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Executive Summary 

This report presents a recent extension of the 2D XFEM capability in the Trident/VAST system for dealing with 
linear elastic fracture mechanics problems. The main objectives of the present phase was to improve the XFEM 
element in Trident/VAST to solve problems with multiple and branched cracks in intersecting structural 
members. 

To achieve this goal, the level sets functions were first implemented to simply the XFEM subroutines by 
eliminating the need for crack definitions at the element level. The use of level sets functions also avoided 
subdivision of the enriched elements and naturally led to the use of higher-order numerical integration rules 
in the element formulation. In addition, a number of other modifications were made to enhance the accuracy 
and numerical stability of the XFEM element. For the convenience of verifications, it was decided to keep the 
original XFEM element IEC68 and develop a new XFEM element, named IEC67, which satisfies all the new 
requirements outlined above. 

To support multiple cracks and to generate level sets functions for the new XFEM element, the previous 2D 
XFEM pre-processor was significantly redeveloped. This new pre-processor was extensively verified using all 
the existing XFEM test cases accumulated from the previous phases of XFEM development. The verification 
results suggested that both the new pre-processor and the new element were robust and accurate. The pre-
processor was incorporated into Trident to provide a seamless solution to fracture mechanics problems using 
XFEM. 

The verified XFEM pre-processor and element IEC67 were utilized to solve new test cases involving multiple 
and branching cracks in intersecting plates. The predicted stress intensity factors were compared to some 
reference analytical solutions. Although these analytical solutions were derived for different conditions then 
in the numerical solutions, they did help to confirm that the numerical solutions were reasonable. 



 

 8 

Table of Contents 

Revision Control 4 

Proprietary Notice 5 

Signature Page 6 

Executive Summary 7 

List of Figures 9 

1. Introduction 11 

2. Improvements of the 2D XFEM Capability in VAST 13 

2.1 Implementation of the Level Sets Functions 13 

2.2 Use of High-Order Numerical Integration for Enriched Elements 13 

2.3 Improved Definition of Crack Tip Coordinate System 14 

2.4 Numerical Verifications 14 

3. Redevelopment of the 2D XFEM Pre-Processor 20 

4. Verifications and Validations 22 

4.1 Standard Test Cases for 2D XFEM 22 

4.2 Plate with Multiple Cracks 22 

4.3 Intersecting Plates with a Branched Crack 22 

5. Conclusions and Recommendations 31 

6. References 32 

Appendix A: Modified Input Data Format of Crack Line Element 33 

Appendix B: Input Data Format of Improved 2D XFEM Element (IEC67) 34 

 

  



XFEM Improvement for Trident/VAST 
A Lloyd’s Register Technical Report 

TR-19-35 Rev 01, April 2019 
 
 

 9 

List of Figures 
Figure 2-1: Definition and evaluation of the level sets function for continuous crack (top) and its finite 
element representation (bottom). ........................................................................................................................ 15 
Figure 2-2: The support of a node is cut by a crack close to one corner. .......................................................... 16 
Figure 2-3: Definition of the crack tip coordinate system. ................................................................................. 16 
Figure 2-4: Plate with a Slant Edge Crack. ........................................................................................................... 17 
Figure 2-5: Plate with a circular crack. .................................................................................................................. 17 
Figure 2-6: Comparison of numerical solutions of KI obtained for the slant crack problem by XFEM elements 
IEC68 and IEC67. ..................................................................................................................................................... 19 
Figure 3-1: Flowchart of the redeveloped 2D XFEM pre-processor. .................................................................. 21 
Figure 4-1: XFEM model of a plate with four cracks. .......................................................................................... 26 
Figure 4-2: Displacement contour of the plate with four cracks. ...................................................................... 27 
Figure 4-3: von Mises stress contour of the plate with four cracks. .................................................................. 27 
Figure 4-4: XFEM model of intersecting plates with a branching crack in different views. ............................ 28 
Figure 4-5: Deformed configuration of the intersecting plates with a branching crack (θ=15o). .................... 29 
 

 

  



 

 10 

List of Tables 
Table 2-1: Comparison of stress intensity factors for the plate with a slant edge crack obtained using 
different XFEM elements and numerical integration rules. ............................................................................... 18 
Table 2-2: Comparison of stress intensity factors for the plate with a circular crack obtained using different 
vectors VL and VT to define crack tip coordinate system. ................................................................................... 18 
Table 4-1: List of standard test cases for 2D XFEM capability in VAST ............................................................. 23 
Table 4-2: Comparison of the stress intensity factors obtained by XFEM elements IEC67 and IEC68 for the 
straight edge crack problem using different radii for crack tip enrichment..................................................... 24 
Table 4-3: Comparison of the stress intensity factors obtained by XFEM elements IEC67 and IEC68 for the 
slant edge crack problem using different radii for crack tip enrichment and element types. ........................ 25 
Table 4-4: Comparison of the stress intensity factors obtained by XFEM elements IEC67 and IEC68 for the 
centre crack problem with different crack angle 𝜃𝜃. (Base mesh: 200x200) ....................................................... 25 
Table 4-5: Comparison of the stress intensity factors obtained by XFEM elements IEC67 and IEC68 for the 
centre circular crack problem using quad and triangular elements. (Base mesh: 120x120) ............................ 25 
Table 4-6: Comparison of the stress intensity factors obtained by XFEM elements IEC67 and IEC68 for the 
centre kinked crack problems. (Base mesh: 240x240) ......................................................................................... 25 
Table 4-7: Stress intensity factors for the plate with four cracks. ..................................................................... 26 
Table 4-8: Stress intensity factors for intersecting plates with branching crack. ............................................. 30 

 
 
  



XFEM Improvement for Trident/VAST 
A Lloyd’s Register Technical Report 

TR-19-35 Rev 01, April 2019 
 
 

 11 

1. Introduction 

Accurate prediction of fatigue crack propagation in ship structures subjected to spectral loading conditions is 
important in design and maintenance of naval platforms. Due to the complexity of the structural configurations 
and load conditions, these predictions are only possible through numerical calculations. Over the years, many 
finite element formulations have been proposed for fracture mechanics applications. However, all the classical 
finite element approaches have a common disadvantage. They require the crack to be explicitly modeled in the 
finite element mesh, which can be very challenging when cracks are close to the intersections of structural 
members. In addition, to simulate crack propagation, continuous re-meshing has to be performed. 

In order to minimize the requirement of re-meshing during crack propagation analysis, a new finite element 
formulation, named the extended finite element method (XFEM), has been developed. Compared with earlier 
numerical methods for fracture mechanics, XFEM has a number of advantages, including (a) it does not require 
the cracks be explicitly modeled, so no or minimal re-meshing is needed for crack propagation; (b) it is a finite 
element method, so it can be implemented in existing general-purpose finite element programs such as VAST; 
(c) in contrast to boundary elements, it is readily applicable to non-linear problems; and (d) differing from the 
finite element methods with re-meshing, it does not require as many projections between different meshes. 

Under several tasks from DRDC Atlantic (W7707-088100 Tasks 2, 11; W7707-125422 Task 1 and W7707-
145679 Tasks 12, 35), ATG has implemented a 2D XFEM fracture mechanics analysis capability for the VAST 
finite element code [1-5]. The implementation was started with a 4-noded quadrilateral element which could 
be used to model a single crack in a flat plate residing in the X-Y plane. In subsequent tasks, this early version 
of XFEM capability was extended to permit a 3-noded triangular element and to model an arbitrarily-orientated 
curved shell containing multiple cracks. The domain interaction integration algorithm was incorporated for 
accurate calculation of stress intensity factors for mixed mode fracture mechanics problems. A 2D XFEM pre-
processor has been incorporated into Trident for quick generation of XFEM models. The current XFEM capability 
has been verified using a large number of test cases involving straight, curved and kinked cracks and validated 
through a case study involving prediction of crack growth rate on a naval ship under spectral loading conditions. 
The results of fatigue calculations based on the XFEM generated stress intensity factors were found to be in 
good agreement with the measured data. 

Although the current 2D XFEM capability in Trident/VAST is capable of solving many fracture mechanics 
problems, it still contains some serious limitations that prevent using it to solve the more complicated practical 
fracture mechanics problems in ship structures. For instance, it is not able to deal with cracks involving multiple 
intersecting structural members, such as deck and bulkhead or deck and frames, which are commonly seen on 
ships. In addition, a special algorithm needs to be provided to represent branched cracks that can be formed 
during crack propagations when two cracks merge. To provide an effective capability for above mentioned 
problems, the current 2D XFEM element in VAST must be extended to use level sets functions to describe the 
more complicated crack geometry and the total number of nodal unknowns must be expanded to permit 
multiple enrichment functions on a single XFEM element [6,7]. These modifications were initiated in a previous 
task (W7707-145679 Task 35) and will be completed in the present one. 

The following tasks are to be achieved in the present phase of development: 

1) Completion of the implementation of the level sets functions 

In the present implementation of the level sets functions in VAST, the level sets values are computed at the 
element level using the crack geometry, but not utilized in the actual finite element computations. Ideally, the 
evaluation of the level sets functions should be performed at the pre-processing level before the element 
subroutines are executed. During the calculations of the element matrices, the crack geometry is determined 
using the level sets values and the standard finite element interpolation functions, so the user-defined crack 
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geometry will no longer be needed in the element subroutines. Using this method, the XFEM computation can 
be significantly simplified, especially for highly complex crack geometries. In this task, the level sets functions 
will be properly implemented in VAST. 

2) Completion of the implementation of the intersecting cracks modelling capability 

The implementation of intersecting cracks modelling capability into 2D XFEM in VAST will be completed. In 
order to accomplish this, an investigation will first be conducted on using higher-order Gaussian integration 
schemes for elements enriched by either the discontinuous or crack-tip functions. Additional DO-loops will be 
implemented to deal with the contributions of enrichment functions associated with multiple cracks included 
in the finite element model. 

3) Further verification and validation of the multiple cracks and intersecting cracks modelling capabilities 

The multiple cracks and intersecting cracks modelling capabilities will be extensively validated and verified using 
numerical examples. The XFEM solutions will be compared against results using the conventional fracture 
element in VAST and analytical solutions when available. 

4) Automatic assignment of the crack enrichment fields 

The pre-processor for assigning the crack enrichment fields will be generalized to deal with multiple cracks in 
intersecting structural members. Nodes that are within a user-defined or pre-determined radius need to be 
automatically enriched by properly defined asymptotic crack-tip displacement fields. Nodes that are outside of 
the radius of crack-tip enrichment, but their supports are cut by any of the cracks, will be enriched by the 
discontinuous Heaviside function. The current pre-processor will be modified to perform this operation 
automatically. 

All these objectives are successfully accomplished in this work. The software development activities and the 
numerical results are presented in this report. 
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2. Improvements of the 2D XFEM Capability in VAST 

2.1 Implementation of the Level Sets Functions 

The level sets function 𝜙𝜙 at an arbitrary material point was the signed distance from this point to the crack as 
indicated in Figure 2-1. In finite element calculations, the continuous crack line was normally represented by a 
set of line segments, named crack line elements. 

In VAST, this signed distance was obtained by computing the projections of the desired nodal point, such as 
node n indicated in the bottom figure in Figure 2-1, on to all crack line segments and the minimum distance 
was then selected. With in the do-loop for this calculation, if the projecting ray from a material point to a crack 
line segment was located outside the range of the segment, the distance would be considered invalid and 
ignored. For nodes that did not have valid projections, such as node m shown at the bottom of Figure 2-1, the 
closest distance from the point to the vertices of the crack line representation will be used as the value of the 
level sets function. 

In order to define the sign of the level sets function in a unique and consistent manner, a new quantity, named 
crack opening direction, was introduced in VAST (see Appendix A for details). Using this vector, the materials 
above and below the crack line could be conveniently identified. As a result, the sign of the level sets functions 
could be defined accordingly. 

2.2 Use of High-Order Numerical Integration for Enriched Elements 

When the values of the level sets function were determined at the element corners and made available during 
the element calculations, the level sets function at an arbitrary point inside this element could be computed 
using the standard finite element approximation as 

 

𝜙𝜙(𝜉𝜉, 𝜂𝜂) = ∑ 𝑁𝑁(𝜉𝜉, 𝜂𝜂)𝜙𝜙𝑖𝑖
𝑁𝑁𝐸𝐸
𝑖𝑖=1       (2.1) 

 

where 𝑁𝑁(𝜉𝜉, 𝜂𝜂) denotes the shape functions, 𝜉𝜉, 𝜂𝜂 are the parametric coordinates and 𝑁𝑁𝐸𝐸 is the number of nodes 
in the element. This FE approximation implied that the portion of the crack inside the present element could 
be represented by 

𝜙𝜙(𝜉𝜉, 𝜂𝜂) = 0       (2.2) 

 
This level sets function-based representation inside an enriched element provided a possibility for calculating 
element matrices using higher-order numerical integration rules over the original domain of the element 
without subdividing it into triangles as described in [1]. This simplified the computer program tremendously. 

To facilitate a more complete study on the effect of the numerical integration order, a number of very high-
order of Gaussian integration rules, including 30, 40, 50 and 60-point rules, were implemented in VAST and 
utilized in numerical verifications. The results will be presented and discussed later in this chapter. 

One issue related to the use of numerical integration without subdividing the domain was that if the element 
was cut by the crack very close to a corner or an edge (as illustrated in Figure 2-2) and the order of the numerical 
integration rule was not sufficiently high, there would be a possibility that no numerical integration points fell 
in the domain above or below the crack. In this case, the global stiffness matrix would be singular, and the 
linear matrix solver broke down. To capture these potential problems, the total area and the portion above the 
crack were calculated for the support of each node. Here the support of a node refers to the area in which the 
shape function associated with the node is non-zero. The total and positive support areas of all nodes enriched 
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by the discontinuous Heaviside function as well as the ratio of these areas were printed in the LPT file. If the 
area ratio is too close to zero or unity, a message will be issued to remind the user to remove the enrichment 
from that node. The same area checking algorithm was also implemented in the re-developed 2D XFEM pre-
processor to be described later in this report. 

2.3 Improved Definition of Crack Tip Coordinate System 

As indicated in Figure 2-1, in the finite element models the originally continuous crack geometry was normally 
discretized into straight linear segments. If this piece-wise representation is not sufficiently fine, the direction 
vectors evaluated from the first and last line segments were different from the true local x-axis in the crack tip 
coordinate system, as illustrated in Figure 2-3. If the direction vectors computed from the line segments, VL, 
were utilized in calculations related to the crack tip enrichments, the resulting stress intensity factor could be 
in significant error. 

In order to ensure the accuracy of the numerical results, the input data format of the crack line elements were 
modified to permit the user to specify the true crack directions, VT, for each crack tip in the GOM file. If these 
vectors were not provided or all components equaled to zero, the direction vectors computed from the line 
segments would be utilized. 

2.4 Numerical Verifications 

To provide a way for benchmarking the new 2D XFEM capability, the original XFEM element in VAST, known 
as IEC68, was preserved during the current development, but a new 2D XFEM element, named IEC67, was 
implemented with all the improvements outlined above. The input data for element IEC67 are summarized in 
Appendix B at the end of this report. The main differences between the input data for IEC67 and IEC68 are 
that IEC67 requires the level sets functions and crack number for all enriched elements. 

The classic test case of a flat plate with a 45-degree slant crack shown in Figure 2-4 was first utilized to verify 
the newly developed XFEM element IEC67. Details of this test problem and test results for the previous XFEM 
element IEC68 were presented and discussed in Reference [1]. In the present study, we focused on the effect 
of the numerical integration orders on the accuracy of the new XFEM element. Table 2-1 presents the stress 
intensity factors, KI and KII, obtained using the direct and J-integral approaches for a wide range of numerical 
integration order. These results indicated that for this mixed mode fracture mechanics problem, both XFEM 
elements, IEC67 and IEC68, produced very similar numerical results that agree with the published analytical 
solutions reasonably well [1, 8]. As an example, numerical solutions of KI obtained using IEC68 and IEC67 
through J-integral are compared in Figure 2-6. These results confirmed that the solutions of element IEC67 are 
insensitive to the order of numerical integration. Because the use of numerical integration order greater than 
10 does not provide much benefit on accuracy but increase the computation cost significantly, the 10th order 
of numerical integration is recommended and has been used as default in VAST. 

The second test case considered here was to show the effect of using different methods to define the crack 
tip coordinate system. This problem involved a flat plate with a circular crack at the centre subjected to a 
uniaxial stress state as shown in Figure 2-5. The detailed problem specifications were already presented in [2]. 
In the present study, the stress intensity factors were computed by both XFEM elements using the true crack 
orientations (VT) and those calculated from the crack line elements (VL). An 8x8 numerical integration was used 
for the enriched IEC67 elements. The results shown in Table 2-2 confirm that the accuracy of the crack tip 
coordinate system is crucial for the accuracy of the XFEM solutions. 

The results of both test cases indicated that the new XFEM element (IEC67) produced slightly higher stress 
intensity factors then the original element (IEC68), making the new element more conservative than the original 
version. 
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Figure 2-1: Definition and evaluation of the level sets function for continuous crack (top) and its 
finite element representation (bottom). 
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Figure 2-2: The support of a node is cut by a crack close to one corner. 

 

 

 

 

Figure 2-3: Definition of the crack tip coordinate system. 
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Figure 2-4: Plate with a Slant Edge Crack. 

 

 

Figure 2-5: Plate with a circular crack. 
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Table 2-1: Comparison of stress intensity factors for the plate with a slant edge crack obtained 
using different XFEM elements and numerical integration rules. 

Element Type Integratio
n Order 

Direct Approach J-Integral 

KI KII KI KII 

IEC68  1.88355 0.85727 1.91476 0.92648 

      

IEC67 4X4 1.88376 0.83513 1.91379 0.92196 

IEC67 5X5 1.93640 0.90520 1.92270 0.92705 

IEC67 6X6 1.86417 0.91026 1.91093 0.92845 

IEC67 7X7 1.90561 0.88888 1.91738 0.92613 

IEC67 8X8 1.92904 0.87192 1.92176 0.92480 

IEC67 9X9 1.89359 0.85514 1.91534 0.92391 

IEC67 10X10 1.92468 0.88785 1.92049 0.92614 

IEC67 20X20 1.91381 0.87223 1.91895 0.92499 

IEC67 30X30 1.91168 0.87283 1.91844 0.92515 

IEC67 40X40 1.90873 0.86372 1.91790 0.92454 

IEC67 50X50 1.90792 0.87012 1.91770 0.92500 

IEC67 60X60 1.90474 0.86046 1.91723 0.92438 

      

Analytical [1,8]  1.86 0.88 1.86 0.88 

 

 

Table 2-2: Comparison of stress intensity factors for the plate with a circular crack obtained using 
different vectors VL and VT to define crack tip coordinate system. 

Element 
Type 

Local x-axis 
definition 

Crack Tip 1 Crack Tip 2 

KI KII KI KII 

IEC68 VL 0.34989 0.95199 1.39694 -0.05460 

IEC68 VT 0.08669 0.90094 1.35198 -0.26106 
      

IEC67 VL 0.35358 0.94838 1.40323 -0.06128 

IEC67 VT 0.09314 0.88872 1.35420 -0.28341 
      

Analytical [2]  0.0732 0.9118 1.338 -0.2432 
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Figure 2-6: Comparison of numerical solutions of KI obtained for the slant crack problem by XFEM 

elements IEC68 and IEC67. 
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3. Redevelopment of the 2D XFEM Pre-Processor 

As mentioned in the introduction, a 2D XFEM pre-processor was developed in the previous phases of XFEM 
development to automatically deal with mesh-crack interactions and generate input data for the XFEM element 
IEC68 [1-2]. This pre-processor had been extensively tested and incorporated into Trident [3]. However, this 
version of the pre-processor was developed to handle a single crack and the level sets functions were not 
evaluated. 

To treat multiple cracks using the newly developed 2D XFEM element (IEC67), the 2D XFEM pre-processor was 
redeveloped in this work making use of the various algorithms outlined in the previous chapter. The flowchart 
of the new XFEM pre-processor is presented in Figure 3-1. 

In this pre-processor, the base finite element mesh and crack geometry were first obtained from user defined 
test input files, for instance the GOM file. Before any computations took place, the crack line element data 
were first processed to normalize the direction vectors, identify the number of cracks, determine the start and 
end crack line element IDs for each crack, and determine the node IDs of all crack tip nodes. These processed 
crack data were used in the following calculation steps. 

As indicated in Appendix B, the new XFEM element IEC67 requires nodal enrichment type and level sets 
functions to be supplied in the input data, so these data must be generated by the pre-processor. In the 
program, the nodal enrichment IDs and the level sets functions for the entire XFEM model (may contain multiple 
cracks) were held in arrays, IENR and FLSG, respectively. In the meantime, the same data for a certain crack are 
held in arrays JENR and FLS. 

The flowchart in Figure 3-1 indicated that during the pre-processing process, a DO-loop over the total number 
of cracks (NCRK) was utilized. Within this loop, the mesh-crack interaction was considered between the current 
crack (ICRK) and all elements in the base finite element model. This involved calculation of the level set functions 
using the algorithm illustrated in Figure 2-1. The signs of the level sets functions were then used to determine 
whether the current element was cut by the crack (sign changed in the element) and on which side of the 
crack it was located (above or below). The crack tip enrichments were applied to all nodes within a user-
specified radius and the discontinuous Heaviside function was then applied to all other nodes surrounding the 
current crack. These calculations made arrays JENR and FLS fully generated. It should be noted that although 
half of the characteristic crack length was recommended as the default radius for crack tip enrichment, a user 
input for the radius was still provided to allow users to study the influence of the radius on the numerical 
results. 

Once the interaction between the current crack and all elements in the base model was considered, the nodal 
data associated with the current crack, JENR and FLS, were merged into their global counterparts, IENR and 
FLSG. During the merge, checks were performed to ensure that no node was enriched more than once by 
different enrichment functions. These checks ensured that the enrichment fields associated with different 
cracks did not interfere with each other therefore accurate numerical solutions could be obtained for problems 
involving multiple cracks. 

When the global array of enrichment type was formulated, the total support areas and the position portions 
of them were evaluated for all nodes enriched by the Heaviside function through numerical integration over 
the entire model. If potential singularities were identified on any nodes, the enrichment would be removed. 

This redeveloped 2D XFEM pre-processor is incorporated into Trident to make the XFEM calculations seamless 
in the Trident/VAST system. 
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Figure 3-1: Flowchart of the redeveloped 2D XFEM pre-processor. 
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4. Verifications and Validations 

4.1 Standard Test Cases for 2D XFEM 

The redeveloped 2D XFEM pre-processor and the new 2D XFEM element IEC67 were first verified using all the 
existing test cases accumulated during the previous development of the XFEM capability in VAST [1-5]. These 
test cases are listed in Table 4-1 and detailed problem descriptions were presented in references [1-5]. 

For each of these test cases, the original model, using element IEC68, was first analyzed to ensure that the 
current results agreed exactly with the previous ones. The pre-processor was then utilized to convert the models 
to use the new XFEM element IEC67. These new models were run through VAST92 and the stress intensity 
factors produced by different XFEM elements were compared. For selected test cases, parametric studies were 
performed to characterize the influence of the numerical integration orders on the solutions. 

Representative results from the standard tests are presented in Table 4-2 and Table 4-6. The results produced 
by both XFEM elements were found to be in good agreement consistently. 

4.2 Plate with Multiple Cracks 

At this point, we moved on to consider the new capabilities developed in the present work. The first example 
to be considered was a flat plate with four cracks of different lengths and orientations subjected to a uniaxial 
stress field σ=4. The 200x200 base mesh and the crack lines are presented in Figure 4-1. The length of crack 
1, 2 and 4 is 1.0 and crack 3 is 0.5 long. Each crack was represented by two crack line elements. The XFEM 
model for this problem was generated using the new XFEM pre-processor and solved using the latest VAST 
solver. The vertical displacement and von Mises stress distributions obtained from this analysis are presented in 
Figure 4-2 and Figure 4-3, respectively and the predicted stress intensity factors are summarized in Table 4-7. 

Due to the complex interactions of the cracks, an analytical solution was unavailable for this problem. However, 
the analytical solution for a centre straight crack in an infinite plate subjected to uniaxial stress can be used as 
a reference for the checking purposes. If the crack is 2a long and in an angle θ from the horizontal direction, 
the stress intensity factors could be expressed as 

 

𝐾𝐾𝐼𝐼 = 𝜎𝜎√𝜋𝜋𝜋𝜋�𝑐𝑐𝑜𝑜𝑜𝑜(𝜃𝜃)�2,𝐾𝐾𝐼𝐼𝐼𝐼 = 𝜎𝜎√𝜋𝜋𝜋𝜋 𝑐𝑐𝑜𝑜𝑜𝑜(𝜃𝜃)𝑜𝑜𝑠𝑠𝑠𝑠(𝜃𝜃)    (4.1) 

 
The analytical solutions obtained by applying the appropriate values of σ, a and θ are presented in Table 4-7 
and a reasonable correspondence between the numerical and analytical solutions is observed. Because the 
existence of the multiple cracks reduced the plate stiffness, it was expected that the XFEM solutions would be 
higher than the analytical ones. 

4.3 Intersecting Plates with a Branched Crack 

A problem involving two intersecting plates with a branched crack was solved. The base FE model and the 
cracks are shown in Figure 4-4 where θ=0o, 15o, 30o and 45o were considered. The crack length in all three 
plates equal to 2.0 and a uniaxial stress field σ=2 was applied. Minimum boundary conditions were utilized so 
both membrane and bending deformations were permitted as indicated in Figure 4-5.  

The numerical solutions are summarized in Table 4-8 and compared with the reference analytical solutions. 
These analytical solutions were computed using Equation (4.1) by treating each plate as an infinite half space. 
As expected, the numerically predicted K values were higher than the analytical solutions. 
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Table 4-1: List of standard test cases for 2D XFEM capability in VAST 

Description Base Mesh Element 
Type 

Radius of Crack 
Tip (%) 

# of Crack Line 
Elements 

Straight edge crack  40x40 Quad 0.30 2 

 40x40 Quad 0.50 2 

 40x40 Quad 0.75 2 

 40x40 Quad 1.00 2 

     

Slant edge crack  100x50 Quad 0.15 2 

 100x50 Quad 0.25 2 

 100x50 Quad 0.50 2 

 100x50 Quad 1.00 2 

 100x50x2 Triangle 0.50 2 

     

Straight centre crack (θ=0o) 40x40 Quad 0.49 2 

(θ=15o) 40x40 Quad 0.49 2 

(θ=30o) 40x40 Quad 0.49 2 

(θ=45o) 40x40 Quad 0.49 2 

(θ=60o) 40x40 Quad 0.49 2 

(θ=75o) 40x40 Quad 0.49 2 

(θ=90o) 40x40 Quad 0.49 2 

(θ=45o) 40x40x2 Triangle 0.49 2 

Straight centre crack (θ=0o) 200x200 Quad 0.35 2 

(θ=15o) 200x200 Quad 0.49 2 

(θ=30o) 200x200 Quad 0.49 2 

(θ=45o) 200x200 Quad 0.49 2 

(θ=60o) 200x200 Quad 0.49 2 

(θ=75o) 200x200 Quad 0.49 2 

(θ=45o) 200x200x2 Triangle 0.49 2 
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Table 4-1 (cont’d): List of standard test cases for 2D XFEM capability in VAST 

Description Base Mesh Element 
Type 

Radius of Crack 
Tip (%) 

# of Crack Line 
Elements 

Circular centre crack 40x40 Quad 0.30 4 

 40x40 Quad 0.30 20 

 40x40 Quad 0.30 50 

 40x40 Quad 0.30 100 

Circular centre crack 120x120 Quad 0.30 4 

 120x120 Quad 0.30 20 

 120x120 Quad 0.30 50 

 120x120 Quad 0.30 100 

Circular centre crack 240x240 Quad 0.30 4 

 240x240 Quad 0.30 20 

 240x240 Quad 0.30 50 

 240x240 Quad 0.30 100 

Circular centre crack 120x120x2 Triangle 0.25 100 

 240x240x2 Triangle 0.25 50 

     

Kinked crack 1 240x240 Quad 0.25 3 

Kinked crack 2 240x240 Quad 0.25 3 

 

 

Table 4-2: Comparison of the stress intensity factors obtained by XFEM elements IEC67 and IEC68 
for the straight edge crack problem using different radii for crack tip enrichment. 

Radius of 
Crack Tip (%) 

KI 

(IEC67) 

KII 

(IEC67) 

KI 

(IEC68) 

KII 

(IEC68) 

0.30 8.681529 -0.007975 8.677924 -0.007827 

0.50 8.765459 -0.008028 8.759563 -0.007879 

0.75 8.701360 -0.008092 8.695365 -0.007800 

1.00 8.665778 -0.001356 8.499002 -0.003593 

 

  



XFEM Improvement for Trident/VAST 
A Lloyd’s Register Technical Report 

TR-19-35 Rev 01, April 2019 
 
 

 25 

Table 4-3: Comparison of the stress intensity factors obtained by XFEM elements IEC67 and IEC68 
for the slant edge crack problem using different radii for crack tip enrichment and element types. 

Radius of 
Crack Tip (%) 

KI 

(IEC67) 

KII 

(IEC67) 

KI 

(IEC68) 

KII 

(IEC68) 

0.15 1.931734 0.939536 1.924219 0.929845 

0.25 1.924037 0.925171 1.917244 0.926452 

0.50 1.921688 0.922512 1.914289 0.922162 

0.50 (triangle) 1.830313 0.892271 1.828779 0.893869 

 

Table 4-4: Comparison of the stress intensity factors obtained by XFEM elements IEC67 and IEC68 
for the centre crack problem with different crack angle 𝜃𝜃. (Base mesh: 200x200) 

Crack Angle 

𝜃𝜃 

KI 

(IEC67) 

KII 

(IEC67) 

KI 

(IEC68) 

KII 

(IEC68) 

15o 4.746793 1.266250 4.755173 1.269646 

30o 3.816745 2.198280 3.819697 2.199679 

45o 2.544423 2.539766 2.546841 2.541259 

60o 1.276232 2.185956 1.268998 2.203085 

75o 0.342556 1.266004 0.343291 1.269034 

45o (triangle) 2.545354 2.548911 2.545513 2.549456 

 

Table 4-5: Comparison of the stress intensity factors obtained by XFEM elements IEC67 and IEC68 
for the centre circular crack problem using quad and triangular elements. (Base mesh: 120x120) 

Crack Tip KI 

(IEC67) 

KII 

(IEC67) 

KI 

(IEC68) 

KII 

(IEC68) 

A 0.085306 0.898726 0.095328 0.903029 

B 1.351155 -0.266206 1.353861 -0.257339 

A (triangle) 0.086925 0.900272 0.085654 0.900794 

B (triangle) 1.360767 -0.270396 1.358945 -0.269314 

 

Table 4-6: Comparison of the stress intensity factors obtained by XFEM elements IEC67 and IEC68 
for the centre kinked crack problems. (Base mesh: 240x240) 

Kinked crack 
geometry 

KI 

(IEC67) 

KII 

(IEC67) 

KI 

(IEC68) 

KII 

(IEC68) 

1 2.361294 -0.487556 2.361662 -0.487813 

2 2.401466 -0.420472 2.419700 -0.419634 
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Figure 4-1: XFEM model of a plate with four cracks. 

 

 

Table 4-7: Stress intensity factors for the plate with four cracks. 

Crack # Crack Tip XFEM Element IEC67 Reference Analytical Solution 

KI KII KI KII 

1 Left 2.60155 2.53982 2.50663 2.50663 

 Right 2.57100 2.54444 2.50663 2.50663 

2 Left 2.50924 2.50159 2.50663 2.50663 

 Right 2.54228 2.49821 2.50663 2.50663 

3 Left 3.57343 -0.01459 3.54491 0.00000 

 Right 3.57075 -0.02955 3.54491 0.00000 

4 Left 5.10912 -0.06225 5.01326 0.00000 

 Right 5.10698 -0.04598 5.01326 0.00000 
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Figure 4-2: Displacement contour of the plate with four cracks. 

 

Figure 4-3: von Mises stress contour of the plate with four cracks. 
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Figure 4-4: XFEM model of intersecting plates with a branching crack in different views. 
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Figure 4-5: Deformed configuration of the intersecting plates with a branching crack (θ=15o). 
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Table 4-8: Stress intensity factors for intersecting plates with branching crack. 

Angle Crack Tip XFEM Element IEC67 Reference Analytical Solution 

KI KII KI KII 

Θ=0o 1 6.71470 0.03799 5.01326 0.00000 

 2 6.71470 0.03799 5.01326 0.00000 

 3 6.23994 0.00984 5.01326 0.00000 

Θ=15o 1 6.05909 1.65551 4.67743 1.25331 

 2 6.11066 1.57703 4.67743 1.25331 

 3 5.68857 1.48615 4.67743 1.25331 

Θ=30o 1 4.57562 2.67680 3.75994 2.17080 

 2 4.64835 2.63400 3.75994 2.17080 

 3 4.39591 2.43185 3.75994 2.17080 

Θ=45o 1 2.83957 2.87137 2.50663 2.50663 

 2 2.90103 2.86225 2.50663 2.50663 

 3 2.84029 2.64460 2.50663 2.50663 
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5. Conclusions and Recommendations 

This report presents a recent extension of the 2D XFEM capability in the Trident/VAST system for dealing with 
linear elastic fracture mechanics problems. The main objectives of the present phase was to improve the XFEM 
element in Trident/VAST to solve problems with multiple and branched cracks in intersecting structural 
members. 

To achieve this goal, the level sets functions were first implemented to simply the XFEM subroutines by 
eliminating the need for crack definitions at the element level. The use of level sets functions also avoided 
subdivision of the enriched elements and naturally led to the use of higher-order numerical integration rules in 
the element formulation. In addition, several other modifications were made to enhance the accuracy and 
numerical stability of the XFEM element. For the convenience of verifications, it was decided to keep the original 
XFEM element IEC68, but develop a new XFEM element, named IEC67, that satisfies all the new requirements 
outlined above. 

To support multiple cracks and to generate level sets functions for the new XFEM element, the previous 2D 
XFEM pre-processor was significantly redeveloped. This new pre-processor was extensively verified using all the 
existing XFEM test cases accumulated from the previous phases of XFEM development. The verification results 
suggested that both the new pre-processor and the new element were robust and accurate. The pre-processor 
was incorporated into Trident to provide a seamless solution to fracture mechanics problems using the XFEM. 

The verified XFEM pre-processor and element IEC67 were utilized to solve new test cases involving multiple 
and branching cracks in intersecting plates. The predicted stress intensity factors were compared to some 
reference analytical solutions. Although these analytical solutions were derived for different conditions then in 
the numerical solutions, they did help to confirm that the numerical solutions were reasonable. 
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Appendix A: Modified Input Data Format of Crack Line Element 

 
Card 4d.1 (5I5, 3F10.6) (NCKEL cards, omit if NCKEL = 0) 

 
N1, N2 = structural node numbers defining a crack line. 
 
INC = 0, current crack line does not contain a crack tip. 
 = 1, N1 is at crack tip. 
 = 2, N2 is at crack tip. 
 
NC = crack tip node number to which this crack line is associated. 
 
Note: If N2 = 0, N1 will be assumed to be at the crack tip.  In this case  INC and NC will be 

automatically set to 1 and N1 respectively. 
 
ICRK = crack number to which the current crack line element is associated. 
 
Note: The crack line elements representing the same crack must be grouped together 
 and entered in sequential order. These elements are then arranged based on the 
 crack number until the last crack NCRK is defined. 
 
DC1, = direction cosines defining crack orientation, i.e. the direction along  
DC2,  crack and pointing away from crack tip. 
DC3 
 
Note: DC1, DC2, and DC3 are required only if the crack line is at a crack tip, and N2 equals 0.  If 

N2 is not equal to zero, the direction of the crack will be computed from the orientation of 
line N1 – N2 and the direction be determined by the value of INC defined above. 

 
Card 4d.2 (3F10.6) (NCRK cards, omit if NCKEL = 0) 

 
OPV1, = direction cosines defining the general crack opening direction of the  
OPV2,  current crack. Provide this card for each of the NCRK cracks. 
OPV3 
 
Note: The positive direction of this vector should be defined to be the Y direction in an approximate 

right-handed coordinate system, where X is along the positive direction for the crack line 
(pointing from N1 to N2) and Z is the normal of the cracked plate. 
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Appendix B: Input Data Format of Improved 2D XFEM Element (IEC67) 

 
 

 
Provide Cards Ea to define material properties for this element group 

 
Card Ea (3E10.3, 7I5) 
 

E = Young's modulus (force/length2) of isotropic material (see Figure 
  C2-67a). 

 
PR = Poisson's ratio of isotropic material. 

 
DEN = Material mass density, i.e. weight per unit volume/g (force-time2/  
  length4). 
 
Note: Thermal stress calculation is not available for this element. 
 
NIP1 = number of numerical integration point along the ξ  direction in the local parametric 

coordinate system for un-enriched elements. (Default equals to 2). 
 
NIP2 = number of numerical integration point along the η  direction in the local parametric 

coordinate system for un-enriched elements. (Default equals to 2). 
 
NIP3 = number of numerical integration point along the thickness direction of the shell 

element. (Default equals to 2). 
 

NIP1F = number of numerical integration point along the ξ  direction in the local parametric 
coordinate system for enriched elements. (Default equals to 8). 

 
NIP2F = number of numerical integration point along the η  direction in the local parametric 

coordinate system for enriched elements. (Default equals to 8). 
 
IESF = 0, the incompatible “bubble” displacement modes will be used if the element is un-

enriched  
 = 1, the incompatible “bubble” displacement modes will not be used. 
 
Note: The incompatible “bubble” displacement modes will always be turned off if an element is 

enriched by either the discontinuous function or the asymptotic displacement field, regardless 
the value of IESF in the input data. 

 
IPAN = 0, crack propagation angle is calculated using a criterion based on the maximum 

tangential stress. 
 = 1, crack propagation angle is calculated using a criterion based on the maximum strain 

energy release rate. 
 = 2, crack propagation angle is calculated using a criterion based on the minimum strain 

energy density. 
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 Supply Card Eb for each of the NELM elements. 

 
*Card Eb* (5I5, 4E10.3, 4I2, 4F10.6, I5, I2, 2I5) 
 

N1→N4 = Regular nodes. For nodes that are not enriched, the nodal unknowns contain three 
translations and three rotations. For enriched nodes, they also include additional 
degrees of freedom for with the enrichment field. 

 
N5 = Crack tip node. This is only required if one or more nodes of the element are enriched 

by the crack tip function. 
 

TK (1) = Thickness at element nodes (length). (If the element is of constant  
  ↓   thickness, supply only TK(1).) 
TK (4) 
 
IENR1→ IENR4= Flags to indicate the type of enrichment to be assigned to each node in the element. 

IENRI=0 indicates that node I is not enriched. IENRI=1 indicates that node I is enriched 
with the discontinuous displacement function H(x). IENRI=2 indicates that node I is 
enriched with the crack tip asymptotic displacement function. It should be noted that 
multiple crack tips are permitted in a XFEM model, but each XFEM element can only 
be associated to one crack (see Figure C2-67b). 

 
FLS1→FLS4 = Level sets functions that indicate the directional distances between the node and the 

associated crack. These are ignored if the element is not enriched. 
 
ICRK = Crack number to which the current element is associated. 
 
KODE = 0, element stiffness, geometric stiffeners and mass matrices are calculated for the 

current element. 
 = 1, geometry, orientation and initial stresses of the current element are same as those of 

the previous element and the element matrices of the previous element are used for the 
current element. 

 
NEXG = number of extra elements generated through incrementation of node numbers N1 to 

N4 from element connectivity array. 
 
INCR = integer by which node numbers from previous element connectivity array are 

incremented to generate a new element. 
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FIGURE C2-67a:  Stress-Strain Relationships for 4-Noded  
2D XFEM Fracture Element 
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FIGURE C2-67b: 4-Noded 2D XFEM Fracture Element 
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