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A Normal Mode Reverberation and Target Echo
Model to Interpret Towed Array Data in the

Target and Reverberation Experiments
Dale D. Ellis, Member, IEEE, Jie Yang, John R. Preston, Life Member, IEEE, and Sean Pecknold

Abstract—Reverberation measurements obtained with towed
arrays are a valuable tool to extract information about the ocean
environment. By superimposing a polar plot of reverberation
beam time series on bathymetry maps, bottom features (often
uncharted) can be located. As part of Rapid Environmental Assess-
ment exercises, Preston and Ellis used directional reverberation
measurements to extract environmental information using model-
data comparisons. This early work used range-independent (flat
bottom) ray-based models for the model-data comparisons, while
current work includes range-dependent models based on adiabatic
normal modes. Here, we discuss a range-dependent shallow-water
reverberation model using adiabatic normal modes that has been
developed to handle bottom scattering and clutter echoes in a
range-dependent environment. Beam time series similar to those
measured on a horizontal line array can be produced. Compar-
isons can then directly be made with data, features identified, and
estimates of the scattering obtained. Of particular interest will be
data obtained on the triplet line array during the 2013 Target and
Reverberation EXperiments in the Gulf of Mexico off Panama City,
FL, USA, where interesting effects in sea bottom sand dunes were
observed. Particular attention has been paid to calibration to get
estimates of scattering strengths. In addition to the reverberation,
a preliminary investigation of the target echo is presented.

Index Terms—Array signal processing, midfrequency reverber-
ation, reverberation modeling, target echo.

I. INTRODUCTION

R EVERBERATION measurements obtained with towed ar-
rays are a valuable tool to extract information about the

ocean environment. Preston [1] pioneered the use of polar plots
to display reverberation and identify scattering features. In that
procedure, the towed array reverberation beam time series are
mapped into range, beam angles into azimuth, and the resul-
tant polar plot of reverberation intensity is superimposed on a
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bathymetry map around the source and receiver locations. Lo-
cal peaks in reverberation generally coincide with bathymetric
features; anomalous peaks in reverberation often coincide with
uncharted bathymetric features. As part of Rapid Environmen-
tal Assessment exercises, Preston and Ellis [2], [3] used direc-
tional reverberation measurements to detect uncharted bottom
features, and to extract environmental information using model-
data comparisons.

This early work used range-independent (flat bottom) ray-
based models for the model-data comparisons; current work
includes range-dependent models based on adiabatic normal
modes. This paper describes a range-dependent shallow-water
model using adiabatic normal modes that has been developed
to handle boundary scattering and target echoes in a range-
dependent environment. Beam time series similar to that from a
horizontal line array can be produced. Comparisons can then
directly be made with data, and estimates of the scattering
obtained.

Of particular interest are data obtained on the Five Octave
Research Array (FORA) line array [4] during the Target and
Reverberation EXperiments (TREX) in the Gulf of Mexico off
Panama City, FL, USA in 2012 and 2013. The experiments were
sponsored by the U.S. Office of Naval Research (ONR) and
organized by the Applied Physics Laboratory at the University
of Washington (APL/UW, Seattle, WA, USA). Their unique
feature was a fixed source and fixed line array receiver deployed
in about 20 m of water, over a period of several weeks. The
acoustic experiments were complemented by an extensive set
of environmental measurements to facilitate the understanding
of the underlying reverberation and clutter mechanisms, and to
support quantitative modeling. An overview of the experiment
is summarized by Tang and Hefner [5], [6]. Preston [7] has
presented an overview of some of the data, and an extensive
analysis is presented in [8]. The initial model-data comparisons
[9] suggested a correlation of the measured reverberation with
the sand dunes, which was then confirmed [10] in the main set
of experiments, though stronger than the model predicted.

The paper begins with a description of the normal-mode
reverberation and target echo models, for monostatic and
bistatic geometries, and flat and range-dependent environments.
Section II describes the measurements from the recent TREX
experiment. The main focus is on reverberation, but an initial
look at the target echo is also included. Considerable effort was
made to obtain calibrated data, and an appendix on calibrations

0364-9059 © 2017 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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is included. Section IV shows some model calculations, and
model-data differences to help interpret and quantify the data.
The model predictions follow the trend of the data reasonably
well. However, as discussed in Section V, there are some high
scattering features the model does not predict. At the current
stage, no attempt has been made to model this high scattering.
It seems to be related to some other scattering mechanism, so
far undetermined, and detailed bottom measurements are neces-
sary. The model has done its job—it tells us what we know, and
the model-data differences show us where further investigation
is needed.

II. REVERBERATION AND TARGET ECHO MODEL

An intensity-based formulation is used for the reverberation
and target echo models. The essential concept is given by

R(t) = I0

∫ ∫
A(t)

∑
m

∑
n

Hm (rmn)SmnHn (rmn)dAmn (1)

whereR(t) is reverberation as a function of time, I0 is the source
intensity,Hm is propagation on the outgoing path from source to
scatterer at range rmn , Hn is propagation on the incoming path
from scatterer to receiver, Smn is scattering from path m into
path n, and dAmn is the area insonified by the pulse. There are
many outgoing and incoming paths, each with different travel
times and scattering angles, so calculating the reverberation at
a given time involves many different angles (and ranges).

For our approach the essential feature is to use normal modes
for propagation, and ray-mode analogies for scattering. We be-
gin with the range-independent monostatic case, with omnidi-
rectional source and receiver. This was first described by Bucker
and Morris [11], and later extended by Ellis [12]. The reverber-
ation intensity at time t for a short pulse of intensity I0 for
duration τ0 can be written as

R0(t) = I0τ0(2π)3ρ−4
w

N∑
n=1

k−1
n [un (zS )An (zb)]

2

×
N∑

m=1

k−1
m [um (zR )Am (zb)]

2 Cnmr
−1
nmSb(θnb , θmb)

× exp[−2(δn + δm )rnm ] (2)

where ρw is the density1 in the water column, b refers to
the boundary (surface or bottom), Sb is the scattering func-
tion at the boundary, zb is the surface or bottom bound-
ary depth, zS and zR are the source and receiver depths,
un , An , kn , δn , and gn are the mode functions, amplitudes,
wave numbers, attenuations, and group speeds, respectively.
The θn are the equivalent ray grazing angles of the modes
at the boundary depths, and rnm = gn tn = gm tm , where t =
tn + tm , with tn and tm being the travel times from the
source (or receiver) to the scattering patch. The summations
are over the number of modes. Note Cnm = ω/(kn + km ),
where ω = 2πf is the angular frequency, is an area adjustment

1The density, needed for consistency with the normal mode normalization,
was omitted from [12].

factor that basically reduces to half the average phase speed
cp/2.

The formulation can be extended to handle beam patterns,
bistatic reverberation, and range dependence, as well as target
echo. These are described in the following sections, along with
two models based on these formulations.

A. Range-Independent Monostatic Reverberation
With Beam Patterns

Following [12], but adding beam patterns [13], reverberation
level at time t for a short pulse of intensity I0 for duration τ0
and a beam steered in the direction βl can be written as

R0(t, βl) = I0τ0(2π)3ρ−4
w

N∑
n=1

k−1
n BS (θnS) [un (zS )An (zb)]

2

×
N∑

m=1

k−1
m BRl(θmR) [um (zR )Am (zb)]

2 Cnmr
−1
nm

× Sb(θnb , θmb) exp[−2(δn + δm )rnm ] (3)

whereBS is the source beam pattern,BRl is the (effective) beam
pattern of the lth receiver beam and θn [S,R,b] are the equivalent
ray grazing angles of the modes at the source, receiver, and
boundary depths.

Implicit in (3) is an azimuthal angular independence. For
directional receivers, such as towed arrays, one would have
to compute the reverberation over azimuthal angles. However,
the angular integration can be avoided by precomputing the
effective receiver vertical beam pattern [14] or reverberation
response over a flat uniform bottom, which is the towed array
beam pattern BR (θ, φ;βl) at vertical angle θ integrated over all
azimuth angles φ

Beff(θ;βl) =
1
2π

∫ 2π

0
BR (θ, φ;βl) dφ. (4)

where βl is the steering angle of the towed array.
The average up- and down-going beam patterns are needed

for the normal-mode formulation

BRl(θ) =
[
Beff(−θ;βl) +Beff(θ;βl)

]
/2. (5)

For towed array beams away from the endfire region, the
vertical angle dependence of BRl(θ) at low grazing angles is
fairly constant (see figures in [14]). Since the reverberation in
the waveguide arrives also at low-grazing angles, the quantity
BRl(0) can be interpreted as an effective reverberation reduc-
tion, or equivalently as an equivalent horizontal beamwidth/(2π)
that includes the effect of any sidelobes [15].

B. Bistatic Reverberation: Range Independent

The equation for bistatic reverberation looks essentially the
same as the monostatic equation (3), except that: 1) the re-
verberation depends on azimuthal angle φ (measured counter
clockwise from the receiver, with the source at φ = π); 2) the
scattering function Sb(θm , θn , ψ) depends on the bistatic angle
ψ between the source-scatterer-receiver (see Fig. 1); and 3) one
must use the actual three-dimensional (3-D) beam patterns, not
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Fig. 1. Bistatic geometry, with (0, 0), (−L, 0), and (xb , yb ) being the receiver
R, source S , and scatterer locations in Cartesian coordinates.

the effective beam patterns. In terms of the mode functions, the
equation can be written as

R0(t, βl) = I0τ0(2π)2ρ−4
w

∫ 2π

0
dφ

N∑
n=1

k−1
n BS (θnS , φ)

× [un (zS )An (zb)]
2

N∑
m=1

k−1
m BR (θmR , φ;βl)

× [um (zR )Am (zb)]
2 Sb(θnb , θmb , ψ)

× exp[−2(δnrmn + δmrmn)]r−1
mnC

′
nm(φ). (6)

The area adjustment factor C ′
mn(φ) is similar to the ω/(kn +

km ) term in the monostatic case, but more complicated
[13], [16].

C. Bistatic Reverberation: Range-Dependent Adiabatic Modes

The group velocity time dependence adds a lot of complexity
to the formulation, so we drop it for the range-dependent formu-
lation. It is an N × 2D formulation; i.e., there is no horizontal
refraction. The propagation paths are over a range-dependent
geometry, but with adiabatic modes the result looks very similar
to (6); i.e.,

R0(t, βl) = I0τ0(2π)2ρ−4
w

∫ φm a x

φm in

dφ
NS b∑
n=1

k
−1
nSbBS (θnS , φ)

× [un (zS ;xS , yS )An (zb ;xb, yb)]
2

×
NR b∑
m=1

k
−1
mRbBR (θmR , φ;βl)

× [um (zR ;xR , yR )Am (zb ;xb, yb)]
2

× Sb(θ′nb , θ
′
mb , ψ;xb, yb)
rSb

× exp[−2(δnSbrSb + δmRbrRb)]

× C ′
nm(φ, rSb , rRb). (7)

The source is at xS , yS , the receiver is at xR, yR , and the bot-
tom scattering takes place at xb, yb . The wave number and
attenuation coefficients, knSb , kmRb , δnSb , δmRb , are averaged
over the source–scatterer path or scatterer–receiver path; e.g.,
knSb(r) = r−1

∫ [xb ,yb ]
[xS ,yS ] kn (r)dr. The scattering angles at the

bottom are modified by the local slope χ(r) along each radial;
i.e., θ′nb(r) = max(0, θnb + χ(r)). The summations are over
the minimum number of modes along the source–scatterer path

or scatterer–receiver path. Range is mapped into time with some
average group velocity: t = (rSb + rRb)/cg ; the area correction
C ′

mn(φ) is now independent of m and n.
The azimuthal integration limits are φmin = 0 and φmin =

2π. In practice, we may want to integrate over only an azimuthal
sector; e.g., where outside this region the beam pattern may be
sufficiently small that the contributions are negligible.

D. Target Echo

The target echo in the monostatic range-independent case
follows Ellis et al. [17]

Te(t, βl ; r, φT ) = (2π/r)2ρ−4
w

N∑
n=1

k−1
n BS (θnS , φT )

× [un (zS )An (zT )]2

×
N∑

m=1

k−1
m BR (θmR , φT ;βl)

× [um (zR )Am (zT )]2

× exp[−2(δn + δm )r]Enm(zT )

× I0(t− tn − tm ) (8)

where zT is the target depth, Enm is the target echo strength
(which can be angle dependent), and tn = r/gn are the mode
travel times to the target. The mode amplitude envelopesAn are
used, which would be most appropriate for a target distributed
over depth [17]. For a point target one would use the mode
functions un (zT ). Note in this case the receiver beam pattern
BR is a vertical section at azimuth φT , and not integrated over
azimuth.

Extending (8) to range-dependent bistatic geometry using
adiabatic modes gives

Te(t, βl ;xT , yT ) =
(2π)2

rST rRT
ρ−4
w

NS T∑
n=1

k
−1
nSTBS (θnS , φT )

× [un (zS ;xS , yS )An (zT ;xT , yT )]2

×
NRT∑
m=1

k
−1
mRTBR (θmR , φT ;βl)

× [um (zR ; zR , yR )Am (zT ;xT , yT )]2

× exp
[−2(δnSTrST + δmRTrRT)

]
× Enm(zT , ψ;xT , yT )I0(t− tn − tm ).

(9)

As with the reverberation calculation, the wave numbers knSt
and attenuations δnSt are averaged over the source-target path or
target-receiver path, and the summations are over the minimum
number of modes along the corresponding path.

Note that in the case of constant group velocities, if Enm is
independent of m and n, there are no cross terms in (8) and
(9), so the double summation reduces to the product of two
single sums. Ignoring the time spreading for reverberation will
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probably not produce serious errors, however, for a short pulse it
may not be a good approximation in the target echo calculation.

E. Clutter Model

The Clutter Model [16], [18], [19] implements (7) and (9) over
an area. The modes are calculated on a series of grid points, and
the amplitudes along each radial (slowly varying compared to
the mode functions themselves) obtained by 2-D linear inter-
polation. The internal computational subroutine can handle an
arbitrary sound-speed profile and layered bottom at each grid
point, and reflection losses from surface and bottom rms rough-
ness can be included [20]. At present the calling program is not
that general, so is mainly limited to changes in the bathymetry. In
principle any separable scattering function can be used at either
the surface, bottom or sub-bottom interface. In practice only
Lambert bottom scattering has been implemented, though an
arbitrary scattering strength can be specified at each grid point.

A key component is how the model handles the towed ar-
ray beam patterns. The azimuthal integration is broken into a
specified number of radials at azimuths φj , j = 1, . . . , Nj mea-
sured from the receiver. Often the receiver beam pattern is quite
narrow, but the environment may not be varying much. In this
case, for computational efficiency, an effective beam pattern is
precomputed over the sector j, where the integration of (4) is
over the interval [(φj−1 + φj )/2, (φj + φj+1)/2].

In the FORA array (see Section III-A) each element of the
line array is composed of three elements (triplets), which can be
used to form broadside cardioids steered left or right. The total
array beam pattern BT is then the usual line array beam pattern
BL multiplied by broadside cardioids BC ; i.e.,

BT (θ, φ) = BL (β;βl)BC (β;βl) (10)

where cosβ=cos θ cosφ, BC = [(1 ± sinβ)/(1 + | sinβl |)]2 ,
with β is measured from forward endfire, and the ± determines
right or left broadside. The cardioid gives unit response at the
linear array steering angle βl , a null on the opposite broadside,
and no singularity on the endfire beams.

In addition to the reverberation effects due to bottom
bathymetry, the Clutter Model can handle a number of scat-
tering objects of arbitrary strength, at arbitrary locations
(xTc , yTc , zTc). These are modeled as point targets, (9), hence
the name Clutter Model. Each run is deterministic, and does not
include any statistics.

Typically, the Clutter Model is used to model the full set of
beams from a towed array, and display the results as a polar plot
for the area. For realism and model-data comparisons it also has
the option of specifying a constant noise level on each beam.

F. Separable Approximation; Monostatic Geometry; R2D3
Model

If the scattering function can be written in separable form;
e.g., S(θm , θn ) = b(θm )b(θn ), then for monostatic geometry
the double sum of (7) can be written as a product of two single
sums [12], [21]

R(t) = A0FS (r)FR (r) (11)

Fig. 2. TREX13 site showing bathymetry and deployments. The source and
FORA horizontal array are fixed near bottom in about 20-m water. Water depths
range from 12 (red) to 21 m (dark blue); the main track is about 7 km and
of nearly constant depth sand dunes are 1–2 m in height, and several hundred
meters apart.

where A0 = I0τ0(2π)2r−1ρ−4
w Φ

FS (r) =
∑
n

BS (θnS)u2
n (zS ; 0)A2

n (zb ; r)b(θ′nb ; r)

× exp(−2δnr)(kn )−1 (12)

and Φ is the effective horizontal beamwidth or some other an-
gular sector of interest. FR is given by a similar expression for
the receiver.

Our calculations here have generally assumed Lambert’s
rule for bottom scattering; i.e., S(θm , θn ) = μ sin(θm ) sin(θn ),
where μ is the Lambert scattering strength, adjustable to fit the
data, but typically 0.002, and usually quoted in decibel (here
−27 dB).

The R2D3 model provides an implementation of (7) with-
out beam patterns, and along a single radial. It can handle an
arbitrary sound-speed profile and layered bottom at multiple
range points. In principle any scattering function can be used at
either the surface, bottom or sub-bottom interface; in practice
only bottom scattering has been implemented, Lambert (sin2)
or sin4 . Losses from surface and bottom rms roughness can be
included. Beam pattern effects are approximated by setting Φ
to the effective horizontal beamwidth obtained from the effec-
tive reverberation response described at the end of Section II-A.
R2D3 has the option that b(θ′nb ; r) may include, or not include,
the bottom slope.

It also calculates the target echo as a function of range, with
(9) reduced to

Te(r) =
(2π)2ET

r2ρ4

Nr∑
n=1

k
−1
n u2

n (zS ; 0)A2
n (zT ; r)e−2δn r

×
Nr∑
m=1

k
−1
n u2

m (zR ; 0)A2
m (zT ; r)e−2δm r (13)

whereET is the target strength, and r = cg t/2 with cg being an
average group velocity for all modes.

The R2D3 model is typically used to obtain line plots for com-
parison with a single beam of the towed array. Higher resolution
bathymetry on a single radial can be incorporated.
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TABLE I
BEST ESTIMATES OF SOURCE-RECEIVER GEOMETRY AND LOCATIONS

Date ITC Approx. FORA

Runs location source-receiver Nominal Estimated Module center
Julian day Lat (◦N) Lon (◦W) geometry heading orientation Lat (◦N) Lon (◦W)

Apr 23–26 source 3-m
Runs 11–32 30.05977 85.68056 NW of FORA 219 217 30.05976 85.68054
JD113–116 center
Apr 26-May 1 source 50-m
Runs 33–53 30.05968 85.68107 W of FORA 219 217 30.05976 85.68054
JD116–122
May 7 source 62.5-m
Runs 58–62 30.05975 85.68084 N of FORA 333 334 30.05927 85.68058
JD127 center
May 8–17 source 62.5-m
Runs 63–131 30.05975 85.68084 N of FORA 358 356 30.05925 85.68063
JD128–136 center
2012 source about 5-m
Apr 20 30.059868 85.681053 W of FORA 007 30.059492 85.681116
JD111 (location of R/V Sharp) (derived location)

The first four entries are from TREX13, and the last entry is from the 2012 experiment. The heading/orientations in the
table have been corrected for magnetic declination 3◦ W of N.

Fig. 3. Plots of model-data differences for a short CW pulse (left) and a LFM pulse (right) in 2012.

III. MEASUREMENTS OF REVERBERATION AND TARGET ECHO

As mentioned in Section I, TREX was a series of Target and
Reverberation Experiments off Panama City, FL, USA. Their
unique feature was a fixed source and fixed receiver deployed in
about 20 m of water, with the acoustic experiments being com-
plemented by an extensive set of environmental measurements
to facilitate the understanding of the underlying reverberation
and clutter mechanisms, and to support quantitative modeling.
In this section, we look at some of the measurements of rever-
beration and target echo data received on a horizontal line array
with triplet elements, which enable left–right discrimination.

A. TREX Reverberation Experiments

An initial work-up experiment was conducted in April
2012 with a fixed source (ITC-2015) and receiver (the triplet
section of FORA [4]) deployed from Research Vessel (R/V)

Sharp. The same equipment was deployed in the main TREX13
experiment conducted in April and May 2013. In addition,
for part of the time in 2013, Defence Research and Develop-
ment Canada (DRDC) participated with their Canadian Forces
Auxiliary Vessel (CFAV) Quest, towing an echo repeater for
transmission loss and target echo measurements, as well as con-
ducting active sonar experiments [22]. Other equipments were
deployed, including the Scripps vertical line arrays (VLAs) for
transmission loss measurements, and a DRDC passive acoustic
target (PAT), a vertical air-filled hose spanning most of the wa-
ter column for echo measurements from a fixed location. Fig. 2
illustrates the TREX13 site, with the two arms representing fine
scale bathymetry in the main reverberation and Clutter Tracks.

The source–receiver pair were deployed in fixed positions
several times during the experiment (see Table I). Even though
the array was stretched between fixed poles, the array compass
varied a few degrees run-to-run and ping-to-ping, possibly due
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Fig. 4. TREX13 example: Model-data differences for 1800–2700-Hz LFM
signal. Reverberation level is uncalibrated, with model level adjusted to agree
near array. Large differences are observed near the shoreline (white contour).
Many clutter objects stand out; some of these are correlated with known objects
(filled diamonds).

to currents. The estimated orientation is obtained from the max-
imum beam response from location of known scattering objects;
e.g., the VLA and PAT air hose. Locations for 2012 were taken
from the log file for the JD111 1404Z pulse; the ITC location is
actually the position of the GPS on R/V Sharp, and the FORA
location is derived from the cable scope and presumed bearing.

During TREX13, reverberation data were taken during all
hours of the day and night, allowing study of reverberation
variation over time and sea surface conditions. In addition to
the time and weather dependence, the full 360◦ directional de-
pendence of reverberation level could be determined using the
FORA triplet array. The focus of the experiment was on rever-
beration returning from a track of relatively uniform water depth
of 20 m, extending about 10 km to the SE (129 ◦T) of the source
and receiver. A secondary focus was the Clutter Track, extend-
ing to the SW (240 ◦T) toward some known bottom scattering
objects.

The ITC-2015 source was deployed from R/V Sharp, 1.2 m
above the bottom. A large variety of pulses were used in the
experiments. Of particular interest here are various pulses be-
tween 1800 and 3600 Hz, with the latter frequency being near
the design frequency of the FORA triplet array. Typical Applied
Research Laboratory (ARL)/APL pulses were: 1-s CWs at 1900,
2700, and 3500 Hz; 1-s 100-Hz bandwidth LFMs centered at
1950, 2750, and 3450 Hz; wideband pulses of 1800–2700 Hz,
2700–3600 Hz, and 1800–3600 Hz. All pulses had sin2 taper-
ing at each end (10% Tukey shading). Their input voltage to
the signal generator was flat; so the output levels followed the
frequency output of the source; e.g., 196.1, 197.8, and 196.4 dB
(re 1 μPa2m2) at 1.9, 2.7, and 3.5 kHz, respectively.2 Typical
DRDC pulses were: 0.5-s CWs at 1900, 2700, and 3500 Hz; 0.5 s

2For narrowband pulses near 3.5 kHz, the amplifier voltage was often in-
creased to produce a source level of 199.4 dB. After May 7, the L10 amplifier
on the ITC-2015 source was replaced by an L6 amplifier, which reduced the
maximum output levels by 1 dB.

200-Hz bandwidth LFMs centered at 1900, 2700, and 3500 Hz;
several 0.5-s wideband LFMs: 1800–2700 Hz, 2700–3600 Hz,
and 1800–3600 Hz. All had 5% Tukey tapering at each end.
Their inputs to the signal generator were shaped to have a flat
response of 198.5 dB re 1 μPa2m2 over the frequency band for
each pulse. After May 7, the high band (> 2700 Hz) DRDC
LFM pulses were not used. The energy source levels (ESL) are
the source intensity times the pulse length reduced by the Tukey
shading (0.6 dB for 10% shading).

The receiver was the triplet section of FORA [4], an ONR
array designed and maintained by the ARL at The Pennsylvania
State University (PSU, State College, PA, USA). The triplet sec-
tion of FORA has 78 elements at 0.2-m spacing, which implies
a design frequency of 3750 Hz for a sound speed of 1500 m/s.
Each element of the line array is composed of three elements
(triplets), which can be used to form broadside cardioids steered
left or right [23]. For the TREX experiments it was deployed
horizontally in a fixed position, between two fixed vertical posts,
2.1 m above the bottom. For this experiment only the 48-element
rear subsection of the triplet was used, with an array length about
9.4 m, or roughly 22 wavelengths at 3500 Hz (12 λ at 1900 Hz).

Though over-resolving, to maintain consistency with beam
angles from other experiments, for the ARL and DRDC pro-
cessing these 48 working elements were Hann-weighted and
used to form 157 beams, 79 equally spaced in the sine of the
beam steering angle, from forward to aft endfire on each side.
The triplets in each element were used to form broadside car-
dioids on the appropriate side, except at aft endfire where only
the right-looking cardioid was used. (Beam 1 is forward end-
fire, Beam 40 is right broadside, Beam 79 is endfire, and Beam
118 is left broadside.) The APL processing typically used uni-
form weighting of the elements, and formed beams at 1◦ bearing
increments; details are in [8].

After beamforming, the beam time series were match filtered.
The DRDC matched filter (MF) was not normalized. The ARL
MF was normalized so that the reverberation was reduced by
approximately the time-bandwidth product. The APL MF was
normalized so that the reverberation levels approximated energy.
A procedure was developed to resolve the various calibrations;
see Appendix A.

B. Reverberation Data

1) GulfEx 2012 Data: In 2012, a small “pre-experiment” to
test the systems and procedures had been conducted. FORA
was deployed with the forward endfire beam pointing 7◦ E of
N. The source was an ITC-2015 transducer, operating at 199 dB
(re 1 μPa2m2). It had an omnidirectional beam pattern and was
deployed 1.2 m off the bottom, about 3-mW of the midpoint of
the FORA array. Generally, pulses were sent every 30 s; for each
pulse, 25 s of data were recorded with 1 s of background noise
before the pulse. The main pulses sent were 0.8-ms continuous
wave (CW) at 3500 Hz, 10-ms CW at 3500 Hz, and 100-ms
LFM from 2500–3500 Hz. The short 0.8-ms pulse was used as
a calibration pulse, with the direct and bottom bounce arrivals
separated in time. The other two signals were used to test the
signal range; e.g., the 100-ms LFM could stay above background
noise for ∼5 s.



350 IEEE JOURNAL OF OCEANIC ENGINEERING, VOL. 42, NO. 2, APRIL 2017

Fig. 5. Run 82, Beam 101 (244◦ from forward endfire), with CFAV Quest steaming outward on the Clutter Track. All 89 pulses are 1800–2700-Hz LFMs, with
the initial blast from each pulse lined up to a time of 0 s. CFAV Quest’s echo, from lower left to upper right, is seen in each trace; the echo repeater signal, delayed
0.3 s, is seen on alternate pings. Vertical lines represent stationary scatterers.

Short-range model-data comparisons were made with the 10-
and 100-ms pulses; Fig. 3 shows model-data differences for two
of these pulses out to about 7 s. Bathymetry contours (from the
∼90-m resolution NOAA bathymetry [24]) at 2 m intervals are
shown, with the 0- and 2-m contours in white. Many clutter
objects are consistent from ping to ping.

There was some indication at the time [9] that near the array
(first 2 or 3 s of data) the reverberation was correlated with
bathymetry and sand waves, or dunes. Sand dunes and their
migration were known in this area [25], so the correspondence
with backscatter merited further investigation. With the fine-
scale bathymetry data now available, we show there is good
correspondence between fluctuations of reverberation intensity
and bathymetry (see Section IV-B).

2) TREX13 Data: During TREX13, the same ITC-2015
and FORA system were used. Waveforms as mentioned in
Section III-A, both narrowband and broadband, are 0.5 or 1 s
long. An example of beamformed results is shown in Fig. 4 us-
ing the 1800–2700-Hz LFM signal. The array heading is close
to north, ∼356◦. In this figure, the uncalibrated data are “nor-
malized” to a prediction from the Clutter Model, with the overall
level of the data adjusted to agree near the array. The circle is at
5 s, and the contours are spaced at 5 m.

A number of clutter objects stand out, some corresponding
with known wrecks (white diamonds) and deployed equipment
(black diamonds). Many of the other clutter objects do not co-
incide with known bathymetry features or wrecks. The high re-
verberation just east of the array is likely high scattering and not
errors in the bathymetry. The very high reverberation near the
shoreline (white contour and black 5-m contour) could be due
to due to a number of things: higher scattering, inaccuracies in
the model inputs, particularly bathymetry, or even the adiabatic
assumption in the model. The agreement of the model and data
along the Reverberation Track to the SE is reasonably good; the
model inputs, and striations in the reverberation along the Re-
verberation Track will be discussed in more detail in Section IV.

C. Echo Repeater Data

In TREX13, a number of data sets were taken with CFAV
Quest towing an echo repeater along the Reverberation and
Clutter Tracks. The echo repeater consisted of a source towed
immediately behind CFAV Quest at a depth of approximately
9 m, and a 16-channel array towed about 70 m behind CFAV
Quest at depths of 5–10 m to receive the direct transmissions
from ITC source. The received signal on one hydrophone was
used as a replica for the echo repeater. For the data shown
here, the echo repeater was in “ping-pong” mode; that is, each
signal was transmitted twice. On the first transmission, the echo
repeater recorded and saved the received signal; the second
transmission was preceded by a trigger pulse, which then caused
the echo repeater to transmit the signal stored from the previous
pulse.

Fig. 5 illustrates the received signal on FORA Beam 101
(244◦ clockwise from forward endfire) during the first half hour
of Run 82 (JD130) with CFAV Quest towing the echo repeater
outward on the Clutter Track. The pulse is the 0.5 s 1.8–2.7 kHz
LFM, transmitted every 20 s, so there are 89 pings. On every
second pulse, the echo repeater responds, retransmitting the
received pulse with a 0-dB gain. To avoid interference with
the echo from the hull of CFAV Quest a delay of 300 ms was
incorporated. The start times of each ping are aligned, so the
track of CFAV Quest and the echo repeater can be seen on the
plot. The echo from CFAV Quest can be seen on every ping, and
the echo repeater response (delayed 0.3 s) on every second ping.
The vertical lines in the plot represent static clutter objects in
the beam.3 One can also see moving scattering objects in the
beam, generally moving toward FORA.

Fig. 6 shows the received signal for six pings around the 4-s
mark. The echo from CFAV Quest can be seen on each ping;

3The vertical line at 3.6 s is from the PAT vertical air hose, which is near the
ambiguous beam and due to its ∼10–15-dB target strength spills over into this
beam.



ELLIS et al.: NORMAL MODE REVERBERATION AND TARGET ECHO MODEL TO INTERPRET TOWED ARRAY DATA IN TREX 351

Fig. 6. Signal level for six pings from Run 82, with echo repeater near the “4-s range.” The bottom plot is a closeup, illustrating the echo repeater signal delayed
0.3 s on the even pings.

the echo-repeater response, delayed 0.3 s, can be seen on the
even pings. For plotting here, the data were smoothed with a
Hann window of duration 0.0125 s (39 points) and decimated
by a factor of half that (20 points). The echo from CFAV Quest
is about 5 dB higher than the echo-repeater signal; this sug-
gests a target strength the order of 5 dB for CFAV Quest at aft
endfire.

IV. MODEL-DATA COMPARISONS

This section describes the model calculations in more de-
tail. In Section IV-A, the Clutter Model is applied to the
TREX site using range-dependent bathymetry and compared
with data from the FORA array. Then, the fine scale bathymetry
is used with the R2D3 model along a single radial. Along the
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Fig. 7. Left: range-dependent model calculation including beam noise; note how the reverberation is cutoff by the shore contours (0-m contour shown in white).
The black circle marks 5 s; the red ovals show target on main and ambiguous beams. Right: short-range enlargement; the effect of depth changes at the grid points
(about every 0.01◦) can be seen.

Fig. 8. Model-data comparison for 3400–3500-Hz LFM along main Rever-
beration Track.

Reverberation Track an interesting correspondence of Reverber-
ation peaks with the bathymetry troughs is observed. The main
model-data comparisons are Run 17 (three 200-Hz bands along
the Reverberation Track), and Run 82 (1800–2700-Hz LFM, a
section of polar plot along the Reverberation Track and a radial
along the Clutter Track).

A. Clutter Model Calculations

Fig. 7 shows an illustration of the Clutter Model calcula-
tions for a pulse with energy source level ESL = 189 dB re
1 μPa2m2s at 3 kHz; corresponding to the GulfEx 2012 pulse
2500–3500-Hz LFM with SL = 199 dB re 1 μPa2m2 for 0.1 s.
The water was isospeed with sound speed 1530 m/s; the bot-
tom properties [26], from previous experiments in the area,
used a half-space with sound speed cb = 1680 m/s, density

ρb = 2040 kg/m3 , and attenuation δb = 0.84-dB/wavelength, or
0.5 dB/(m·kHz). Reverberation was assumed to be due to bot-
tom scattering using Lambert’s rule withμ = −27-dB scattering
strength. The bathymetry was from General Bathymetric Chart
of the Oceans (GEBCO) bathymetry [27] (50 by 56 points on a
half-minute grid ∼0.9-km spacing), modified so the minimum
water depth was 0.9 m, leaving at least one propagating mode
at 3 kHz. The receiver was a horizontal array of 48 elements at
0.2-m spacing, and 157 beams with left–right cardioids were
formed. The Clutter Model can accept a different noise level
on each beam; for this calculation the measured beam noise
from one of the pings was used. There is a 15-dB target at mid
depth, 12.7 km to the SE. Calculations were done at a single
frequency 3000 Hz, using the average beam patterns over the
2500–3500-Hz band. Using 58 radials reverberation was calcu-
lated on all 157 beams every 0.1 s out to 25 s. Calculation time
was about 3 min on a 2-GHz laptop.

In the left panel of Fig. 7, one can see how the reverberation
is cutoff by the shore contours of the underlying bathymetry. In
the short-range enlargement (right panel of Fig. 7), the effect
of depth changes at the grid points (about every 0.01◦) can be
seen. The GEBCO resolution is too coarse for one to see any
of the smaller features. Even the NOAA bathymetry ∼90-m
resolution is too coarse. In Section IV-B, calculations from the
R2D3 model will be shown, using higher resolution bathymetry
but along a single radial.

The target echo to the SE appears above the noise, as an
arc spreading across several beams (red ellipse). It can be seen
faintly to the SW on the ambiguous beam (red ellipse). The effect
here is basically a beamwidth effect, since the propagation is
dominated by low grazing angle paths. More generally, the 3-D
conical beams of a line array can introduce a beam bias. Using
the spherical trigonometry relation cosβ = cos θ cosφ, e.g., if
the scattering (which is small at low grazing angles) is dominated
by scattering at steeper grazing angles of say θ = 19◦, then
scattering from azimuth φ = 35◦ from endfire would appear
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Fig. 9. Model-data comparisons for 1900–2000-Hz and 2600–2700-Hz LFMs from Run 17.

Fig. 10. Difference of flat and range-dependent reverberation predictions
along the Reverberation Track, compared with de Moustier’s 2013 bathymetry.

on the beam β = 30◦ from endfire. The scattering angles are
not likely that high, so the bias will be small, except close to
endfire.

B. R2D3 Calculations

To obtain more quantitative results, in this section calculations
along a single radial are shown. Fig. 8 shows a comparison of
the range-dependent R2D3 model with Run 17 data, from a
10-ping average of the 1 s 3400–3500-Hz LFM at source level
199.8 dB re 1 μPa2m2 . The model was run at 3450 Hz and
the omnidirectional results were reduced by the effective rever-
beration response of 21.3 dB corresponding to (2π)−1 times
the effective beamwidth of the broadside beam of a uniformly
weighted array. The same bottom half space as in the previous
calculation was used, but the Lambert coefficient was adjusted
to −31 dB to get a fit to the bottom envelope of the measured
levels. The predicted reverberation is about the correct level,
although a slower dropoff at short times and faster dropoff at

long times would be better. The flat bottom model prediction
follows the trend of the range-dependent prediction quite
closely. These model-data comparisons are not meant to be
definitive; rather, they are a rapid environmental assessment
tool to determine, where we should concentrate for more data
analysis and improved environmental inputs.

Similar graphs (see Fig. 9) were obtained for the
1900–2000-Hz LFM and 2700–2800-Hz LFM, with source
levels of 196.4 and 197.9 dB re 1 μPa2m2 , and effective re-
verberation reductions of 18.9 and 20.4 dB, respectively. The
data-model differences are similar at the three frequencies, so
the source level and beam pattern effects account for most of the
frequency dependence in the data. The bottom reflectivity for
a half space is frequency independent, and the Lambert coeffi-
cient was frequency independent, so it suggests the scattering
itself is not strongly frequency dependent.

Note that at short range the data show much higher variations
(∼10 dB) than the model prediction (∼1–2 dB). First, we look
at the model predictions. Fig. 10 shows the flat-bottom (18-m
depth) model prediction subtracted from the range-dependent
model prediction using R2D3 with the no-slope option; also
shown is the input bathymetric profile. As the water gets shal-
lower, the reverberation increases. This is what we would expect:
The mode amplitudes are proportional to 1/

√
H , where H is

the water depth. Therefore, from (7) for example, the reverber-
ation would be proportional to H−2 , giving the calculated 1-dB
increase in level when the water depth decreases by 10%. The
range-time mapping here and for other TREX13 figures uses a
group velocity of 1525 m/s.

The data, however, show the opposite behavior with respect
to the bathymetry. Fig. 11 compares the reverberation varia-
tions with the black curve representing the difference between
the data and a flat bottom model, the red curve the bathymet-
ric fluctuations around the 19-m mean surface, and the green
curve the slope of the bathymetry. Note that the depth (red)
is positive here, so that the peaks in the reverberation (black)
roughly correspond to the dips in the bathymetry—opposite to
the model prediction. The bathymetry is from the 10-m version
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Fig. 11. Correspondence between the averaged reverberation along the Reverberation Track, the bathymetry, and the slope of the bathymetry for Run 17 (upper),
Run 82 (middle), and 2012 data (lower). The bathymetric profile is from the acoustic center of the FORA array toward the 7-km point of the Reverberation Track,
and offset by 19 m for display. The slope (upward being positive) is increased by a factor of 100. The model-data differences in decibel are reduced by a factor
of 10.

of de Moustier’s bathymetry, smoothed with a 5-point Hann win-
dow. Results from three runs are shown. The upper graph is from
Run 17, a 10-ping average of the 3400–3500-Hz LFM processed
at APL. The model is as described earlier for Fig. 8. The middle
graph shows data from Run 82, the average of the 1800–2700-Hz
LFMs processed by the DRDC/Akoostix procedure. The model

calculation is at 2250 Hz, with similar environmental inputs,
and with the mean reverberation level adjusted to approximate
the MF data. The lower graph is from the GulfEx 2012 data, an
average of three 2500–3500-Hz LFMs. The model calculation
is at 3000 Hz. In this case, the exact position of FORA was not
known, and bathymetry has been shifted 50 m along the track to
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line up with the reverberation peaks. In each of the three cases,
the array orientation is different, so the reverberation track is on
a different steering angle of the towed array. The model calcu-
lations have taken into account the different effective horizontal
beamwidth responses.

Though not the strong correlation with bathymetry and model
predictions, there is definitely a good correspondence between
the peaks of the measured reverberation and the troughs in the
bathymetry. Yang et al. [8] have determined correlation coeffi-
cients for a number of runs (with some biologic and other tran-
sient effects removed). For the first 3 km along the main track a
correlation coefficient of 0.75 between the inverted bathymetry
and the reverberation levels was obtained. Off the center of the
main track the correlation decreases, but is still 0.55 or more
over a 40◦ sector. Fluctuations, and sidelobes will definitely
have some effect. The correlation with the slope is not as good.
The explanation for the reverberation variations is likely related
to the seabed or sub-bottom effects. This points to the need for
additional measurements, especially in the trough regions.

The R2D3 model also does target echo calculations. Fig. 6 in-
cludes a calculation of reverberation and target echo at 2250 Hz
along the Clutter Track. The best estimate of the signal level was
197.6 dB re 1 μPa2m2 for a duration of 0.5 s, and point target of
strength 0 dB was assumed at depth 5 m. The geoacoustic model
was the same as for the main reverberation track with a Lambert
coefficient of −30 dB. For the reverberation the effective rever-
beration reduction is 17.3 dB for beam steering angle 245◦ aver-
aged over the 1800–2700-Hz band. The early reverberation data
have some strong undetermined features, but after 2 s the rever-
beration prediction tracks along the lower envelope of the data.
However, to get the model predictions to track the target echo
measurements in a reasonable manner, it was necessary to use a
slightly downward refracting profile. Since this was a daytime
run, a sound-speed profile from an early evening conductivity–
temperature–depth (CTD) probe was used. Though only about
3-m/s sound-speed difference between surface and bottom, it
makes a considerable difference in the target echo, reducing it
the order of 10 dB at 5 km, but having very little effect on the re-
verberation. More detailed analysis has to be done on comparing
with other transmission loss and target echo calculations. For
now, it is a demonstration of the diagnostic value of the model
calculations toward checking consistency of the reverberation
and target echo modeling, and showing the sensitivity of the
echo prediction to the sound-speed profile.

V. DISCUSSION

“Knowledge of the fact differs from knowledge of the reason
for the fact.”—Aristotle
The observed reverberation is a combination of surface, vol-

ume, bottom, and sub-bottom scattering. It is assumed the bot-
tom is dominant, with perhaps some sub-bottom penetration in
the trenches. For our scattering we have used Lambert’s rule,
being the simplest and most widely used. A different scattering
function will give a somewhat different behavior, but it is a use-
ful way to parametrize the scattering. If the angular dependence
of the scattering function is assumed to have a Lambert behav-
ior at all ranges, then a scattering strength can be obtained as a

Fig. 12. Implied scattering strength for the TREX13 main reverberation path
compared with water depth.

function of range. Fig. 12 shows the implied Lambert scattering
strength along the Reverberation Track using some Run 17 data.
At any range r, it is the Lambert scattering strength μ(r) needed
to have the model prediction agree with the data. It is simply
calculated by taking the difference between the measured data
and a corresponding model prediction with a 0-dB Lambert co-
efficient. The absolute levels, being model-data differences, are
only as good as the model predictions and the calibration of the
data; e.g., an error of 1 dB in the propagation will produce a
2-dB error in the implied scattering strength. The relative differ-
ences at nearby ranges should be reasonably reliable. Analysis
of transmission loss measurements will lead to better bottom
properties, better estimate of the transmission loss, and better
absolute measures of the scattering.

Our values for the geoacoustic parameters were taken from
analysis of a previous experiment in the area [26]. Alternate
models can give a reasonable fit to the data. For example, in a
Pekeris environment with Lambert scattering, the energy flux
approximation indicates [28] that the long-range (greater than
∼0.5 km here) reverberation is proportional to μ/α2 , where
α ∼ δbρb/(c2b sin3 θc) is the slope of the bottom reflection co-
efficient at low grazing angles, and θc is the critical angle. That
means we can get essentially the same model prediction by
changing the Lambert coefficient by some factor, and the atten-
uation coefficient by the square root of the same factor.

Another possibility would be to use a different scattering
function, e.g., one based on perturbation theory, which has a sin4

backscattering behavior at low grazing angles, rather than the
Lambert sin2 behavior, leading to a different range dependence
of the reverberation [15]. One could extract a similar implied
strength as in Fig. 12, illustrating the same enhanced features in
the troughs, but with a different strength and somewhat overall
trend.

Fig. 12 also shows the water depth. There is generally en-
hanced scattering, often the order of 10 dB, from the troughs
between the sand waves. For uniform scattering strength, the
model predictions (see Fig. 10) predict slightly higher reverber-
ation at the top of the sand dunes, due to the shallower water
depth. However, the data clearly show enhanced scattering in the
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Fig. 13. False color image of return from DRDC sub-bottom profiler along the Reverberation Track showing enhanced penetration in the troughs.

troughs, so the enhanced scattering is not due to the bathymetry
itself, but due to some change in the intrinsic scattering due to
a different material or mechanism in the troughs. The DRDC
sub-bottom profiler towed along the Reverberation Track also
shows enhanced penetration in the troughs (see Fig. 13) [29],
suggesting a softer material and possibly sub-bottom volume re-
verberation. Measurements [30] after the sea trial show a softer
material in the troughs. There is also some indication that the
enhanced scattering may be quite narrow in range [31].

The bathymetry shown is along a single radial; probably sev-
eral narrowly spaced radials should be used since the beams
sample a swath several degrees wide. The single radial model
calculation assumes the bathymetry is perpendicular to the ra-
dial. If the bathymetry or enhanced scattering ridges are not
perpendicular to the radial, then the peaks will be reduced and
stretched over time.

The high scattering in the troughs is not confined to the main
track. Fig. 14 shows the TREX13 data-model differences of
Fig. 4 at short range along the reverberation track. Here, the bot-
tom contours from the 10-m resolution bathymetry are shown.
Other than the early portion, the low scattering (blue) seems
to be coming from the peaks (white contours) of the dunes,
and the high scattering (yellow and red) from the troughs (grey
contours).

The model calculations have been quite useful in interpret-
ing the data, and identifying areas of interest where data and
model predictions differ. The normal mode formulation can be
extended to handle volume reverberation [17] in the water and
sub-bottom, or scattering from a sub-bottom interface. However,
it is beyond the scope of the paper to pursue these possibilities.
The adiabatic mode model is very useful and computationally
efficient, but its limitations need to be validated against more
elaborate range-dependent models.

VI. SUMMARY

A range-dependent reverberation and target echo model has
been developed using adiabatic normal modes for propagation. It
can handle towed array beam patterns and bistatic geometry and
can make predictions of beam time series that can be compared
directly with measured data. This allows many of the effects of
the measuring instruments to be removed, with the data-model
differences giving useful information about the environment, or
where the models need to be enhanced.

The TREX experiments were extremely successful. High
quality data were collected, during both daytime and night-
time, for almost a month. The source levels were kept low for
environmental reasons, but the directional nature of the FORA
array coupled with narrowband LFMs allowed signal to ambient
noise out to 5 s and in some cases to 10 s. The area had been
chosen to be flat and uniform to facilitate modeling. However,
one of the striking features was the relationship of the rever-
beration features with the sand waves (or dunes) in the area.
Although only about 1-m peak-to-trough over several hundred
meters range, the dunes resulted in reverberation fluctuations
on the order of 10 dB. A key observation is that the peaks in
the reverberation usually correspond with the troughs of the
sand dunes, rather than the crests of the sand dunes. The simple
R2D3 model predicts the opposite behavior, and smaller peaks.
So this means there are some interesting physics to be explored,
which is beyond the scope of this paper. The explanation is
likely related to the bottom or sub-bottom effects. Extensive
bottom, sub-bottom, and other environmental measurements
have been made along this track; these are being investigated
by other researchers to facilitate understanding of the reverbera-
tion mechanisms, which was indeed the purpose of the TREX13
experiment.
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Fig. 14. Polar plot of data-model differences (1800–2700-Hz LFM) at short ranges. Other than the early portion, the low scattering seems to be coming from
the peaks (white contours) of the dunes, and the high scattering from the troughs (gray contours). The echoes from the VLA and PAT (black diamonds) are quite
noticeable, and spread across several beams.

Some model-data comparisons were made—not to be defini-
tive in any way, but more as a rapid environmental assessment
tool to determine where the research team should concentrate for
more data analysis and improved environmental measurements.
The procedures developed for deep water with poorly known
environmental inputs and moving towed arrays [2], [3] were
useful in the TREX experiments, where much more detailed
environmental information was available. As in earlier experi-
ments, the model-data differences, superimposed on a map of
the bathymetry, pointed to areas where more detailed observa-
tions were needed. As noted before, the model predictions tell
us what we know; the model-data differences point out where
we need to investigate further.

Detailed environmental measurements and physics-based
models are needed to provide insight into what the scattering
mechanisms are. This new understanding can then be incorpo-
rated into the model to further improve the performance model-
ing. The model presented here is computationally efficient, and
can handle realistic scenarios, so has potential for active sonar
performance modeling.

APPENDIX A
CALIBRATION OF THE MF BEAMFORMED

REVERBERATION LEVELS

To obtain quantitative information about the scattering, it is
critical to get the calibrations as accurate as possible. A few
issues on calibration, beam forming, and processing are dis-
cussed in this section, as they can affect the conclusions (and
perhaps the implied physics). The source levels were discussed

in Section III-A. Here, we deal with the receiver, beamforming,
and matched filtering. In particular, an “exact” calibration for
a linear array is presented, and used to validate the MF beam
output from a frequency domain processor for the triplet array.

A. Hydrophone Calibration

The FORA triplet array contains 78 elements, each one having
three hydrophones (triplets), for a total of 234 channels from the
front of the array to the aft end of the array. The data are stored as
4-B integers. The calibration in μPa for the triplet hydrophones
is given by

Lc = 20 log10(X) + 46.95 −G (14)

where Lc is the band level output in decibel re 1 μPa, X is the
A/D output integer (24 b), and G is the variable system gain (0,
6, 12, or 18 dB).

B. Triplet Array

In the TREX experiments, the forward module of the triplet
array was not working, so the nonacoustic sensors (NAS) and
30 triplets (90 channels) were not available. The aft section was
working, including the NAS sensors, so the roll at the end of
that section (242◦, 242◦, 241◦ for the three deployments) could
be obtained, but not the twist. Normally, the roll of each sensor
is obtained by interpolating linearly between the forward and aft
sensor readings. Mathieu Colin (private communication) looked
at individual triplet response for several strong echo repeater
signals from Run 75 and suggested a twist on the order of
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75◦, which would improve the triplet discrimination against the
ambiguous beam by about 3 dB.

C. Beamforming and Matched Filtering

The reverberation models are expressed in terms of energy,
so we need measured data that are comparable. Three versions
of MF output were available for various runs. The ARL/PSU
reverberation processing system is briefly described in [2], [34],
[35]. It performs a complex band shift filter on the hydrophone
data before beamforming with Hann weights and triplet pro-
cessing [23] based on the NURC procedure [32], [33]. Then, it
uses a conventional MF normalization, which for an input pulse
of unit amplitude produces a unit response compressed in time,
with uncorrelated noise reduced by the time-bandwidth prod-
uct. The DRDC/Akoostix processing [36] used the ARL/PSU
beamformer, but used their own correlator (MF) which was not
normalized. The APL processing [8] is done in the frequency
domain, using a Gaussian bandpass filter, uniformly weighted
elements for beamforming, and an MF normalization that pre-
serves the correct ambient noise level. Here we concentrate on
validating that procedure.

To help resolve the issue, a simple procedure was developed.
The broadside beam response of a linear array can be obtained
with a simple summation

BL (tn ) =
Nh p∑
k=1

wksk (tn ) (15)

where sk (t) are the raw hydrophone time series for theNhp ele-
ments of a line array, and the wk are any weights normalized so
that

∑
wk = 1. Both uniform wk = 1/Nhp and Hann weights

were tested. Equation (15) can be extended to natural beams for
which adjacent hydrophones are delayed by an integer number
of time samples

Bnb(tn ) =
Nh p∑
k=1

wksk (tn +mk/fs) (16)

where fs is the sampling frequency, and m is an integer 0
(broadside), ±1, . . . ,. For the TREX 12500-Hz sampling and
0.2-m spacing between elements, only the broadside and±52.4◦

from endfire were available.
An MF was constructed in the time domain for a pulse of

duration T0

M(tn ) =
NP∑
j=1

BL (tn − τj )r0(τj ) (17)

where r0(τ) is the normalized pulse replica, with∑NP

j=1 r
2
0 (τj ) = 1; NP = fsT0 .

This was used to compute various MF outputs. A Tukey pulse
T (F, t) with tapering F/2 at each end, and with unit rms am-
plitude has energy

ITuk(F ) =
∫ T0

0
|T (F, t)|2 dt = T0

[
1 − 5

8
F

]
. (18)

For F = 0.2 and T0 = 1 s, 10 log10 ITuk(F ) = −0.58 dB.

As a test, the replica was applied to a time series that contained
the pulse, as well as a random-phase pulse (i.e., a pulse with the
same amplitude spectrum, but with random phases, giving a
proxy for reverberation). For a 1-s Tukey-shaded 3.4–3.5-kHz
LFM pulse it produced a large spike of unit amplitude and short
duration, while for the random-phase pulse it produced a rapidly
fluctuating response on the order of 20 dB lower over the dura-
tion of the pulse. Note, the full MF response of course extends
over 2NP + 1 points, or twice the duration of the original pulse.
To determine things more precisely, the integrals of the energy
in the LFM pulse and random-phase pulse were computed nu-
merically. The integrals of the input LFM and random phase
pulse were equal, as were the integrals over the MF output for
the pulse spike and the output from the random phase pulse.
The ratio of the two were 18.96 dB; i.e., adding 18.96 dB to the
conventional MF result gives energy. This corresponds closely
with the nominal time-bandwidth product of 20 dB, with the ef-
fective time and bandwidth both reduced slightly by the Tukey
shading. For a wider bandwidth 2.7–3.6-kHz pulse the effective
time-bandwidth product is 28.49 dB.

D. Comparison With Frequency-Domain Processing

Detailed comparisons were made with the APL processing.
It uses a frequency-domain MF

d(t) = F−1 {G(f) × S(f) ×A(f)∗} . (19)

Here, G(f) is the spectrum of a Gaussian noise filter with full
3-dB width equal to the transmitted bandwidth; S(f) is the
spectrum of the received signal; A(f) is the conjugate of the
spectrum of the drive voltage normalized to its peak value; F is
the Fourier transform; and d(t) is the time series after matched
filtering. The advantage of this MR is that it preserves the right
level of ambient noise when G(f) is renormalized for the loss
over the bandwidth (0.7 dB for the beamforming and 1.4 dB for
the MF).

Some reverberation data from the broadside beam of the linear
array (no triplets) were compared. It is quite satisfying that with
G(f) renormalized the frequency-domain processing of (19)
and the time-domain beamforming and MF of (15) and (17)
agree almost identically.

Due to the low sampling rate and closely spaced hydrophones
in the triplets there was no simple way analogous to (15) to
test the triplet beamforming [33]. However, the linear array
beamformed results (15)–(17) can be used to validate the triplet
beamformed results. First, the linear array has the left–right
ambiguity so when one beam of the triplet array has a feature
much stronger than its ambiguous beam, the stronger beam
should agree quite closely with the corresponding beam of the
linear array. Second, because of the left–right cardioids, the
linear beamformed results are close to the addition of left and
right beamformed results from a triplet. There is a small error
since each cardioid will reduce the nonhorizontal arrivals from
the side it is steered, but will pick up some energy from its
response on the back side.

Fig. 15 shows the comparison between linear and triplet
beamformed results at broadside and the natural beam at 52◦
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Fig. 15. Comparisons between triplet and linear array beamformed results. Broadside: (a) linear versus summation of left and right broadside beams of a triplet
case and (b) zoom-in of (a) with two additional curves representing the individual left and right broadside beams of a triplet. Natural beam (52◦ referenced to
endfire): (c) linear versus summation of ±52◦ beams of a triplet case and (d) zoom-in of (c) with two additional curves representing the individual ±52◦ beams of
a triplet.

referenced to endfire. Fig. 15(a) and (b) shows the broadside
cases. The linear array beamformed results are almost identi-
cal to the summation of the left and the right beams from the
triplet processing. The zoomed-in plot in Fig. 15(b) displays
the individual left and right beams of the triplet, which demon-
strates nicely that the features are different but the summation
of the two beams is very close to the linear results. All results
here included 1.4 dB to obtain absolute level. Fig. 15(c) and (d)
shows similar results but along the 52◦ natural beam. Excellent
agreement is achieved similar to the broadside case.

E. Procedure Applied to Uncalibrated Data

In addition to confirming the frequency-domain processing,
the simple procedure can be used to obtain an approximate
energy calibration of uncalibrated MF output. Fig. 16 shows a
similar result applied to uncalibrated beam output, with Hann
weights for the beamforming. The left and right broadside beams
and their energy sum have been offset by the same amount,
to provide reasonable overall agreement with the levels of the
simple linear array procedure. A close up of a section is shown,
and the offset provides the calibration factor needed for the
uncalibrated beam output. Comparisons (not illustrated) were
made, showing good agreement for some natural beams and for
different pulse types.

In summary, an approximate calibration procedure can be
applied to uncalibrated data.

1) Ensure the output from each hydrophone is uniformly
calibrated.

Fig. 16. Comparison of the simple procedure applied to unprocessed MF
beam output.

2) Apply the Gaussian bandpass filter to the hydrophone time
series.

3) Calculate the broadside beam, including the calibration
factor for μPa and correcting for the Gaussian filter loss.

4) Apply the MF to the beam, adding the effective time-
bandwidth product for the pulse to the conventional nor-
malization.

5) Compare the left and right processed beams with the sim-
ple procedure, (15) and (17).
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6) Use the difference between the simple procedure and the
processed MF time series as an approximate calibration.

This would seem to be almost as accurate as the knowledge
of the source levels and array calibrations over the band of
interest.

With the data calibrations in hand, the source energy level for
modeling should be reduced by 0.6 dB from the nominal source
level × pulse length approximation, due to the 10% Tukey shad-
ing of the pulse. For a monostatic reverberation model with
omnidirectional beam patterns (e.g., R2D3), the reduction in
level by a particular of the towed array beam can be approxi-
mated with the effective reverberation response, which acts as a
horizontal beamwidth [15].
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