 
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► Specific normalization schemes will have to be decided and implemented in 
SPPACS. It may not be possible to anticipate all possible normalization modes 
required for future analyses, so additional software development or implementation 
of one of the other normalizations methods discussed above may still be required in 
future analyses. 

► If multiple normalization schemes are required, of if the required normalization 
scheme changes during analysis, the processed data will have to be regenerated. 
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6 Summary and conclusions 

This document presents a summary of matched-filter theory and discusses various 
normalization options to relate output signal and noise levels to basic parameters of the input 
signals. The normalization schemes used by IDL and SPPACS are discussed in detail, and the 
results of synthetic tests are presented in terms of the input signal parameters. IDL’s 
digital_filter function employs an energy-bandwidth normalization, such that the output filter 
signal and noise levels are related to input signal amplitude, duration, and bandwidth. 
Conversely, SPPACS correlation processing outputs signal levels that are related only to the 
input signal rms levels, and are independent of pulse duration and bandwidth. Signal and noise 
levels can be converted from one normalization scheme to another by simply scaling the results 
by the appropriate factor. 
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Annex A Energy conservation and the constant 
Amplitude LFM 

When examining signal processing in acoustics, one often considers sine waves and writes a 
pressure wave in the form p(t)=posin(2Sft). Further, we often work in the frequency domain with 
these signals and think in terms of the power spectral density (PSD), which from basic calculus 
obtains a power of po2/2, for which the total energy would be given by E = T(po2/2) where T is the 
pulse duration. Now consider the linear FM pulse which we can write: 

 

𝑝𝑙𝑓𝑚(𝑡) =  𝑝0 sin 2𝜋 (𝑓 −
∆𝑓
2

+
∆𝑓
2𝑇

𝑡) 𝑡  

 
(24) 

Energy in the pulse is simply T(po2/2) and the PSD is constant across the pulse bandwidth. This 
would appear to suggest that maintaining constant pressure amplitude across frequency 
requires constant energy, independent of frequency; and this seems counter-intuitive. It seems 
natural that it would take more mechanical energy to vibrate a piston transducer at high speed 
than at low speed for a given amplitude. This in fact is the case; to understand this, consider the 
expression for the energy density E in a plane wave given by E = (pouo)/(2c) = Ucuo2. (cf. Kinsler et 
alia, eqn. 5.37, p. 110). To maintain constant energy input as frequency increases requires one 
to maintain constant (radial) particle velocity uo; that is to say it has to go through 2π radians in a 
fixed time regardless of frequency. For harmonic plane wave (𝑢 = 𝑑𝑥 𝑑𝑡 = 𝑖𝜔𝑥⁄ ), the particle 
displacement x would need to decrease as frequency increased to maintain constant E. 
Therefore a lower amplitude displacement at higher frequency would require the same amount 
of energy as a higher amplitude displacement at a lower frequency. Put another way, for a plane 
wave LFM to maintain a constant pressure amplitude and constant energy as frequency 
increases requires less displacement of the transducer. An alternate way to think about this is to 
recall that pressure=force/area=(mass)(acceleration)/area. Using, complex exponential form 
and writing it in the frequency domain one obtains po=mxZ2/area. Therefore to maintain a 
constant pressure amplitude po as frequency increases actually requires less displacement. One 
final comment; this may seem at odds with electromagnetic theory for which 𝐸 = ℏ𝜔. However, 
we can recast E = (pouo)/(2c) in terms of the velocity potential 𝜑 by recalling that 𝑝 = −𝜌0 𝑑𝜑 𝑑𝑡⁄ . 
Then one can arrive at an expression for E in terms of 𝜑 which is proportional to Z. 
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Annex B Acronyms 

BT Time-Bandwidth Product 
CW Continuous Wave 
DC Direct Current 
DRDC Defence Research and Development Canada 
FFT Fast Fourier Transform 
FM Frequency Modulation 
IDL Interactive Data Language 
LFM Linear Frequency Modulated 
MATLAB A mathematical modelling language by MathWorks 
MF Matched Filter 
PSD Power Spectral Density 
RMS Root Mean Squared 
SNR Signal to Noise Ratio 
SPPACS Signal Processing Packages 
SRR Signal to Reverberation Ratio 
STAR Software Tools for Analysis and Research 
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In October 2017, the Canadian Armed Forces (CAF) participated in the Joint Warrior 17-2 
Exercise (JW172) to further mature the information sharing and safeguarding technologies 
outlined in the Technical Interoperability Data Centric Environment (TIDCE) initiative. The 
decision to participate at the JW172 exercise was based on a need to mature the technical 
interoperability for data centric information sharing and safeguarding in an active operational 
environment.  

Data Centric Security (DCS) is an approach to information security management that applies 
access, protection and sharing controls over individual information assets. DCS mitigates the risk 
posed by emerging threats that bypass traditional approaches that emphasize protections at the 
network and application boundaries. A Data Centric Environment (DCE) is an IT infrastructure 
that is using DCS services to protect information assets in conjunction with existing network and 
application protection services. A Data Centric Architecture (DCA) is the collection of software 
and security services that has been deployed to an IT environment to enable data centric 
protection of information assets. 

 

En octobre 2017, les forces armées canadiennes ont participé à l’exercice Joint Warrior 17-2 
(JW172) dans le but de mûrir les technologies de partage et de protection de l’information tel 
qu’indiqué dans l’initiative Technical Interoperability Data Centric Environment (TIDCE). Cette 
décision de participer à l’exercice est basée sur le besoin de mûrir l’interopérabilité technique 
pour le partage et la protection d’information dans un environnement opérationnel. 

La sécurité centrée sur les données est une approche à la gestion de la sécurité des informations 
qui applique des protocoles à la gestion, à l’accès et à la protection d’objets d’information tels 
des fichier, des courriels ou des éléments de bases de données. Cette approche a pour but de 
réduire les risques découlant les menaces modernes qui contournent les mécanismes de 
protection traditionnelles qui sont centrés sur la protection du périmètre informatique. Un 
environnement centré sur la sécurité des données est une infrastructure de TI qui déploie des 
services protégeant les informations en conjonction avec les services préexistants de protection 
des TI. Une architecture centrée sur la protection de l’information est une collection des logiciels 
et de services de sécurité qui supporte la protection des éléments d’information. 

  
 


