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This paper addresses the problem of passive coherent location
(PCL) using a mobile transmitter with unknown state as an illumi-
nator of opportunity. First, the necessary and sufficient conditions
for local observability are derived using the Fisher information ma-
trix (FIM). Second, a two-point track initialization approach, together
with an efficient numerical search method, is proposed to initialize the
target state as well as the transmitter state. Third, a recursive mul-
titarget tracking algorithm with the proposed PCL system, in which
the number of targets is unknown in the presence of measurement
origin uncertainty, false alarms, and missed detections, is presented.
The target state and the transmitter state are estimated in a sequential
manner. In order to improve track continuity, a two-level gating tech-
nique is adopted in the data association phase of the proposed algo-
rithm. Fourth, the posterior Cramér–Rao lower bound (PCRLB), with
measurement origin uncertainty and transmitter state uncertainty, is
derived to provide the optimal theoretical performance bound. Simu-
lation results show the effectiveness of the proposed method.
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I. INTRODUCTION

Passive coherent location (PCL), as a variant of bistatic
or multistatic radars, has become promising over the past
decade [2], [13], [19], [20], [35], [36]. It uses existing com-
mercial transmitters, such as analog television [15], FM
broadcast [16], digital audio/video broadcast [7], and cell-
phone base stations [41], as illuminators of opportunity.
Compared with the monostatic radar, PCL has many advan-
tages [15], [36]. First, PCL is covert and less susceptible to
electronic counter measures. Second, PCL has low opera-
tional cost, which facilitates a PCL radar to be mounted on
various mobile platforms. Third, PCL can detect low-flying
stealthy targets due to its wide area coverage and frequency
diversity. These properties make PCL ideal for long-range
early warning [16], maritime traffic surveillance [41], and
ground target detection and tracking [27].

However, in order to achieve satisfactory performance
in practical applications, PCL must address some chal-
lenges due to its inherent characteristics. The first difficulty
stems from the passive property of PCL, which adversely
affects the measurement origin uncertainty. PCL consists of
two channels, namely, the reference antenna, which collects
the reference or direct signal emitted from transmitters, and
the surveillance antenna (or antenna array), which receives
the echo signal reflected from potential targets. Using the
direct signal and the reflected signal, correlation processing
yields the measurements [38]. Usually, the target-originated
echo signal is weak and masked by the strong direct sig-
nal [41], as well as by the terrestrial multipath interference
and other clutter. Interference suppression techniques [18],
with the help of the angle-of-arrival information, are used
to improve detection performance. The second challenge
is that the transmitters used in PCL are noncooperative.
Because the bistatic geometry plays an important role in
the detection performance of PCL [13], [22], [23], [41]
and the transmitter is noncooperative, the scope for radar
optimization is restricted [2]. In order to benefit from both
space and waveform diversities, multiple transmitters work-
ing in a single-frequency network (SFN) can be used in
PCL. However, the usage of multiple transmitters brings
a new uncertainty: the transmitter origin uncertainty [24].
This uncertainty, combined with the measurement origin
uncertainty mentioned above, leads to a complicated data
association problem. In addition, multiple closely spaced
targets in the surveillance region will exacerbate this data
association problem. In order to address the data association
problem in PCL, various methods, such as the joint proba-
bilistic data association (JPDA), the multiframe assignment
[32], the probabilistic multihypothesis tracker [7], and the
probability hypothesis density [36], [38] filter, have been
proposed. The third problem is that many PCL systems
work at a relative low frequency, e.g., very high frequency
or ultrahigh frequency [7], which results in uneven reso-
lutions for the angle, bistatic range, and bistatic range rate
measurements. The bistatic range rate resolution is compa-
rable to that of a conventional microwave radar, whereas
the bistatic range and angle accuracies are very poor [16].
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A comprehensive performance comparison with different
angle accuracies is carried out in [36]. In [24], the angle
information is assumed to be unavailable due to poor accu-
racy, and the target location is estimated at the intersection
of multiple bistatic range ellipses. However, ghost targets
arise in this case [8], [25], [26], [31], with target-like mo-
tion degrading detection performance. In [20] and [39],
both the angle and range measurements are assumed to be
unavailable, and the observability is analyzed along with an
algorithm for Doppler-only tracking with PCL. In addition,
the target-altitude uncertainty is also a factor that affects
the location precision of PCL in SFN [8], [36].

Most of the PCL systems mentioned above are based on
stationary, ground-based transmitter and receiver pairs. In
order to optimize detection performance, a ground-borne
PCL system [9] and an airborne passive radar [10] have
been investigated. The latter was shown to have better po-
tential. However, presently, all noncooperative transmitters
in the open literature are assumed to be stationary with
known states. In this paper, a new challenge in PCL is
addressed such that the transmitter may be stationary or
moving with an unknown state. A potential application is
where an airborne PCL radar is used to monitor an un-
familiar surveillance region without any prior knowledge.
Other applications include using aeroplanes as transmitters
for air surveillance or using passenger aircraft or satellites
for maritime surveillance. In addition, with the rapid devel-
opment of digital radio broadcast, wireless communication,
unmanned aerial vehicle, and other technologies, more and
more transmitters mounted on mobile platforms are avail-
able for PCL.

In this paper, a comprehensive solution for PCL with
noncooperative transmitters is provided with observability
analysis, track initialization, tracking maintenance, and the
posterior Cramér–Rao lower bound (PCRLB) [37]. Due
to the transmitter state being unknown, a primary require-
ment of such a PCL system is system observability, i.e.,
the existence of a unique estimation solution. Because the
proposed PCL system is nonlinear and it is not possible to
obtain pseudolinear measurements [33], a Fisher informa-
tion matrix (FIM) [39] based approach is presented to derive
the necessary and sufficient conditions for local observabil-
ity. However, it is not possible to obtain the corresponding
geometric observability requirement by analyzing the de-
terminant of a high-order matrix with dozens of variables.
In this paper, an algebraic operation is proposed to avoid the
complicated determinant operation and the necessary ob-
servability condition is derived. It is shown that the target
state is observable along with that of unknown transmit-
ter only if the transmitter, target, and the receiver are not
collinear. In addition, a conservative sufficient condition is
used to ensure that the proposed PCL system is observable.

Then, a two-point track initialization technique is pro-
posed to initialize the target state as well as the transmitter
state. From the observability analysis, a unique solution
can be obtained from a target-originated measurement pair.
However, it requires the solution to an eight-dimensional
optimization problem. In order to reduce the computational

complexity of optimization, an equivalent but efficient
search method in a two-dimensional space is given. When
the measurement origin uncertainty is considered, a user-
specified threshold can be used to reject infeasible mea-
surement pairs to reduce the computational load during
initialization.

After track initialization, a recursive algorithm for mul-
titarget tracking with measurement origin uncertainty is
proposed. The number of targets is unknown and time vary-
ing. In order to improve estimation performance, the target
state and the transmitter state are estimated in a sequen-
tial manner. First, states of active tracks are updated with
the predicted transmitter state. In order to improve track
continuity, a two-level gating technique is presented. Then,
track initialization is carried out to detect potential newborn
targets. After that, an m/n maintenance logic is used to con-
firm or reject a track. Finally, the transmitter state is updated
using all active tracks. In addition, the information reduc-
tion factor (IRF) [42] with measurement origin uncertainty
and transmitter state uncertainty is derived. Then, the IRF
is used to calculate the theoretical estimation performance
bound, i.e., the PCRLB.

The novelty of this paper is in the following five as-
pects. First, a novel PCL system in which the transmit-
ter’s dynamic state is unknown is proposed. This new PCL
system can have many potential applications. Second, the
necessary and sufficient conditions for local observability
are analyzed. Third, an efficient two-point track initializa-
tion method is presented to initialize the target state as
well as the transmitter state. Fourth, a recursive multitarget
tracking algorithm with measurement origin uncertainty is
proposed. Fifth, the theoretical performance bound with
measurement origin uncertainty and transmitter state un-
certainty is derived.

The remainder of this paper is organized as follows.
Section II presents the problem and describes the system
model. The observability condition is derived in Section III.
Sections IV and V provide the track initialization method
and the multitarget tracking algorithm, respectively. The
PCRLB is derived in Section VI. Simulations and conclu-
sions are presented in Sections VII and VIII, respectively.

II. PROBLEM FORMULATION

For simplicity, the proposed PCL system is assumed to
be in a two-dimensional space and with a bistatic configu-
ration, i.e., with a single transmitter and a single receiver.
Both the transmitter and the receiver may be mounted on
a stationary or moving platform, and the transmitter’s dy-
namic state is unknown. Consider the PCL system geometry
illustrated in Fig. 1.

Assume that there are Nk targets in the surveillance
region at time k, together with a single transmitter and
a single receiver, where Nk is unknown and time vary-
ing. The transmitter might be stationary or moving, with
an unknown state. Denote the ith target state at time k by
Xi

k = [xi
k, ẋ

i
k, y

i
k, ẏ

i
k]T , i = 1, . . . ,Nk , and denote the trans-

mitter state by Xt,k = [xt,k, ẋt,k, yt,k, ẏt,k]T . Their evolution
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Fig. 1. PCL system configuration.

models are given as follows:

Xi
k+1 = FkX

i
k + vi

k (1)

Xt,k+1 = Ft,kXt,k + vt,k (2)

where Fk and Ft,k are the state transition matrices of the
target and transmitter, respectively. Target process noise
vi

k and transmitter process noise vt,k are assumed to be
zero-mean white Gaussian noise with covariance Qi

k and
Qt,k , respectively, and are independent of one another. For
simplicity, target index i is omitted in the rest of this paper
unless necessary.

The receiver state is exactly known and denoted by
Xr,k = [xr,k, ẋr,k, yr,k, ẏr,k]T . Usually, the receiver consists
of a reference channel and a surveillance channel [10]. The
reference channel collects the direct signals and provides
the angle φk from the transmitter. The surveillance channel
receives the echo signals reflected from potential targets.
With coherent processing of these two channels, the receiver
can provide the following measurements besides φk: The
angle θk from target, the bistatic range rk , and the range rate
ṙk . For a target-originated measurement, its measurement
model is given as follows:

zk = hk + wk � hk(Xk, Xt,k, Xr,k) + wk (3)

where wk is a zero-mean white Gaussian noise vector with
covariance Rk = diag{σ 2

θk
, σ 2

φk
, σ 2

rk
, σ 2

ṙk
} and

hk =

⎡
⎢⎢⎢⎣

θk

φk

rk

ṙk

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎣

tan−1
(

xk−xr,k

yk−yr,k

)
tan−1

(
xt,k−xr,k

yt,k−yr,k

)
dr,k + dt,k − dtr,k

ḋr,k + ḋt,k − ḋtr,k

⎤
⎥⎥⎥⎥⎦ . (4)

In the above, dr,k , dt,k , and dtr,k denote the range between
the target and the receiver, the range between the target and
the transmitter, and the range between the transmitter and
the receiver, respectively. The corresponding range rates are
denoted by ḋr,k , ḋt,k , and ḋtr,k , respectively. The detailed

formulas are given as follows. For brevity, time index k is
omitted.

dr =
√

(x − xr )2 + (y − yr )2 (5)

dt =
√

(x − xt )2 + (y − yt )2 (6)

dtr =
√

(xt − xr )2 + (yt − yr )2 (7)

ḋr = (x − xr )(ẋ − ẋr ) + (y − yr )(ẏ − ẏr )√
(x − xr )2 + (y − yr )2

(8)

ḋt = (x − xt )(ẋ − ẋt ) + (y − yt )(ẏ − ẏt )√
(x − xt )2 + (y − yt )2

(9)

ḋtr = (xt − xr )(ẋt − ẋr ) + (yt − yr )(ẏt − ẏr )√
(xt − xr )2 + (yt − yr )2

. (10)

Note that the transmitter state in the proposed PCL sys-
tem is unknown and the angle φk is contained in the mea-
surement vector, which can be used to estimate the trans-
mitter state. Other available information from the direct
signal (e.g., signal strength) can also be used to estimate
the transmitter state. In addition, the measurement origin
uncertainty must be taken into account. That is, the proba-
bility of detection is less than unity (Pd < 1) and the proba-
bility of false alarm is more than zero (Pf a > 0). The false
alarms in the PCL system might stem from the direct signal
interference, the ground clutter, or multipath signals [41].
The false alarms are assumed to follow a uniform distribu-
tion in the surveillance region, and the expected number of
false alarms is assumed to satisfy a Poisson distribution [6],
[35]. Assume that there are Mk measurements at time k, and
the measurement set at time k is denoted by Zk � {zj

k}Mk

j=1.
Also, the total measurement set up to and including time k

is denoted by Z0:k . Thus, the objective of our problem is to
estimate the unknown target trajectory X0:k with the total
measurement set Z0:k from an unknown transmitter and a
known receiver in the presence of false alarms and missed
detections.

III. OBSERVABILITY ANALYSIS

In state estimation, a fundamental requirement is sys-
tem observability [1]. A unique tracking solution can be
ensured only if the system is observable. When the trans-
mitter state is known with bearing and bistatic range mea-
surements being available [36], the observability condition
of a PCL system can be satisfied. However, for the PCL
system considered here, the observability condition is of
concern due to an unknown transmitter state. To analyze
the observability of a nonlinear system [14], there are two
options. The first method recasts the nonlinear system in an
equivalent linear form using the pseudolinear measurement
method [28], [33]. This method is especially suitable for a
system with angle-only measurements. The second, more
generic, method is based on the FIM [1], [34], [39]. Due
to the difficulty in recasting the nonlinear function (4) in a
linear form, in this paper, the FIM-based method is adopted
to obtain the necessary and sufficient condition for local
observability.
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While analyzing observability, the system is assumed to
be deterministic for a short time [39]. That is, the process
noise is assumed to be zero, and the target is assumed to
be moving with a perfectly constant velocity [1], [39] or
constant acceleration [33], [34]. Thus, the target trajectory
can be fully described by its initial vector. In addition, since
theoretical aspects of system observability are evaluated un-
der ideal conditions, a process-noise/clutter-free scenario is
considered here. In this case, the symbols zk and Z0:k are
used to represent the target-originated measurement and
the corresponding measurement sequence in this section,
respectively. Note that the estimation and evaluation of per-
formance bounds are carried out under the more realistic
conditions with false alarms and missed detections in the
rest of this paper.

Denote the augmented state as Y0 = [XT
0 , XT

t,0]T �
[Y0(1), Y0(2), Y0(3), Y0(4), Y0(5), Y0(6), Y0(7), Y0(8)]T .
The observability condition is equivalent for requiring
that the FIM be invertible [1]. That is, the observability
condition requires that the FIM be of full rank, or that the
set of gradient vectors ∂zk/∂Y0 span the Euclidean space of
dimension dim(Y0) [1]. To derive the spanning condition,
define the following square matrix:

∂Z0:1

∂Y0
=

⎡
⎢⎢⎢⎣

∂z0

∂Y0

∂z1

∂Y0

⎤
⎥⎥⎥⎦=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂θ0

∂Y0(1)

∂θ0

∂Y0(2)
...

∂θ0

∂Y0(8)
∂φ0

∂Y0(1)

∂φ0

∂Y0(2)
...

∂φ0

∂Y0(8)

... ... ... ...

∂ṙ1

∂Y0(1)

∂ṙ1

∂Y0(2)
...

∂ṙ1

∂Y0(8)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(11)

where

∂zk

∂Y0
=
[

∂zk

∂Y0(1)

∂zk

∂Y0(2)
...

∂zk

∂Y0(8)

]
, k = 0, 1

(12)

∂zk

∂Y0(j )
=
[

∂θk

∂Y0(j )

∂φk

∂Y0(j )

∂rk

∂Y0(j )

∂ṙk

∂Y0(j )

]T

,

j = 1, . . . , 8. (13)

Without loss of generality, let the sampling interval �k = 1,
and substitute (1) and (2) into (12) and (13). One can obtain
each partial derivative in (11) as in Appendix A. Further-
more, define the following symbols: ak=(yk − yr,k)/dr,k ,
bk = (xk − xr,k)/dr,k , ck = (yt,k − yr,k)/dtr,k , dk = (xt,k −
xr,k)/dtr,k , ek = (yk − yt,k)/dt,k , fk = (xk − xt,k)/dt,k , gk

= ∂ṙk/∂x0, hk = ∂ṙk/∂y0, ik = ∂ṙk/∂xt,0, and jk =
∂ṙk/∂yt,0. The determinant of (11) is simplified as follow:
Eqn. (14) as shown at the bottom of this page. Thus, the
spanning condition is satisfied if and only if the above de-
terminant is nonzero [39], i.e.,∣∣∣∣∂Z0:1

∂Y0

∣∣∣∣ �= 0. (15)

However, it is complicated to obtain an explicit condition
by solving the inequality (15) and it is difficult to give a ge-
ometric interpretation to this necessary and sufficient con-
dition. Thus, a mathematical operation is performed to give
the following necessary condition, which has a geometrical
interpretation for observability, as derived in Appendix B:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dr,k �= 0

dtr,k �= 0

θk �= φk, k = 0, 1

ẋ0 − ẋr,0

dr,0
�= ẋt,0 − ẋr,0

dtr,0

ẏ0 − ẏr,0

dr,0
�= ẏt,0 − ẏr,0

dtr,0

. (16)

It is shown that in order to make the system observable,
the target, the transmitter, and the receiver should not be
collinear. A geometric interpretation of the sufficient con-
dition is impossible at this stage. In order to ensure that the
proposed PCL system is observable, a conservative suffi-

∣∣∣∣∂Z0:1

∂Y0

∣∣∣∣ =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a0

dr,0
0 − b0

dr,0
0 0 0 0 0

0 0 0 0
c0

dtr,0
0 − d0

dtr,0
0

b0 + f0 0 a0 + e0 0 −f0 − d0 0 −e0 − c0 0

g0 b0 + f0 h0 a0 + e0 i0 −f0 − d0 j0 −e0 − c0

a1

dr,1

a1

dr,1
− b1

dr,1
− b1

dr,1
0 0 0 0

0 0 0 0
c1

dtr,1

c1

dtr,1
− d1

dtr,1
− d1

dtr,1

b1 + f1 b1 + f1 a1 + e1 a1 + e1 −f1 − d1 −f1 − d1 −e1 − c1 −e1 − c1

g1 b1 + f1 + g1 h1 a1 + e1 + h1 i1 −f1 − d1 + i1 j1 −e1 − c1 + j1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

(14)
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cient condition is used in this paper. That is, the receiver
has a higher-order motion than the target or the transmit-
ter. In addition, as studied earlier in [1] and [34], in the
far-field, the angle rate is sufficiently small such that the
corresponding determinant is practically zero [1]. Conse-
quently, the full rank condition is necessary and sufficient
for local (near-field) observability, and necessary but not
sufficient for global (far-field) observability.

Note that the aforementioned sufficient condition is sim-
ilar to that in the case of bearing-only tracking (BOT) [33].
However, a more accurate estimate of the transmitter state
can be derived with the proposed PCL system than with
the BOT system. The reason is that the additional measure-
ments of targets (i.e., bearing, bistatic range, and range rate)
add to the FIM and hence reduce the PCRLB (see the first
equation of (135) in Appendix D).

IV. TRACK INITIALIZATION

Track initialization of a PCL system relies on the
available measurements and the number of transmitters
[25], [26]. In a multistatic PCL system without angle mea-
surements, the initial target position can be found at the
intersection of bistatic ellipses [8], [24]. The ghosts, as by-
products of this method, have to be deleted using deghosting
techniques [8]. When the angle is available together with
the bistatic range and range rate, track initialization can be
performed based on one-point initialization [16], [36]. For
Doppler-only tracking [20], [39], or range-only tracking
[15], batch initialization techniques are considered.

The above track initialization methods are exploited
based on the same assumption that the transmitter state
is known. When the transmitter state is unknown, track
initialization cannot be handled with those conventional
methods. In this section, a two-point track initialization ap-
proach is provided for the proposed PCL system. A cost
function is derived with the first two measurements, and
a two-dimensional optimization technique is used to ob-
tain the suboptimal numerical solution. In the following,
single-target track initialization without measurement ori-
gin uncertainty is first discussed. Then, a more generic track
initialization algorithm is extended so that multiple-target
track initialization with measurement origin uncertainty can
be handled.

A. Single-Target Without Measurement Origin
Uncertainty

Denote the first two target-originated measurement as
z0 and z1, respectively. Under the assumption that both the
target and the transmitter are moving with constant velocity
during a short initialization period, a natural way to obtain
the initial state is by solving the following optimal problem:

[X̂0, X̂t,0] = argmin
X0,Xt,0

1∑
k=0

[
zk − hk(Xk, Xt,k)

]T
R−1

k

× [zk − hk(Xk, Xt,k)
]

(17)

where X1 = F0X0, Xt,1 = Ft,0Xt,0. However, the dimen-
sion of above search space is eight and it is time consuming
to solve such a high-dimensional optimization problem.
Note that when the transmitter state is known or estimated,
the target state can be determined uniquely with the angle,
bistatic range, and range rate measurements [36]. Thus,
an equivalent but computationally efficient optimization
method is given as follows.

Given dtr,k , k = 0, 1, the following equalities can be
obtained with the first two measurements:[

xt,k, yt,k

] = [dtr,k sin φk + xr,k, dtr,k cos φk + yr,k

]
(18)

dr,k =
[
rk + dtr,k

]2 − d2
tr,k

2
[
rk + dtr,k − dtr,k cos (φk − θk)

] (19)

[xk, yk] = [dr,k sin θk + xr,k, dr,k cos θk + yr,k

]
. (20)

Then, the initial velocities can be calculated using the dif-
ference of two consecutive positions as follows:

[ẋk, ẏk] = [(xk+1 − xk)/�k, (yk+1 − yk)/�k] (21)[
ẋt,k, ẏt,k

] = [(xt,k+1 − xt,k)/�k, (yt,k+1 − yt,k)/�k

]
.

(22)

Substituting (18)–(22) into (8)–(10), one has ḋr,k , ḋt,k , and
ḋtr,k , k = 0, 1. Then, the eight-dimensional optimization
problem (17) can be reduced to the following equivalent
two-dimensional optimization problem:

[d̂tr,0, d̂tr,1] = argmin
dtr,0,dtr,1∈L

1∑
k=0

[zk − hk(Xk, Xt,k)]T R−1
k

× [zk − hk(Xk, Xt,k)] (23)

where Xk = Xk(dtr,0, dtr,1), Xt,k = Xt,k(dtr,0, dtr,1), and
L � [Lmin,Lmax] is the range field of view of the re-
ceiver, i.e., Lmin � dtr,k � Lmax. This dimensionality re-
duction significantly decreases the computational com-
plexity of the optimization method. Assume that some
prior knowledge about the transmitter’s maximum speed,
denoted by vt,max, is available. Then, the search space
of dtr,1 can be reduced furthermore. For a given dis-
tance dtr,0, the bound on distance dtr,1, denoted by L1, is
approximated as L1 = [dtr,0 − (vt,max + vr,max)�0, dtr,0 +
(vt,max + vr,max)�0], where vr,max is the maximum speed of
the receiver. Thus,

[
d̂tr,0, d̂tr,1

] = argmin
dtr,0∈L,dtr,1∈L1

1∑
k=0

[zk − hk(Xk, Xt,k)]TR−1
k

× [zk − hk(Xk, Xt,k)]. (24)

Then, a grid-based or gradient-based search method can be
used to solve (24). Once the distance dtr,k is estimated, the
target state and the transmitter state can be estimated from
(18) to (22). For the grid-based search method, the initial
target state covariance P0 and transmitter state covariance
Pt,0 can be estimated approximately.

Assume that the valid range of dtr,0 is divided into NL
grids uniformly. Then, the size of each grid is δL = (Lmax −
Lmin)/NL. Denote the numerical suboptimal solution of
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dtr,0 as l. For simplicity, Assume that l satisfies the following
normal distribution: l ∼ N(ltrue, σ

2
l ), where ltrue is the true

value of dtr,0, and σl = δL/2. Under the assumption that all
measurement components are mutually independent, the
initial variance of each state component can be obtained as
follows (for brevity, the time subscript k is dropped):

σ 2
xt

= sin2 φσ 2
l + l2 cos2 φσ 2

φ (25)

σ 2
yt

= cos2 φσ 2
l + l2 sin2 φσ 2

φ (26)

∂dr

∂r
= (r + l)2 + l2 − 2(r + l)l cos(φ − θ)

2[r + l − l cos(φ − θ)]2
(27)

∂dr

∂l
= r[3r + 4l − (r + 4l) cos(φ − θ)]

2[r + l − l cos(φ − θ)]2
(28)

∂dr

∂φ
= −l(r2 + 2rl) sin(φ − θ)

2[r + l − l cos(φ − θ)]2
(29)

∂dr

∂θ
= l(r2 + 2rl) sin(φ − θ)

2[r + l − l cos(φ − θ)]2
(30)

σ 2
dr

=
(

∂dr

∂r

)2

σ 2
r +
(

∂dr

∂l

)2

σ 2
l +
(

∂dr

∂φ

)2

σ 2
φ +
(

∂dr

∂θ

)2

σ 2
θ

(31)

σ 2
x = sin2 θσ 2

dr
+ d2

r cos2 θσ 2
θ (32)

σ 2
y = cos2 θσ 2

dr
+ d2

r sin2 θσ 2
θ (33)

σ 2
ẋ = 2

�2
σ 2

x , σ 2
ẏ = 2

�2
σ 2

y , σ 2
ẋt

= 2

�2
σ 2

xt
, σ 2

ẏt
= 2

�2
σ 2

yt
.

(34)

Thus, one has the following initial state covariance:

P0 = diag
(
σ 2

x , σ 2
ẋ , σ 2

y , σ 2
ẏ

)
(35)

Pt,0 = diag
(
σ 2

xt
, σ 2

ẋt
, σ 2

yt
, σ 2

ẏt
.
)

(36)

In the above, the choice of parameter δL is a tradeoff be-
tween the accuracy of the initial estimate and the com-
putational complexity of the grid-based search method. A
larger δL yields a less accurate estimate but with a lower
computational complexity.

B. Multiple Targets With Measurement Origin
Uncertainty

Assume that there are Mk measurements Zk = {zj

k}Mk

j=1
at time k. Thus, M0M1 measurement pairs can be gener-
ated from the first two consecutive measurement sets Z0

and Z1 by exhaustive combination. For each measurement
pair (zi

0, z
j

1), i = 1, . . . , M0, j = 1, . . . , M1, the aforemen-
tioned optimization technique in Section IV-A can be used
to search for the solution. In order to reduce the computa-
tional burden, only the measurement pairs that satisfy the
following constraint are used for initialization:(

zi
0 − z

j

1

)T

R−1
0

(
zi

0 − z
j

1

)
≤ η0 (37)

where η0 is a user-specified threshold, which represents
the upper bound on the displacement in the measurement
space during a sampling interval. In general, this threshold
depends on the PCL geometry, the sampling interval �k ,
and the measurement noise covariance Rk . With (37), the

infeasible measurement pairs are removed from initializa-
tion, and hence, the computational burden of initialization
is reduced.

Assume that there are N0 solutions after initialization.
Each solution contains a target state estimate X̂i

0 with
covariance P i

0 , and a transmitter state estimate X̂i
t,0 with

covariance P i
t,0, where i = 1, . . . , N0. For simplicity, as-

sume that these solutions are uncorrelated. As only a single
transmitter is used in the proposed PCL system, one can
obtain the fused estimate of initial transmitter state X̂t,0

and its covariance Pt,0 as follows [6]:

X̂t,0 = Pt,0

N0∑
i=1

P i
t,0

−1
X̂i

t,0 (38)

Pt,0 =
(

N0∑
i=1

P i
t,0

−1

)−1

. (39)

Thus, the initial estimates of the transmitter state and the
multiple target states are obtained.

V. TRACKING ALGORITHM

In this section, a recursive multiple-target tracking al-
gorithm for the proposed PCL system is provided. The
algorithm consists of five stages: prediction, track up-
date, newborn target initialization, maintenance logic, and
transmitter update. First, the states of active tracks, the
transmitter state, and the measurement are predicted. Sec-
ond, a two-level gating technique is proposed to choose
valid measurements, which are used to update the states
of active tracks. Third, initialization is carried out with the
unused measurements to detect potential newborn targets.
Fourth, an m/n maintenance logic is adopted to continue
or terminate a track. Fifth, the transmitter state is updated
using the states of all active tracks. A block diagram of the
algorithm is illustrated in Fig. 2.

A. Prediction

Assume that there are Nk active (tentative or con-
firmed) tracks 	k � {	i

k}Nk

i=1 at time k. Each track
	i

k , i = 1, . . . , Nk , is described by the vector 	i
k �

[X̂i
k, P

i
k , C

i
k, D

i
k], where X̂i

k and P i
k are the estimate of the

ith track’s dynamic state and the corresponding covariance,
respectively. Also, Ci

k takes value 0 or 1 and indicates if the
track has valid measurements at time k [3], and Di

k rep-
resents the data used to update the ith track. In addition,
assume that the estimate of transmitter state is X̂t,k with
covariance Pt,k .

Predict each track’s dynamic state and the correspond-
ing covariance as follows:

X̂i
p,k+1 = FkX̂

i
k, i = 1, . . . , Nk (40)

P i
p,k+1 = FkP

i
kF

T
k + Qi

k, i = 1, . . . , Nk. (41)

Likewise, predict the transmitter state and the correspond-
ing covariance as follows:

X̂tp,k+1 = FkX̂t,k (42)
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Fig. 2. Block diagram of PCL tracking algorithm.

Ptp,k+1 = FkPt,kF
T
k + Qt,k. (43)

Then, predict the measurement and its innovation covari-
ance from (3). Note that the measurement innovation co-
variance is modified to incorporate the transmitter state
uncertainty [30]. That is,

ẑi
p,k+1 = hi

k+1

(
X̂i

p,k+1, X̂tp,k+1
)

(44)

Si
k+1 = Hi

k+1P
i
p,k+1(Hi

k+1)T

+ Hi
t,k+1Ptp,k+1

(
Hi

t,k+1

)T + Rk+1 (45)

where

Hi
k+1 = ∂hi

k+1

∂X̂i
p,k+1

(46)

Hi
t,k+1 = ∂hi

k+1

∂X̂tp,k+1
. (47)

B. Track Update

In this stage, all tracks 	k at time k are updated with
Mk+1 newly arrived measurements set Zk+1 at time k + 1.
A two-level gating technique is proposed to improve track
continuity. The first-level gate of 	i

k , called the model-
based gate (MG), is a hyperellipsoid, centered at the pre-
dictive measurement ẑi

p,k+1 and defined as follows:

(
z̃
ij

k+1

)T (
Si

k+1

)−1
(
z̃
ij

k+1

)
≤ g2 (48)

where z̃
ij

k+1 = z
j

k+1 − ẑi
p,k+1 is the measurement innovation

of z
j

k+1 with respect to ẑi
p,k+1 and g is the gate parameter.

Using the MG, each track 	i
k is classified into one of the

following three types:

1) isolated track, i.e., 	i
k has valid but exclusive measure-

ments;
2) adjacent track, i.e., 	i

k shares valid measurements with
other tracks;

3) vacant track, i.e., 	i
k has no valid measurement.

These three types of tracks are updated differently as
follows.

1) Isolated tracks A PDA filter is used to update each track’s
state. Assuming that there are mi

k+1 valid measurements
falling within the MG of 	i

k , the combined measurement
innovation can be calculated as follows [11]:

z̃i
k+1 =

mi
k+1∑

j=1

β
ij

k+1z̃
ij

k+1 (49)

β
ij

k+1 =
exp
[
−(z̃ij

k+1)T (Si
k+1)−1(z̃ij

k+1)/2
]

bi
k+1+

∑mi
k+1

j=1exp
[
−(z̃ij

k+1)T (Si
k+1)−1(z̃ij

k+1)/2
]

(50)

bi
k+1 = (2π)2λ|Si

k+1|1/2(1 − P i
d )/P i

d (51)

where λ is the expected number of false alarms per unit
volume and P i

d is the detection probability of the ith
target. Thus, the track state and its covariance can be
updated as follows:

X̂i
k+1 = X̂i

p,k+1 + Ki
k+1z̃

i
k+1 (52)

P i
k+1 =P i

p,k+1−
(
1−βi0

k+1

)
Ki

k+1S
i
k+1

(
Ki

k+1

)T + P̂ i
k

(53)

where

Ki
k+1 = P i

p,k+1

(
Hi

k+1

)T (
Si

k+1

)−1
(54)

P̂ i
k = Ki

k+1

⎡
⎣mi

k+1∑
j=1

β
ij

k+1z̃
ij

k+1

(
z̃
ij

k+1

)T

−z̃i
k+1(z̃i

k+1)T

⎤
⎦

× (Ki
k+1

)T
(55)

βi0
k+1 = bi

k+1

bi
k+1+
∑mi

k+1
j=1 exp [−(z̃ij

k+1)T (Si
k+1)−1(z̃ij

k+1)/2]
.

(56)

2) Adjacent tracks A JPDA filter is used to update. Assume
that there are n

k tracks {	i
k}n


k

i=1 sharing m
k+1 valid mea-

surements. Then, a joint association event is defined as
follows [11]:

Xk+1 =
m

k+1⋂
j=1

X ij

k+1 (57)

where X ij

k+1 is the event that measurement z
j

k+1 falls
within the MG of track 	i

k , j = 1, . . . , m
k+1, i =

0, . . . n
k . Then one can enumerate all feasible joint as-

sociation events from the joint association event under
the following assumptions:
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1) a measurement can originate from at most one source
(target or clutter);

2) a target can generate at most one measurement.
Evaluate the parametric posterior probability of each
feasible joint association event as follows [5]:

p(Xk+1|Z0:k+1) = λφ

c0

∏
j :τj =1

N
(
z̃
ij

k+1; 0, Si
k+1

)
∏

i:δi=1

P i
d

∏
i:δi=0

(
1 − P i

d

)
(58)

where φ is the number of false alarms in the joint MGs of
n

k tracks, and c0 is a normalizing constant. In addition,
τj is the measurement association indicator to indicate
whether measurement z

j

k+1 originated from a target, and
δi is the target detection indicator to indicate whether a
measurement is associated with the ith target. For more
details on τj and δi , see [6].
Then one can obtain the probability β

ij

k+1 that measure-

ment z
j

k+1 originated from the ith target by summing
over all associated feasible association events [11], that
is,

β
ij

k+1 =
∑

Xk+1:ω̂ij

k+1=1

p(Xk+1|Z0:k+1) (59)

βi0
k+1 = 1 −

m
k+1∑

j=1

β
ij

k+1 (60)

where ω̂
ij

k+1 is the association event indicator to indicate

whether the association event X ij

k+1 occurs, and βi0
k+1 is

the probability that there is no measurement associated
with the ith target. Then, the fused measurement in-
novation z̃i

k+1 can be obtained from (49) and the track
dynamic state and covariance can be obtained from (52)
and (53), respectively.

3) Vacant tracks The second-level gate, called the data-
based gate (DG), is used to associate valid measure-
ments to tracks. When a mismatched dynamic model is
adopted, tracks may be incorrectly terminated using the
MG only. The DG method, addressing the association
problem from the measurement space rather than the
state space, helps to reduce the number of short track-
segments [40] and improve track continuity.

Assume that 	i
k is a vacant track with data component

Di
k , and z

j

k+1 falls outside all MGs. If z
j

k+1 satisfies the
following inequality, it is considered as a valid measurement
in the DG of 	i

k:(
z
j

k+1 − Di
k

)T

(Rk + Rk)−1
(
z
j

k+1 − Di
k

)
≤ g2 (61)

where Rk is a positive definite matrix that describes the
displacement in the measurement space during interval
[k, k + 1] (see Appendix C). Note that the DG and the
MG are different since they have different centers.

Assume that z
j,

k+1 is the nearest measurement to Di
k in

the DG of 	i
k . The track initialization is carried out with

measurement pair (Di
k , z

j,

k+1), as in (24). Denote the initial
estimate at time k + 1 as X̂dg,k+1 with covariance Pdg,k+1.
Then, the track dynamic state can be updated as follows:

X̂i
k+1 = X̂i

p,k+1 + P i
p,k+1

(
P i

p,k+1 + Pdg,k+1
)−1

× (X̂dg,k+1 − X̂i
p,k+1

)
(62)

P i
k+1 = [I4 − P i

p,k+1(P i
p,k+1 + Pdg,k+1)−1]P i

p,k+1 (63)

where I4 is an identity matrix of four dimensions. In
the above, the correlation between X̂dg,k+1 and X̂i

p,k+1 is
assumed to be insignificant for simplicity. For the case
that there is no valid measurement in the DG of 	i

k , the
track dynamic state is updated with the prediction, i.e.,
X̂i

k+1 = X̂i
p,k+1 and P i

k+1 = P i
p,k+1.

Thus, each track 	i
k , i = 1, . . . Nk , has been updated in

one of the following three modes:

1) updated with measurements falling within the MG;
2) updated with measurements falling within the DG;
3) updated with its prediction.

During the whole track update, the transmitter state
remains unchanged.

C. New Track Initialization

During the surveillance period, the detection of
potentially newborn targets has to be taken into account.
A newborn target may enter the surveillance region in the
middle, or split from an existing parent target. The track
initialization is carried out to detect whether there is a
newborn target with Z̄k and Z̄

dg

k+1, where Z̄k represents

the unused measurement set and Z̄
dg

k+1 denotes the unused
measurement set after the DG-based update. In this case,
one can initialize the newborn target state directly from
(18) to (22) with the estimate of the transmitter state.

D. Maintenance Logic

In order to improve the true track detection probabil-
ity and to reduce the false track acceptance probability [4],
a sliding-window based m/n maintenance logic is used
to continue or terminate a track [3], [17]. Assume that
there are N

k+1 tracks after Section V-C. For track 	i
k+1,

i = 1, . . . , N
k+1, define Csum =∑k+1

l=k−n+2 Ci
l . The m/n

maintenance logic rule is given as follows:

1) if m1 ≤ Csum, the track is confirmed;
2) if m0 ≤ Csum < m1, the track is tentative;
3) if Csum < m0, the track is terminated;

where 0 ≤ m0 ≤ m1 ≤ n. After deleting the terminated
tracks, one has Nk+1 active tracks 	k+1 = {	i

k+1}Nk+1
i=1 .

E. Transmitter Update

The transmitter state is updated with all active tracks
	k+1 at time k + 1. For each track 	i

k+1, predict the mea-
surement and its innovation covariance as follows:

ẑ
i,
p,k+1 = hi

k+1(X̂i
k+1, X̂tp,k+1) (64)
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S
i,
k+1 = H

i,
k+1P

i
k+1(Hi,

k+1)T (65)

+ H
i,
t,k+1Ptp,k+1(Hi,

t,k+1)T + Ri
k+1

where

H
i,
k+1 = ∂hi

k+1

∂X̂i
k+1

(66)

H
i,
t,k+1 = Hi

t,k+1 = ∂hi
k+1

∂X̂tp,k+1
. (67)

Then, the transmitter state and its covariance can be up-
dated in a parallel or sequential manner [5]. For the parallel
method, define the following matrices and vectors:

1) augmented linearized measurement matrix H
t,k+1 �

[(H 1,
t,k+1)T , . . . , HNk+1,

t,k+1 )T ]T with dimension 4Nk+1 ×
4;

2) augmented measurement innovation covariance S
k+1 �

diag{S1,
k+1, . . . , SNk+1,

k+1 } with dimension 4Nk+1 ×
4Nk+1;

3) stacked data vector Dk+1 � [(D1
k+1)T , . . . , (DNk+1

k+1 )T ]T

with dimension 4Nk+1 × 1;
4) stacked predicted measurement vector ẑp,k+1 �

[(ẑ1,
p,k+1)T , . . . , (ẑNk+1,

p,k+1 )T ]T with dimension 4Nk+1 × 1.

Then, the transmitter state and its covariance can be
updated with the extended Kalman filter (EKF) as follows:

K
k+1 = Ptp,k+1

(
H

t,k+1

)T
(S

k+1)−1 (68)

X̂t,k+1 = X̂tp,k+1 + K
k+1

[
Dk+1 − ẑp,k+1

]
(69)

Pt,k+1 = [I4 − K
k+1H

t,k+1

]
Ptp,k+1 (70)

where I4 is a 4 × 4 identity matrix.
In this paper, the target state and the transmitter state

are updated sequentially and the transmitter state is updated
first. This sequential update is less computationally inten-
sive and more reliable. First, the number of active tracks
is time varying, which leads to a variable dimension for
the augmented state (i.e., combined transmitter state and
target state), which can make the processing more com-
plicated and computationally intensive. Second, the active
tracks consist of not only the confirmed tracks but also the
tentative ones. The latter could be rejected subsequently.
If the transmitter state is updated first, the tracks that may
be rejected subsequently will be used to choose the valid
measurements, which will degrade the performance.

VI. PERFORMANCE ANALYSIS

In this section, the PCRLB of the proposed PCL system
is derived. The effect of measurement origin uncertainty
and the transmitter state uncertainty are taken into account.
Similar to the observability analysis, an augmented state is
used to incorporate the transmitter state uncertainty.

Let Ŷk+1 � [X̂T
k+1, X̂

T
t,k+1]T be the unbiased estimate of

Yk+1 � [XT
k+1, X

T
t,k+1]T conditioned on the measurement

set Zk+1. The PCRLB on the augmented state estimation

error covariance matrix Pk+1 is the inverse of the FIM Jk+1

[37]. Thus,

Pk+1 �E
[(

Ŷk+1− Yk+1
) (

Ŷk+1− Yk+1
)T ]�J−1

k+1. (71)

For the linear dynamic system in (1) and (2), the FIM Jk+1

is given recursively by [37]

Jk+1 = (FkJ
−1
k FT

k + Qk

)−1 + JZ,k+1 (72)

where Fk � diag{Fk, Fk}, Qk � diag{Qk, Qt,k}, and the
FIM is initialized as J0 = P−1

0 . Matrix JZ,k+1 gives the
measurement contributions to the PCRLB. When there is
measurement origin uncertainty, JZ,k+1 is given by

JZ,k+1 = q2,k+1

[
∂hk+1

∂Ŷk+1

]T

(Rk+1)−1

[
∂hk+1

∂Ŷk+1

]
(73)

where q2,k+1 � q2,k+1 (Pd, g, λVk+1) is the IRF, which de-
pends on the detection probability, gate parameter, and the
expected number of false alarms in the validation gate [42].
A detailed derivation of q2,k+1 and JZ,k+1 is presented in
Appendix D.

VII. SIMULATIONS

In this section, the proposed algorithm is tested with
three scenarios to track targets with a bistatic PCL sys-
tem. First, a single-target scenario is considered. A mo-
bile transmitter with unknown state is used as an illumi-
nator of opportunity, and a moving receiver with known
state is used to collect the angle, bistatic range, and range
rate information. The effectiveness of the proposed method
is illustrated in detail using several performance criteria.
Then, with the same transmitter and receiver mentioned
above, a two-target scenario and the corresponding estima-
tion results are given. Finally, a single-target scenario, in
which the transmitter trajectory is known exactly and the
receiver position is fixed, is taken into account. In all cases,
the number of targets remains unknown to the tracker. The
scenario parameters are given as follows.

The surveillance duration is 100 s, and the sampling
interval is � = 1 s. The target appears throughout the
surveillance period and follows a nearly constant velocity
motion. The initial target state is X0 = [20 000 m, 200 m/s,
20 000 m, 150 m/s]T , and the process noise covariance
is Q = diag{(0.5 m)2, (1 m/s)2, (0.5 m)2, (1 m/s)2}. The
transmitter moves at a nearly constant velocity, with initial
state Xt,0 = [40 000 m, −100 m/s, 10 000 m, 0 m/s]T and
the same process noise covariance Q. In order to ensure
that the proposed PCL system is observable, the receiver
makes a uniform circular motion, with initial state Xr,0 =
[6000 m, 600 m/s, 6000 m, 0 m/s]T . Fig. 3 shows the
first scenario including the target trajectory, transmitter
trajectory, and receiver trajectory. The standard deviations
of measurement errors are σθ = 0.005 rad, σφ = 0.005 rad,
σr = 100 m, and σṙ = 2 m/s, respectively. The detection
probability is Pd = 0.99 and the expected number of false
alarm per unit volume is λ = 2 × 10−6/(rad2 · m2/s).
For the given parameters, the mean number of false
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Fig. 3. Single-target tracking scenario.

Fig. 4. Measurement set in one run.

Fig. 5. Estimated trajectory in one run.

Fig. 6. Target position estimate: RMSE versus PCRLB.

Fig. 7. Target velocity estimate: RMSE versus PCRLB.

Fig. 8. Transmitter position estimate: RMSE versus PCRLB.

Fig. 9. Transmitter velocity estimate: RMSE versus PCRLB.

measurements at each time is 7. The validation gate pa-
rameter is g = 5. The track maintenance logic parameters
are m0 = 1, m1 = 2, and n = 3, respectively. In addition,
the initial search range of dtr,0 is [20 000 m, 35 000 m],
and the initial covariance is given as P0 = Pt,0 =
diag{(2000 m)2, (500 m/s)2, (2000 m)2, (500 m/s)2}. Both
the parallel and the sequential updates are used to update
the transmitter state. Fig. 4 presents the measurement set
in one run. Fig. 5 shows the estimated target trajectory and
transmitter trajectory in one run.

To illustrate the effectiveness of the proposed algorithm,
100 Monte Carlo runs are used and the following perfor-
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TABLE I
RMSE and PCRLB against λ

λ RMSE PCRLB RMSE PCRLB RMSE PCRLB RMSE PCRLB
(/(rad2 ·m2/s)) Oxp (m) Oxp (m) Oxv (m/s) Oxv (m/s) Txp (m) Txp (m) Txv (m/s) Txv (m/s)

0 × 10−6 328.06 254.24 7.41 7.83 453.37 359.45 14.85 9.06
1 × 10−6 382.95 254.24 8.64 7.83 476.53 359.45 16.96 9.06
2 × 10−6 423.23 254.24 9.69 7.83 512.54 359.45 18.71 9.06
5 × 10−6 513.38 254.24 12.86 7.83 565.71 359.45 20.72 9.06

TABLE II
Performance Comparison against λ

λ
(
/(rad2 · m2/s)

)
MNM MCT (s) MCR PDT PN PFT ET (s)

0 × 10−6 1 5.04 99% 1 1 0 7.15
1 × 10−6 4 5.17 98% 1 0.99 0.01 8.63
2 × 10−6 7 5.24 97% 1 0.98 0.02 9.76
5 × 10−6 16 5.59 93% 0.99 0.91 0.08 17.65

TABLE III
RMSE and PCRLB against Pd

Pd RMSE PCRLB RMSE PCRLB RMSE PCRLB RMSE PCRLB
Oxp (m) Oxp (m) Oxv (m/s) Oxv (m/s) Txp (m) Txp (m) Txv (m/s) Txv (m/s)

0.99 423.23 254.24 9.69 7.83 512.54 359.45 18.71 9.06
0.95 451.49 258.21 9.95 7.89 526.81 365.11 19.81 9.13
0.90 428.88 264.01 10.33 7.98 545.23 373.40 20.98 9.23
0.85 458.49 270.21 10.36 8.07 534.71 382.26 20.38 9.37

mance criteria are considered. The computational times are
on a PC with Intel Core i5 CPU running at 2.4 GHz.

1) Mean confirmation time (MCT): The mean time needed
to confirm a true target when it enters the surveillance
region.

2) Mean continuity ratio (MCR): The ratio of estimated
track length to true track length.

3) Detection probability of true tracks (PDT ): The percent
of runs in which true tracks are detected.

4) Acceptance probability of false tracks (PFT ): The per-
cent of runs in which false tracks are accepted

5) Probability of correct estimation of the number of targets
(PN ): The percent of runs in which the estimated number
of targets is correct.

6) Elapsed time (ET): The mean computational time of
each run.

7) Root-mean-squared error (RMSE): Including the tar-
get (object) position (Oxp), target (object) velocity
(Oxv), transmiter position (Txp), and transmitter ve-
locity (Txv).

8) PCRLB: Similar to RMSE, including the Oxp, Oxv,
Txp, and the Txv.

Figs. 6 and 7 compare the target position estimates and
velocity estimates, respectively. The PCRLB is calculated
with the true value. Likewise, Figs. 8 and 9 compare the
transmitter position estimates and velocity estimates, re-
spectively. From Figs. 6–9, it can be seen that after an
unstable initial period (from k = 1 to k = 40), the RMSE
values stabilize and converge.

TABLE IV
Performance Comparison against Pd

Pd MCT (s) MCR PDT PN PFT ET (s)

0.99 5.24 97% 1 0.98 0.02 9.76
0.95 5.40 95% 0.99 0.97 0.02 10.00
0.90 5.53 89% 0.98 0.95 0.03 10.02
0.85 5.75 84% 0.96 0.92 0.04 10.77

TABLE V
Performance Comparison against (m0, m1)/n

(m0, m1)/n ICT (s) MCT (s) MCR PDT PN PFT ET (s)

(1, 2)/3 5 5.24 97% 1 0.98 0.02 9.76
(2, 3)/4 6 6.52 96% 1 0.99 0.01 9.85
(2, 4)/6 8 8.86 97% 1 1 0 9.91
(3, 6)/8 10 11.21 97% 1 1 0 10.77

Next, the effects of scenario parameters on the tracking
performance are analyzed. Four parameters are taken into
account: the false alarm density λ, detection probability
Pd , maintenance logic (m0, m1)/n, and the angle standard
derivation σθ . Note that, in analyzing the effect of one pa-
rameter, the other parameters are fixed as mentioned above.

A. Effect of False Alarm Density

Table I compares the steady-state RMSE and PCRLB
(from k = 60 to k = 100) against different false alarm den-
sities λ over 100 Monte Carlo runs, and Table II compares
the other performance criteria, in which the mean number
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TABLE VI
RMSE and PCRLB Against σθ

σθ RMSE PCRLB RMSE PCRLB RMSE PCRLB RMSE PCRLB
(rad) Oxp (m) Oxp (m) Oxv (m/s) Oxv (m/s) Txp (m) Txp (m) Txv (m/s) Txv (m/s)

0.005 423.23 254.24 9.69 7.83 512.54 359.45 18.71 9.06
0.008 612.04 271.86 12.18 8.30 527.66 377.11 19.63 9.36
0.010 862.83 279.66 16.93 8.50 535.09 382.63 20.59 9.47
0.015 1037.24 294.40 22.90 8.84 542.96 389.39 22.40 9.62

of measurements (MNM) is also listed. From Table I, it
can be seen that with the increase in λ, the RMSE also
increases. The reason is that the probability of updating
tracks with clutter increases with more clutter. Note that, in
Table I, the PCRLB is not sensitive to false alarm density
beyond a level. In addition, from Table II, it is shown that
with the increase in λ, the performance in terms of track
continuity, false tracks rejection capability, and processing
speed suffers.

B. Effect of Detection Probability

Table III compares the steady-state RMSE and PCRLB
against different detection probabilities Pd over 100 Monte
Carlo runs. Table IV compares the other performance crite-
ria. The PCRLB increases with the decrease in Pd . Note that
false tracks are not used in calculating the RMSE. Conse-
quently, the effect of Pd on the RMSE is insignificant. From
Table IV, it is shown that, with the decrease in Pd , the per-
formance in terms of track continuity, true tracks detection
ability, and false tracks rejection capability suffers.

C. Effect of Maintenance Logic

Table V compares performance criteria against differ-
ent maintenance logic parameter values (m0, m1)/n over
100 Monte Carlo runs, in which the ideal confirmation time
(ICT) is also listed (ICT = n + 2). The effect of mainte-
nance logic on the steady-state RMSE is insignificant. It
can be seen that with the increase in (m0, m1)/n, the MCT
increases correspondingly, and the false track rejection ca-
pability is also improved.

D. Effect of Angle Standard Deviation

Table VI compares the steady-state RMSE and PCRLB
against different angle standard deviation values σθ over
100 Monte Carlo runs. The effect of angle standard devi-
ation on other performance criteria is insignificant. From
Table VI, it is shown that, with the increase in σθ , the es-
timation accuracy of target position degrades significantly,
and the other performance criteria also degrade. The reason
is that in the bistatic PCL system with a transmitter with an
unknown state, the measurement innovation is large. Also,
the state estimate mainly relies on the angle measurements.
When angle measurements become unreliable, the target is
in an ellipse with the foci being located at the transmitter
and at the receiver positions, and the target location can be
calculated as the intersection of different ellipses [7], [25].

Fig. 10. Two-target tracking scenario.

Fig. 11. Measurement set in one run.

In the second scenario, two targets are tracked with
the same PCL geometry. The second target follows a
nearly constant velocity motion and enters the surveil-
lance region at time k = 30 before disappearing at time
k = 80. The initial state of the second target is X0 =
[2000 m, 0 m/s, 20 000 m, 150 m/s]T , the other parameters
are the same to those in the first scenario. Fig. 10 shows the
true scenario, while Figs. 11 and 12 show the measurement
set and estimated result in one run, respectively. The effect
of parameters on performance criteria is similar to that in
the first scenario, but it is not discussed here to save space.
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Fig. 12. Estimated trajectory in one run.

Fig. 13. Information reduction factor.

Fig. 14. Target position estimate: RMSE versus PCRLB.

The third scenario is almost the same as the first one
except that the transmitter state sequence is known exactly,
and the receiver location is fixed at [6000 m, 6000 m]T . In
this case, the bearing of the transmitter is useless and an
analytic solution for the target state can be obtained [36].
Figs. 14 and 15 compare the target position estimates and
velocity estimates, respectively. It can be seen that both the
RMSE and the PCRLB in this case are less than them in the
first scenario.

Fig. 15. Target velocity estimate: RMSE versus PCRLB.

VIII. CONCLUSION

In this paper, the problem of tracking using a PCL
system in which the transmitter is mobile but with unknown
state, was addressed. First, the observability conditions for
the proposed bistatic PCL system were derived. Second,
a two-point track initialization technique was presented
and an optimization-based search method was given.
Third, a recursive multitarget tracking algorithm with
the proposed PCL system was provided. In this tracking
algorithm, the track state and the transmitter state were
estimated simultaneously. A two-level validation gating
technique was adopted to improve track continuity and a
modified EKF was proposed to deal with transmitter state
uncertainty. Fourth, the PCRLB with measurement origin
uncertainty and transmitter state uncertainty was derived.
In simulations, the effectiveness of the proposed PCL
system and the corresponding algorithms were verified. In
addition, the effect of parameters on tracking performance
was analyzed with several performance criteria. In the fu-
ture, the multistatic PCL system with multiple transmitters
with unknown states will be studied. In addition, tracking
of a maneuvering target with the proposed bistatic PCL
also needs further study.

APPENDIX
A. PARTIAL DERIVATIVE IN FIM

For the state evolution model (1), (2) and the measure-
ment model (3)–(10) assumed in this paper, the following
partial derivatives can be obtained:

∂θk

∂Y0(1)
= ∂θk

∂x0
= yk − yr,k

d2
r,k

(74)

∂θk

∂Y0(2)
= ∂θk

∂ẋ0
= ∂θk

∂xk

∂xk

∂ẋ0
= k

yk − yr,k

d2
r,k

(75)

∂θk

∂Y0(3)
= ∂θk

∂y0
= −xk − xr,k

d2
r,k

(76)

∂θk

∂Y0(4)
= ∂θk

∂ẏ0
= ∂θk

∂yk

∂yk

∂ẏ0
= −k

xk − xr,k

d2
r,k

(77)
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∂θk

∂Y0(j )
= 0, j = 5, 6, 7, 8 (78)

∂φk

∂Y0(j )
= 0, j = 1, 2, 3, 4 (79)

∂φk

∂Y0(5)
= ∂φk

∂xt,0
= yt,k − yr,k

d2
tr,k

(80)

∂φk

∂Y0(6)
= ∂φk

∂ẋt,0
= ∂φk

∂xt,k

∂xt,k

∂ẋt,0
= k

yt,k − yr,k

d2
tr,k

(81)

∂φk

∂Y0(7)
= ∂φk

∂yt,0
= −xt,k − xr,k

d2
tr,k

(82)

∂φk

∂Y0(8)
= ∂φk

∂ẏt,0
= ∂φk

∂yt,k

∂yt,k

∂ẏt,0
= −k

xt,k − xr,k

d2
tr,k

(83)

∂rk

∂Y0(1)
= ∂rk

∂x0
= xk − xr,k

dr,k

+ xk − xt,k

dt,k

(84)

∂rk

∂Y0(2)
= ∂rk

∂ẋ0
= ∂rk

∂xk

∂xk

∂ẋ0
= k

[
xk − xr,k

dr,k

+ xk − xt,k

dt,k

]
(85)

∂rk

∂Y0(3)
= ∂rk

∂y0
= yk − yr,k

dr,k

+ yk − yt,k

dt,k

(86)

∂rk

∂Y0(4)
= ∂rk

∂ẏ0
= ∂rk

∂yk

∂yk

∂ẏ0
= k

[
yk − yr,k

dr,k

+ yk − yt,k

dt,k

]
(87)

∂rk

∂Y0(5)
= ∂rk

∂xt,0
= xt,k − xk

dt,k

− xt,k − xr,k

dtr,k

(88)

∂rk

∂Y0(6)
= ∂rk

∂ẋt,0
= ∂rk

∂xt,k

∂xt,k

∂ẋt,0
= k

[
xt,k − xk

dt,k

− xt,k − xr,k

dtr,k

]
(89)

∂rk

∂Y0(7)
= ∂rk

∂yt,0
= yt,k − yk

dt,k

− yt,k − yr,k

dtr,k

(90)

∂rk

∂Y0(8)
= ∂rk

∂ẏt,0
= ∂rk

∂yt,k

∂yt,k

∂ẏt,0
=k

[
yt,k − yk

dt,k

− yt,k − yr,k

dtr,k

]
(91)

∂ṙk

∂Y0(1)
= ∂ṙk

∂x0
= yk − yr,k

d3
r,k

[
(yk − yr,k)(ẋkẋr,k)

− (xk − xr,k)(ẏk − ẏr,k)
]+ yk − yt,k

d3
t,k

× [(yk − yt,k)(ẋk − ẋt,k) − (xk − xt,k)(ẏk − ẏt,k)
]

(92)

∂ṙk

∂Y0(2)
= ∂ṙk

∂ẋ0
= xk − xr,k

dr,k

+ xk − xt,k

dt,k

+ k
∂ṙk

∂x0
(93)

∂ṙk

∂Y0(3)
= ∂ṙk

∂y0
= xk − xr,k

d3
r,k

[
(xk − xr,k)(ẏk − ẏr,k)

− (yk − yr,k)(ẋk − ẋr,k)
]+ xk − xt,k

d3
t,k

×[(xk − xt,k)(ẏk − ẏt,k)−(yk − yt,k)(ẋk − ẋt,k)
]

(94)

∂ṙk

∂Y0(4)
= ∂ṙk

∂ẏ0
= yk − yr,k

dr,k

+ yk − yt,k

dt,k

+ k
∂ṙk

∂y0
(95)

∂ṙk

∂Y0(5)
= ∂ṙk

∂xt,0
= yk − yt,k

d3
t,k

[
(xk − xt,k)(ẏk − ẏt,k)

− (yk − yt,k)(ẋk − ẋt,k)
]− yr,k − yt,k

d3
tr,k[

(xr,k − xt,k)(ẏr,k−ẏt,k)−(yr,k − yt,k)(ẋr,k−ẋt,k)
]

(96)

∂ṙk

∂Y0(6)
= ∂ṙk

∂ẋt,0
= −xk − xt,k

dt,k

+ xr,k − xt,k

dtr,k

+ k
∂ṙk

∂xt,0

∂ṙk

∂Y0(7)
= ∂ṙk

∂yt,0
= xk − xt,k

d3
t,k

[
(yk − yt,k)(ẋk − ẋt,k) (97)

− (xk − xt,k)(ẏk − ẏt,k)
]− xr,k − xt,k

d3
tr,k[

(yr,k − yt,k)(ẋr,k−ẋt,k)−(xr,k − xt,k)(ẏr,k − ẏt,k)
]

(98)

∂ṙk

∂Y0(8)
= ∂ṙk

∂ẏt,0
= −yk − yt,k

dt,k

+ yr,k − yt,k

dtr,k

+ k
∂ṙk

∂yt,0
.

(99)

APPENDIX
B. LOCAL OBSERVABILITY CONDITIONS

Assume that, during the observation period, the receiver
position overlaps with neither the target position nor the
transmitter position, i.e., dr,k �= 0 and dtr,k �= 0. Then, the
determinant (14) can be simplified as∣∣∣∣∂Z0:1

∂Y

∣∣∣∣ = 1∏1
k=0 dr,k

∏1
k=0 dtr,k

D (100)

where D is given as Eqn. (101) as shown at the bottom of
this page.

Then, one has the following equation using the
Laplace’s formula [6]:

D=(b0 + f0)D1 + (a0 + e0)D2 − (f0 + d0)D3 − (e0 + c0)D4

=f0(D1 − D3) + e0(D2 − D4) + b0D1 − d0D3

+ a0D2 − c0D4 (102)

D =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a0 0 −b0 0 0 0 0 0
0 0 0 0 c0 0 −d0 0

b0 + f0 0 a0 + e0 0 −f0 − d0 0 −e0 − c0 0
g0 b0 + f0 h0 a0 + e0 i0 −f0 − d0 j0 −e0 − c0

0 a1 0 −b1 0 0 0 0
0 0 0 0 0 c1 0 −d1

0 b1 + f1 0 a1 + e1 0 −f1 − d1 0 −e1 − c1

−b1 − f1 g1 −a1 − e1 h1 f1 + d1 i1 e1 + c1 j1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
. (101)
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where D1, D2, D3, and D4 are given as Eqn. (103)–(106)
as shown at the bottom of this page. Then, the following
sufficient condition for D = 0 can be obtained:

D = 0 ⇐
⎧⎨
⎩

D1 = D3

D2 = D4

b0D1 − d0D3 + a0D2 − c0D4 = 0

⇔

⎧⎪⎪⎨
⎪⎪⎩

D1 = D3

D2 = D4

b0 = d0

a0 = c0

. (107)

Note that the columns of D1 are almost the same as those
in D3 except for the fourth column. Adjusting the fourth
column of D1 to the first column, one obtains Eqn. (108)
shown at the of this page. Then, D1 and D3 can be calculated

as follows:

D1 = −c0|A| − i0|B| − (f1 + d1)|C| (109)

D3 = a0|A′| + g0|B| − (b1 + f1)|C| (110)

where A, A′, B, C are the corresponding minors. Substitut-
ing a0 = c0 into the above equations, one obtains

D1 = D3 ⇐

⎧⎪⎨
⎪⎩

|A| = −|A′|
b1 = d1

i0 = −g0

. (111)

Similarly, the rows in A are almost the same as those in A′

except for the first row. Substituting b0 = d0 into A and A′,

D1 =

∣∣∣∣∣∣∣∣∣∣∣∣∣

0 −b0 0 0 0 0 0
0 0 0 c0 0 −d0 0

b0 + f0 h0 a0 + e0 i0 −f0 − d0 j0 −e0 − c0

a1 0 −b1 0 0 0 0
0 0 0 0 c1 0 −d1

b1 + f1 0 a1 + e1 0 −f1 − d1 0 −e1 − c1

g1 −a1 − e1 h1 f1 + d1 i1 e1 + c1 j1

∣∣∣∣∣∣∣∣∣∣∣∣∣
(103)

D3 =

∣∣∣∣∣∣∣∣∣∣∣∣∣

a0 0 −b0 0 0 0 0
0 0 0 0 0 −d0 0
g0 b0 + f0 h0 a0 + e0 −f0 − d0 j0 −e0 − c0

0 a1 0 −b1 0 0 0
0 0 0 0 c1 0 −d1

0 b1 + f1 0 a1 + e1 −f1 − d1 0 −e1 − c1

−b1 − f1 g1 −a1 − e1 h1 i1 e1 + c1 j1

∣∣∣∣∣∣∣∣∣∣∣∣∣
(104)

D2 =

∣∣∣∣∣∣∣∣∣∣∣∣∣

a0 0 0 0 0 0 0
0 0 0 c0 0 −d0 0
g0 b0 + f0 a0 + e0 i0 −f0 − d0 j0 −e0 − c0

0 a1 −b1 0 0 0 0
0 0 0 0 c1 0 −d1

0 b1 + f1 a1 + e1 0 −f1 − d1 0 −e1 − c1

−b1 − f1 g1 h1 f1 + d1 i1 e1 + c1 j1

∣∣∣∣∣∣∣∣∣∣∣∣∣
(105)

D4 =

∣∣∣∣∣∣∣∣∣∣∣∣∣

a0 0 −b0 0 0 0 0
0 0 0 0 c0 0 0
g0 b0 + f0 h0 a0 + e0 i0 −f0 − d0 −e0 − c0

0 a1 0 −b1 0 0 0
0 0 0 0 0 c1 −d1

0 b1 + f1 0 a1 + e1 0 −f1 − d1 −e1 − c1

−b1 − f1 g1 −a1 − e1 h1 f1 + d1 i1 j1

∣∣∣∣∣∣∣∣∣∣∣∣∣
. (106)

D1 =

∣∣∣∣∣∣∣∣∣∣∣∣∣

0 0 −b0 0 0 0 0
−c0 0 0 0 0 −d0 0
−i0 b0 + f0 h0 a0 + e0 −f0 − d0 j0 −e0 − c0

0 a1 0 −b1 0 0 0
0 0 0 0 c1 0 −d1

0 b1 + f1 0 a1 + e1 −f1 − d1 0 −e1 − c1

−f1 − d1 g1 −a1 − e1 h1 i1 e1 + c1 j1

∣∣∣∣∣∣∣∣∣∣∣∣∣
. (108)
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one can finally obtain the following sufficient conditions:

D1 = D3 ⇐

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

a1 = c1

b1 = d1

i0 = −g0

j0 = −h0

. (112)

Likewise, the following sufficient conditions can be ob-
tained:

D2 = D4 ⇐

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

a1 = c1

b1 = d1

i0 = −g0

j0 = −h0

. (113)

Combining (112) and (113) with (107) and the definitions
of ak , ck , bk , dk , ik , gk , jk , and hk , one obtains

D = 0 ⇐

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

a0 = c0

b0 = d0

a1 = c1

b1 = d1

i0 = −g0

j0 = −h0

⇔

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

θ(k) = φ(k), k = 0, 1
ẋ − ẋr

dr (0)
= ẋt − ẋr

dtr (0)
ẏ − ẏr

dr (0)
= ẏt − ẏr

dtr (0)

.

(114)
Consequently, the necessary condition for observability is
that the receiver cannot move in the line through the target
and the transmitter. In other words, the target, the transmit-
ter, and the receiver cannot be collinear.

APPENDIX
C. UNCERTAINTY OF DISPLACEMENT IN MEA-
SUREMENT SPACE

Denote the augmented state as Yk � [XT
k , XT

t,k]T =
[Y (1)

k , . . . , Y (8)
k ]T . From k to k + 1, the expected displace-

ment of Yk in the state space, denoted as δYk , is defined as
δYk � Yk+1 − Yk . For brevity, the time subscript k is omit-
ted in the following. Assuming that the sampling interval is
�, from (1) and (2), one has

δY = [ẋ�, 0, ẏ�, 0, ẋt�, 0, ẏt�, 0]T . (115)

The noise-free measurement is z � [θ, φ, r, ṙ]T =
[z(1), . . . , z(4)]T . From k to k + 1, the expected displace-
ment of z in the measurement space is denoted as δz. As-
sume that the receiver displacement is negligible from k to
k + 1. According to the error propagation theory [12], one
has

(
δz(j )
)2 =

8∑
i=1

(
δY (i)

)2 ( ∂z(j )

∂Y (i)

)2

, j = 1, 2, 3, 4

(116)
where ∂z(j )

∂Y (i) is the partial derivative of z(j ) with respect to
Y (i), and Y (i) takes value at its estimate at time k. Thus, the
positive definite matrix R in (61) is given as

R = diag{(δz(1))2, (δz(2))2, (δz(3))2, (δz(4))2}. (117)

APPENDIX
D. INFORMATION REDUCTION FACTOR

Assume that JZ,k is the measurement contribution to the
PCRLB. Then, it is given by

JZ,k = E
[
−
Yk

Yk
ln p(Zk|Yk)

]

=
∞∑

Mk=1

p(Mk)E
[
−
Yk

Yk
ln p(Zk|Yk)|Mk

]

=
∞∑

Mk=1

p(Mk)E
[
−
Yk

Yk
ln p(Zk|Yk, Mk)

]

=
∞∑

Mk=1

∫
V

. . .
∫

V

p(Mk)
[
−
Yk

Yk
ln p(Zk|Yk, Mk)

]
p(Zk|Yk, Mk)dZk (118)

where Mk is the number of measurements at time k. The
prior probability p(Mk) that there are Mk observations at
time k is given by

p(Mk) = (1 − Pd )uf (Mk) + Pduf (Mk − 1) (119)

where uf (Mk) is the probability that there are Mk false
alarms at time k. Assume that the false alarm cardinality
is Poisson distributed with parameter λV , where λ is the
expected number of false alarms per unit volume and V is
the volume of surveillance region. Thus,

uf (Mk) = (λV )Mk exp (−λV )

Mk!
. (120)

Given the measurement noise covariance Rk =
diag{σ 2

θk
, σ 2

φk
, σ 2

rk
, σ 2

ṙk
}, the following formulas can be

obtained:

p(Zk|Yk, Mk) = a + b

Mk∑
j=1

ζ (zj

k ) (121)

∂p(Zk|Yk, Mk)

∂Yk

= b

Mk∑
j=1

ζ (zj

k )

(
θ̃

j

k

(σθ,k)2

∂θk

∂Yk

+ φ̃
j

k

(σφ,k)2

∂φk

∂Yk

+ r̃
j

k

(σr,k)2

∂rk

∂Yk

+
˜̇rj

k

(σṙ,k)2

∂ṙk

∂Yk

)

(122)

where

a = 1 − ε(Mk)

V Mk
(123)

b = ε(Mk)

MkV Mk−1

1

(2π)2σθ,kσφ,kσr,kσṙ,k

(124)

ζ (zj

k ) =

exp

⎛
⎝−1

2

⎛
⎝( θ̃

j

k

σθ,k

)2

+
(

φ̃
j

k

σφ,k

)2

+
(

r̃
j

k

σr,k

)2

+
(

˜̇rj

k

σṙ,k

)2
⎞
⎠
⎞
⎠

(125)

where the probability ε(Mk) that there is one target-
originated measurement in Mk measurements at time k is
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given as follows:

ε(Mk) = Pd

p(Mk)
uf (Mk − 1). (126)

Then

− 
Yk

Yk
ln p(Zk|Yk, Mk)p(Zk|Yk, Mk)

=
∂p(Zk |Yk,Mk)

∂Yk

∂p(Zk |Yk,Mk)
∂Yk

p(Zk|Yk, Mk)
. (127)

As discussed in [29], far-out measurements will be accorded
small weights. Thus, the measurements are restricted to a
validation gate. Assume that there are mk detections in the
validation region. For brevity, the subscript “k” is omitted
in the following. Then,

∂p(Z|Y, m)

∂Y
= b

m∑
j=1

ζ (zj )

(
θ̃ j

(σθ )2

∂θ

∂Y

+ φ̃j

(σφ)2

∂φ

∂Y
+ r̃ j

(σr )2

∂r

∂Y
+

˜̇rj

(σṙ )2

∂ṙ

∂Y

)
.

(128)

Change the integral variables from Z = [θ1, φ1,

r1, ṙ1, . . . , θm, φm, rm, ṙm]T to ξ = [ξ11, ξ12, ξ13, ξ14, . . . ,
ξm1, ξm2, ξm3, ξm4]T , where

ξj1 = θj − θ(Y )

σθ

, ξj2 = φj − φ(Y )

σφ

ξj3 = rj − r(Y )

σr

, ξj4 = ṙ j − ṙ(Y )

σṙ

(129)

to obtain

JZ = −
∞∑

m=1

∫
Cg

. . .
∫

Cg

p(m)(σθσφσrσṙ )m

[
∂p(ξ |Y, m)

∂Y

] [
∂p(ξ |Y, m)

∂Y

]T 1

p(ξ |Y, m)
dξ (130)

where Cg is the hypersphere of radius g. Because of the
symmetry of the integration domain, the cross terms vanish
[21]. Thus, (131)–(132) shown at the bottom of this page.
Using the symmetry of the integration domain again, one
has (133) shown at the bottom of this page, where i =
2, 3, 4. Defining (134) shown at the top of next page. one
obtains

JZ =
∞∑

m=1

p(m)(σθσφσrσṙ )mq1(·)
{

1

σ 2
θ

[
∂θ

∂Y

] [
∂θ

∂Y

]T

+ 1

σ 2
φ

[
∂φ

∂Y

] [
∂φ

∂Y

]T

+ 1

σ 2
r

[
∂r

∂Y

] [
∂r

∂Y

]T

+ 1

σ 2
ṙ

[
∂ṙ

∂Y

] [
∂ṙ

∂Y

]T
}

�
∞∑

m=1

p(m)(σθσφσrσṙ )mq1(·)
[

∂h

∂Y

]T

R−1

[
∂h

∂Y

]
.

(135)

With a second change of variables from (ξj1, ξj2, ξj3, ξj4)
to (ρj , ω1j , ω2j , ω3j ), the corresponding hypersphere

JZ =
∞∑

m=1

p(m)(σθσφσrσṙ )m
∫

Cg

. . .
∫

Cg

b
∑m

j=1 exp
[
−ξ 2

j1 − ξ 2
j2 − ξ 2

j3 − ξ 2
j4

]
�j

a/b +∑m
j=1 exp

[
− 1

2ξ 2
j1 − 1

2ξ 2
j2 − 1

2ξ 2
j3 − 1

2ξ 2
j4

]dξ (131)

�j = ξ 2
j1

σ 2
θ

[
∂θ

∂Y

] [
∂θ

∂Y

]T

+ ξ 2
j2

σ 2
φ

[
∂φ

∂Y

] [
∂φ

∂Y

]T

+ ξ 2
j3

σ 2
r

[
∂r

∂Y

] [
∂r

∂Y

]T

+ ξ 2
j4

σ 2
ṙ

[
∂ṙ

∂Y

] [
∂ṙ

∂Y

]T

. (132)

∫
Cg

. . .
∫

Cg

b
∑m

j=1 exp
[
−ξ 2

j1 − ξ 2
j2 − ξ 2

j3 − ξ 2
j4

]
ξ 2
ji

a/b +∑m
j=1 exp

[
− 1

2ξ 2
j1 − 1

2ξ 2
j2 − 1

2ξ 2
j3 − 1

2ξ 2
j4

]dξ

=
∫

Cg

. . .
∫

Cg

b
∑m

j=1 exp[−ξ 2
j1 − ξ 2

j2 − ξ 2
j3 − ξ 2

j4]ξ 2
j1

a/b +∑m
j=1 exp

[
− 1

2ξ 2
j1 − 1

2ξ 2
j2 − 1

2ξ 2
j3 − 1

2ξ 2
j4

]dξ

=
m∑

j=1

∫
Cg

. . .
∫

Cg

b exp
[
−ξ 2

j1 − ξ 2
j2 − ξ 2

j3 − ξ 2
j4

]
ξ 2
j1

a/b +∑m
j=1 exp

[
− 1

2ξ 2
j1 − 1

2ξ 2
j2 − 1

2ξ 2
j3 − 1

2ξ 2
j4

]dξ

= m

∫
Cg

. . .
∫

Cg

b exp
[−ξ 2

11 − ξ 2
12 − ξ 2

13 − ξ 2
14

]
ξ 2

11

a/b +∑m
j=1 exp

[
− 1

2ξ 2
j1 − 1

2ξ 2
j2 − 1

2ξ 2
j3 − 1

2ξ 2
j4

]dξ (133)
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q1(m, Pd, g, λVg) = m

∫
Cg

. . .
∫

Cg

b exp
[−ξ 2

11 − ξ 2
12 − ξ 2

13 − ξ 2
14

]
ξ 2

11

a/b +∑m
j=1 exp

[
− 1

2ξ 2
j1 − 1

2ξ 2
j2 − 1

2ξ 2
j3 − 1

2ξ 2
j4

]dξ (134)

coordinates in q1(·) yield

q1(·) = m

4
(2π2)m∫ g

0
. . .
∫ g

0

b exp(−ρ2
1 )ρ2

1 (ρ3
1 . . . ρ3

m)

a/b +∑m
j=1 exp(−ρ2

j /2)
dρ1. . . dρm. (136)

Substitute a, b into (136) and p(m) into (135), in which
the gate volume in four dimensions is Vg = π2

2 σθσφσrσṙg
4,

and denote

q2(Pd, g, λVg) =
∞∑

m=1

Pduf (m − 1)22m−5

g4m−4∫ g

0
. . .
∫ g

0

exp(−ρ2
1 )ρ2

1 (ρ3
1 ...ρ

3
m)

1−Pd

Pd

8λVg

g4 +∑m
j=1 exp(−ρ2

j /2)
dρ1. . . dρm.

(137)

Finally, reintroducing the subscripts k, one obtains

JZ,k = q2,k(Pd, g, λVg,k)

[
∂hk

∂Yk

]T

R−1
k

[
∂hk

∂Yk

]
. (138)

Fig. 13 shows the IRF curves against different values of Pd

and λVg .
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