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Solving Multi-UAV Dynamic Encirclement via
Model Predictive Control

Ahmed T. Hafez, Anthony J. Marasco, Sidney N. Givigi, Senior Member, IEEE,
Mohamad Iskandarani, Shahram Yousefi, Senior Member, IEEE,

and Camille Alain Rabbath, Senior Member, IEEE

Abstract— In order for teams of unmanned aerial
vehicles (UAVs) to collaborate and cooperate to perform
challenging group tasks, intelligent and flexible control strategies
are required. One of the complex behaviors required of a team
of UAVs is dynamic encirclement, which is a tactic that can
be employed for persistent surveillance and/or to neutralize a
target by restricting its movement. This tactic requires a high
level of cooperation such that the UAVs maintain a desired
and proper encirclement radius and angular velocity around
the target. In this paper, model predictive control (MPC) is
used to model and implement controllers for the problem of
dynamic encirclement. The linear and nonlinear control policies
proposed in this paper are applied as a high-level controller to
control multiple UAVs to encircle a desired target in simulations
and real-time experiments with quadrotors. The nonlinear
solution provides a theoretical analysis of the problem, while
the linear control policy is used for real-time operation via a
combination of MPC and feedback linearization applied to the
nonlinear UAV system. The contributions of this paper lie in
the implementation of MPC to solve the problem of dynamic
encirclement of a team of UAVs in real time and the application
of theoretical stability analysis to the problem.

Index Terms— Autonomous robotics, cooperative robotics,
dynamic encirclement tactic, model predictive control (MPC).

I. INTRODUCTION

DUE to their great importance, especially in the last
two decades, unmanned vehicles have attracted great

attention and concern in both the military and civilian
communities. Therefore, the efforts in research and devel-
opment have gained great prominence throughout the world.
These platforms, such as unmanned aerial vehicles (UAV),
underwater exploiters, satellites, and robots, are widely
investigated as they have several potential applications [1], [2].
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These vehicles are developed to be capable of working
in different environments and weather with the assistance
of human control and have the ability to handle different
complicated and/or uncertain situations [3]. They may have
different shapes, sizes, configuration, and characteristics.
In the case of aerial vehicles, they are either described as a
single air vehicle (with associated surveillance sensors), or a
UAV system, which usually consists of three to six air vehicles,
a ground control station, and support equipment [3].

Although many single UAV applications can be carried-out
successfully through manual operation, only autonomous
systems can provide solutions to some applications, such as
extensive operations lasting weeks or months like continuous
reconnaissance [4] and victim search and rescue operations [1].
Furthermore, cooperation between autonomous systems
minimize human resources, risk of injury, and manned
aerial vehicle cost. This autonomous operation is integral
to cooperative tactics used by teams of UAV to accomplish
a required mission. UAV tactics are defined as the general
strategies used by individuals in a UAV team to achieve a
desired outcome, or, in other words, it is the way the UAVs act
to perform a certain required mission [5]. These strategies can
be either centralized, as in the case where a group of UAVs
receive coordinated instructions from one centralized decision
maker, or decentralized, in which the UAVs are responsible for
making individual decisions. Research and experiments in the
last decade have dealt with the different tactics that can be
carried out by a team of UAVs, and a wide variety of
approaches to effectively implement these tactics have been
proposed [5].

Tactics, such as swarming, formation, and encirclement,
have a significant impact on different UAV missions. For
instance, a swarming algorithm may be used on a group
of UAVs responsible for infrastructure protection [6].
Similarly, an encirclement algorithm for target capturing was
implemented to follow a sinusoidally moving target [7].
Moreover, several recent independent results in
target search [8], target observation [9], cooperative
transportation [10], and path coordination [11], have made
it clear that more complex applications, that were beyond
the reach of single units, became achievable using multiple
systems working cooperatively and autonomously.

In this paper, we are interested in solving the problem
of dynamic encirclement for a group of UAVs around a
desired target. Dynamic encirclement is considered to be a
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strategy in which a team of UAVs assume positions around
a target to restrict its movements. In real life, this tactic has
been used in defending a secure airspace against an invading
aircraft, maintaining surveillance over a ground target, and in
protecting the borders against invading targets by capturing
a target [5].

The target-capturing problem has received much attention in
multiagent research because of its ability to provide safety [7].
When combined with encirclement, target-capturing presents
two main issues. The first one is to understand the behavior
of dynamic encirclement where the target is brought to a
desired position and orientation depending upon the UAVs’
motions, while ensuring that the target will never escape
the UAVs’ team. The second issue is the enclosing behavior
where multiple UAVs are controlled in a distributed manner to
converge to an assigned formation in the tracking of a moving
target focusing on avoiding collisions with each other and with
the target [7].

In [12] and [13], an encirclement tactic for a group of
vehicles was created using a cyclic pursuit strategy, while a
hybrid control system consisting of a feedback control law
and a reactive control framework was used to control a team
of mobile robots to capture and enclose a target by making
troop formations and to solve the problem of steering a group
of unicycle-type mobile robots to reach desired positions and
orientations to encircle a desired specific target and other
group mates [14], [15].

In [7], Lyapunov theory and graph theory were used to
solve the dynamic encirclement problem of a mobile target,
wherein a team of UAVs surrounded the target to keep its
motion restricted in a certain set to gain superiority. The
proposed control algorithm linearized the system and created
a graph containing the UAV fleet and the desired targets
together.

Our proposed control policy to solve the dynamic
encirclement problem will depend mainly on model predictive
control (MPC). In the past 20 years, MPC has evolved
considerably as one of the advanced control methodologies
that has made a significant impact on industrial control
engineering as it can handle multivariable control problems,
which take into account actuator limitations, while only
allowing operation within constraints [16]. Several works
have already considered the use of MPC for control of
autonomous vehicles. Alexis et al. [17] use MPC to control
the position of a quadrotor. Richards and How [18] use a
decentralized MPC scheme in a group of UAVs to achieve
collision avoidance. In [19], a nonlinear MPC (NMPC) scheme
is used to stabilize vehicle dynamics and generate trajectories
for multiple flying robots in dynamic environments.
Sutton and Bitmead [20] consider NMPC for the control
of an autonomous submarine. Finally, in [21] and [22],
MPC strategies are considered for multivehicle formation
control.

Moreover, a decentralized NMPC was applied to
two UAV teams to solve the problem of dynamic encirclement
of two stationary and movable targets at the same time [23],
while in [24], a linear MPC (LMPC) combined with
Taylor series linearization to control a team of Qball-X4

quadrotor aircraft for dynamic encirclement of a stationary
target in real-time implementation.

Our main contribution in this paper is solving the problem
of dynamic encirclement for multiple UAVs around a desired
target using different forms of MPC. On the one hand,
an NMPC is used to control the nonlinear UAV system
during encirclement in simulation and proofs of stability
of the proposed controller are offered. On the other hand,
as the optimization problem is nonconvex in nature [25],
a combination of decentralized LMPC and feedback
linearization (FL) is used to solve the problem of dynamic
encirclement which allows real-time implementation.

Therefore, this paper focuses on decentralized high-level
controllers, in which each team member generates its
required path necessary to respect the encirclement conditions
and objectives. All the dynamic encirclement tasks are
accomplished autonomously ensuring stability, robustness,
and convergence to the required radius of encirclement,
angular velocity, and angular separation between neighbors.

This paper is organized as follows. Section II presents
the notation used in this paper. In Section III, the
problem of dynamic encirclement is formulated, and the
specific control objectives for the UAV team are defined,
while in Section IV, the theoretical results necessary to
design the MPC controller for the dynamic encirclement tactic
are presented. In Section V, we outline the design of the
proposed NMPC, while in Section VI, the simulation results
of the proposed NMPC approach are presented. As the
NMPC cannot be solved in real time due to the nonconvex
nature of the optimization problem, a combination between
FL and LMPC is proposed in Section VII. In Section VIII,
simulations of the encirclement problem using the approach
discussed in Section VII are presented. In Section IX,
experimental results using LMPC and FL for three
quadrotors are presented, while Section X discusses all
results, simulation, and the experimental, achieved. Finally,
in Section XI, we conclude this paper and present some future
objectives.

II. PRELIMINARIES

The notation used in this paper is as follows.
Scalars will be represented by lower-case letters or

Greek symbols, x ∈ R or δ ∈ R. Vectors are always column
vectors and are represented with a signifier on top of them,
such that x̄ ∈ Rn, x̃ ∈ Rn, or x̂ ∈ Rn. Furthermore, calligraphy
capital letters denote sets that are subsets of the n-dimensional
real space, X ⊂ Rn. Row vectors are represented by the use
of a superscript T, x̄ T. Also, the notation ‖x̄‖2

M denotes the
quadratic form x̄ T Mx̄ .

For time evolving quantities, we will use the nota-
tion x̄(iδ; t) to represent future updates of that quantities,
i.e., x̄(iδ; t) = x̄(t + iδ).

A superscript star will be used to represent the
optimal solution or parameter of a function, such that
J ∗ = maxt∈T J (t) and ū∗ = argmaxū∈U f (x̄, ū).

Finally, as we are dealing with multiple systems, subscripts
will be used to identify the system we are using, such that
x̄i ∈ X represents the state of the i th system.
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III. PROBLEM FORMULATION

Let us consider the problem of the dynamic encirclement
of a desired target by a group of UAVs as an example of
cooperative UAV tactics as it requires cooperation among
the UAVs to be successful. In this paper, the problem
of dynamic encirclement is limited to two dimensions,
although the problem could be extended to the 3-D case with
increased computational demands and minimal modification
of the controllers. In our approach, the problem is broken
down in two parts: the first one deals with a nonlinear
model for which the use of NMPC is required, while in
the second part the system is linearized and LMPC is
used (Section VII).

This section is divided as follows. In Section III-A, the
mathematical formulation for the UAVs in general terms is
introduced. In Section III-B, the formulation for dynamic
encirclement is presented. In Section III-C, a discussion
of the global control problem for the encirclement tactic
is offered, while Section III-D shows how the problem
can be decentralized. Finally, Section III-E presents the
MPC formulation for the encirclement problem.

A. UAV Model

Let us assume that the UAV dynamics are nonlinear,
multivariable, and subject to parameter uncertainties and
external disturbances. In turn, controlling of the UAV must
respect the following criteria: 1) to meet the stability,
robustness, and desired dynamic properties; 2) to be able
to handle nonlinearity; and 3) to be adaptive to changing
parameters and environmental disturbances [26].

Let us consider the nonlinear dynamic system of the UAV in
the form [27]

˙̄p(t) = f ( p̄(t), ū(t)) (1a)

F( p̄(t), ū(t)) = p̄(t) +
∫ t+δ

t
f ( p̄(κ), ū(κ))dκ (1b)

where p̄(t) is the state of the UAV, ū(t) is the control inputs,
with sampling time, δ, and convex constraints on ū(t) ∈ U ,
where U is a convex subset of Rn such that

ūmin � ū(t) � ūmax (2)

where p̄(t) is subject to constraints that are not necessarily
convex. However, the constraints are such that p̄ ∈ P , where
P is a compact subset of Rm that represents the possible states
of the system under the constraints on inputs and possibly on
the states. Rn and Rm are an n- and m-dimensional vector
spaces of real numbers, respectively. The dynamic system has
the following properties:

1) 0̄ ∈ Ů ;
2) f : Rm × Rn �→ Rm is a smooth, continuous, nonlinear

function ∀ p̄(t) ∈ P and ū(t) ∈ U ;
3) F( p̄(t), ū(t)) has a unique solution ∀ p̄(t) ∈ P and

ū(t) ∈ U .

Here, Ů denotes the interior set of U . Our main goal
is to control the system to perform a desired behavior,

denoted by z̄ D , where

z̄(t) = g( p̄(t)) ∈ Z (3a)
˙̄z(t) = h(z̄(t), ū(t)) (3b)

H (z̄(t), ū(t)) = z̄(t) +
∫ t+δ

t
h(z̄(κ), ū(κ))dκ (3c)

where g : Rm �→ Rq is a smooth, continuous function
∀ p̄(t) ∈ P , and h : Rq × Rn �→ Rq is a smooth, continuous
function ∀ z̄(t) ∈ Z , and ū ∈ U , Z is a compact, simply
connected subset of Rq .

Our desired state, z̄ D , in the transformed space, Z , has the
following properties:

1) ∃ū D ∈ Ů such that ˙̄z D = h(z̄ D, ū D) = 0;
2) ∃PD = { p̄ ∈ P : g( p̄) = z̄ D} �= ∅;
3) PD is simply connected.

Notice that there may exist many such values for the desired
behavior that satisfy these conditions.

B. Dynamic Encirclement Tactic

The identification of each UAV in the team includes [7]:

1) position of UAVs in x–y coordinates;
2) speed of UAVs;
3) heading angle.

Each UAV in the team will be represented in the 2-D Cartesian
space and is represented by the state vector

x̄i (t) =
[

xi(t)
yi(t)

]
.

Considering that the UAVs are moving in the horizontal plane,
the equation of motion of the i th vehicle can be expressed as
follows:

˙̄xi =
[

Vi cos θi

Vi sin θi

]

where θi is the UAV’s heading angle and Vi is the velocity of
the i th UAV. Each UAV in the team is represented by its state
and its controller input as follows:

p̄i(t) =

⎡
⎢⎢⎣

xi (t)
yi (t)
θi (t)
Vi (t)

⎤
⎥⎥⎦; ūi (t) =

[
ωi (t)
ai (t)

]

while the dynamics of each UAV is described by

˙̄pi (t) = f( p̄i (t), ūi (t)) =

⎡
⎢⎢⎣

Vi (t) cos θi (t)
Vi (t) sin θi (t)

ωi (t)
ai (t)

⎤
⎥⎥⎦

where ωi is the angular turning rate of UAVs and ai is the
acceleration of each UAV. Ū is the control inputs and X̄ is the
measurable states of UAVs.

Similar to UAVs, the targets are identified by the same
method, but, instead of using i as index, k is used to indicate
the index of invading targets.

To apply the collision avoidance constraint between UAVs
and the targets, a transformed state vector centered on the
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position of each target is used to form a dynamic encirclement
formation around it [7]. Let us define this transformation as [5]

x̃i,k(t) =
[

xi (t) − xk(t)
yi (t) − yk(t)

]
=

[
xi,k(t)
yi,k(t)

]
= x̄i (t) − x̄k(t).

One may transform the states from the 2-D Cartesian
frame of reference to the polar frame of reference centered
on the target by defining the distance of the ith UAV from the
kth target at time t as ri,k(t) and the angle of encirclement
between the ith UAV and the kth target at time t as φi,k (t).
Mathematically, this means that ri,k (t) = ‖x̃i,k(t)‖ and
φi,k(t) = � x̃i,k(t). By taking the derivative of φi,k (t), one gets

φ̇i,k = xi,k(t)ẏi,k (t) − ẋi,k(t)yi,k (t)

xi,k(t)2 + yi,k(t)2 .

Therefore, the state vector may be chosen to be

z̄i,k (t) = g( p̄i,k(t)) =
⎡
⎣ ri,k (t)

φ̇i,k (t)
Vi (t)

⎤
⎦. (4)

Since we deal with only one target in this paper, from now
on the index k will be dropped and the system will only use
the vehicle index i .

The main goal of our designed controller cost function is
to achieve the required design objectives expressed by the
following equations [28]:

C1) lim
t→∞ |ri (t) − RD| = 0 ∀i ≤ N (5)

C2) lim
t→∞ |φ̇i (t) − φ̇D| = 0 ∀i ≤ N (6)

C3) lim
t→∞ |φi+1(t) − φi (t)| = 2π

N
∀i ≤ N. (7)

Condition C1 states that each member in the UAV team will
attempt to maintain a desired distance RD from the target,
while condition C2 states that each UAV in the team will
attempt a desired angular speed φ̇D around the target. Finally,
condition C3 states that each member in the team will attempt
to spread itself evenly in a circular formation around the
target. These conditions satisfy the constraints in the model
and ensure the dynamic circular formation of the UAV team
consisting of N members around the chosen target [28].

To incorporate realistic aircraft dynamics, limitations are
also imposed on states and control inputs for each UAV such
that Vmin ≤ Vi (t) ≤ Vmax, amin ≤ ai (t) ≤ amax, and
ωmin ≤ ωi (t) ≤ ωmax.

Finally, observe that we may combine all vehicles in just
one concatenated vector z̄ = [z̄T

1 . . . z̄T
N ]T ∈ R4N and

ū = [ūT
1 . . . ūT

N ]T ∈ R2N .

C. Global Coordination Objective

Once the dynamics of the UAVs and dynamic encirclement
are defined, the coordination problem for multiple cooperative
UAVs can be defined as a global cost function that incorporates
the interactions among all the vehicles.

Let φ̇Di (t) be the desired angular speed of the i th UAV
around a target. Also, let

�φi j (t) = φ j (t) − φi (t) ∈ [0, 2π] (8)

be the angular difference between two vehicles, i and j .
If one consider the j th vehicle to be the vehicle lagging the i th
vehicle in the encirclement, the kth vehicle to be the vehicle
leading the i th vehicle in the encirclement and γ ∈ [0, 1] to be
a positive gain constant that controls the rate of convergence
of the angle of separation (Section V), one can define

φ̇Di (t) = 3φ̇D + γ (�φki (t) − �φi j (t))

3
i ∈ [1, N]. (9)

In the limit, φ̇Di(t) converges to φ̇D as in (6). This will be
better explained in Section V.

Therefore, the integrated cost for the dynamic encirclement
of a target can be represented by the following function:

J (z̄, ū) =
N∑

i=1

⎡
⎣α‖ri − RD‖2 + μ‖ūi‖2

+
∑

( j,k)∈Ni

(β‖φ̇i − φ̇Di‖2)

⎤
⎦

where α, β, and μ ∈ R+ are positive weighting constants that
control the importance of each objective. The set Ni is the set
containing all the neighboring vehicles to the current vehicle i .
According to the notation of (9), j is the vehicle in the circle
lagging the current vehicle and k is the vehicle in the circle
leading the current vehicle. The positive constant α may be
thought as the distance gain, β as the angular speed gain as
well as the angular separation gain for the UAVs.

With all that in mind, notice that this cost function can be
rewritten as [29]

J (z̄, ū) = ‖z̄ − z̄ D‖2
Q + μ‖ū‖2 (10)

where Q = QT > 0. This function can then be decomposed
in a distributed control problem, as it will be discussed in the
following section.

D. Distributed Control Problem

Now, let us separate the control problem defined in (10) into
distributed subproblems. Let us start by defining the distributed
cost function as

Ji (z̄i , z̄ j , z̄k) = α‖ri − RD‖2 + μ‖ūi‖2

+
∑

( j,k)∈Ni

(β‖φ̇i − φ̇Di‖2) (11)

where Ji is the cost function of i th UAV in the fleet, and the
positive constraints α, β, and μ were defined in Section III-C.

If we sum up all of the distributed cost functions we end
up with the global cost such that

J (z̄, ū) =
N∑

i=1

Ji (z̄i , z̄ j , z̄k).

Therefore, if we solve each optimization problem separately,
we end up solving the global coordination problem as
presented in Section III-C.
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E. MPC Strategy

Let us now take a step back and analyze how the problem
described in Section III-D can be solved using an
MPC strategy. Recall that an MPC strategy with prediction
horizon M is defined as follows [27]:

J ∗
M (z̄(t)) = min

ūM

M∑
i=1

J (z̄(iδ; t)) (12a)

J (z̄(t)) = ‖z̄(t) − z̄ D‖2
Q + μ‖ū‖2 (12b)

z̄(iδ; t) =
{

H (z̄((i − 1)δ; t)), ūM (iδ; t)) ∀i ∈ [2, M]
H (z̄(t), ūM (iδ; t)), i = 1

(12c)

subject to:
1) ūM (iδ; t) ∈ U ;
2) z̄((i − 1)δ; t) ∈ Z , ∀i ∈ [1, M].

Here, δ is the sampling time, Q is a positive definite diagonal
matrix chosen such that J (z̄(t)) ≥ 0 ∀ z̄(t) and J (z̄(t)) is
zero only if z̄ = z̄ D , ūM is the control trajectory over the
prediction horizon, M , and z̄(iδ; t) is the predicted future
state i samples in the future, given the current state and
control vector. Associated with the optimal cost over the
prediction horizon, J ∗

M (z̄(t)), are the optimal state and control
trajectories, z̄∗

M and ū∗
M , respectively. At each time step, we

assume ūM (iδ; t) is constant, then the first control in the
optimal control trajectory, ûM = ū∗

M (δ; t), is applied to the
system, such that the closed-loop dynamics of the system are

˙̄p(t) = f ( p̄(t), ûM ). (13)

Now, in the particular case of encirclement, in the
MPC formulation, (11) becomes

Ji =
M∑

l=1

⎛
⎝α(ri (t + lδ) − RD)2 + μ(ūi(t + lδ) − ū D)

+
∑

( j,k)∈Ni

β(φ̇i(t + lδ) − φ̇Di)
2

⎞
⎠ (14)

where ri (t + lδ) and φ̇i (t + lδ) are the predicted distance from
the target and the vehicle’s angular speed l time steps into the
future, based on the states defined in (4). To make the problem
feasible, an adaptive change in the desired angular speed
in (14) is proposed. This adaptation based on a Lyapunov
adaptive controller will be further discussed in Section V.

IV. THEORETICAL RESULTS

In this section, we briefly present the theoretical results
which will be necessary to design the MPC controller for
the dynamic encirclement tactic as outlined in the previous
section. The stability analysis considers the feasible regions for
the problem, which describes the states of the system that can
be controlled to the objective state given by the MPC strategy.
A similar method is presented in [30], however, in this case,
a linear constrained system is considered. For clarity and
brevity, some of the proofs are not included, but are detailed
in [5]. Let us start by stating some assumptions as follows.

Assumption 1: The optimal cost, J ∗
M (z̄(t)), and associated

state and control vectors are obtained at each time step, and
calculation times are negligible.

Assumption 2: The system dynamics (Section III-B) are
controllable, in the sense that any state p̄ ∈ P can be
controlled to any other state p̂ ∈ P in finite time.

We will also make the following assumptions regarding (1a).
Assumption 3: Given any state p̄(t), control ū(t) ∈ U ,

and future state p̄(δ; t) such that p̄(δ; t) = F( p̄(t), ū(t)),
let d̄δ = p̄(δ; t) − p̄(t) and p̂(t) ∈ Nλp1

( p̄(t)) with

d̂1 = p̄(t) − p̂(t). The dynamics of the system are such that
∀ p̄ ∈ P , ∃λp1 > 0, 0 < λp2 < ||d̄δ|| then p̂(δ; t) =
F( p̂(t), ū(t)) ∈ Nλp2

( p̄(δ; t)) and p̄(δ; t) − p̂(δ; t) = d̂1 + ε̂

for some bounded ε̂ ≥ 0.
Simply stated, we are assuming that the dynamics of the

system are well-behaved around any given point in our feasible
state space, such that a small variation ε̂ in the initial state
corresponds to a similar bounded variation in the future state,
using the same control input. This is dependent on the system
dynamics in question as well as the chosen sampling time as
follows. From (1b), we have

p̄(δ; t) = p̄(t) +
∫ t+δ

t
f ( p̄(κ), ū(κ))dκ (15a)

p̂(δ; t) = p̂(t) +
∫ t+δ

t
f ( p̂(κ), û(κ))dκ (15b)

and the sampling time is chosen such that the conditions in
Assumption 3 are satisfied, the differential equation for p̂ can
be approximated as

f ( p̂(t), û(t)) ≈ f ( p̄(t), ū(t)) + ∂ f

∂ p̄
| p̄(t) ( p̂(t) − p̄(t))

+ ∂ f

∂ ū
|ū(t)(û(t) − ū(t)). (16)

If we now consider the same control input, we can rewrite
(16) as

f ( p̂(t), ū(t)) = f ( p̄(t), ū(t))+ ∂ f

∂ p̄
| p̄(t)( p̂(t) − p̄(t))+ ε̂p

p̂(δ; t) = p̂(t) +
∫ t+δ

t

[
f ( p̄(κ), ū(κ))

+ ∂ f

∂ p̄
| p̄(κ)( p̂(κ) − p̄(κ)) + ε̂p

]
dκ

= p̄(δ; t) + δε̂p

+
∫ t+δ

t

[
∂ f

∂ p̄
| p̄(κ)( p̂(κ) − p̄(κ))

]
dκ

p̂(δ; t) − p̄(δ; t) = δε̂p +
∫ t+δ

t

[
∂ f

∂ p̄
| p̄(κ)( p̂(κ) − p̄(κ))

]
dκ

(17)

λp2( p̄(t)) ≤ δ‖ε̂p‖ + λp1

∣∣∣∣
∫ t+δ

t

[
∂ f

∂ p̄
| p̄(κ)

]
dκ

∣∣∣∣ (18)

where |∫ t+δ
t [(∂ f /∂ p̄)| p̄(κ)] dκ | is the absolute value of the

largest eigenvalues of
∫ t+δ

t (∂ f /∂ p̄)| p̄(κ)dκ , ε̂p is the nonlinear
variations around point p̄(t), and ‖ε̂p‖ is the largest element
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of the absolute value of ε̂p . Equation (18) provides an upper
limit for the distance between the predicted and the actual
state of the system. In other words, the system is well behaved.
A similar rationale is also applied to the transformed space Z .

Assumption 4: The state transformation function
z̄(t) = g( p̄(t)) is such that ∃λz1 , λz2 > 0 such that
∀ p̂(t) ∈ Nλz1

( p̄(t)), ẑ(t) ∈ Nλz2
(z̄(t)).

This assumption states that small changes in the state ( p̄(t))
correspond to small changes in the objective state, z̄(t). Notice
that this assumption is satisfied by (4)

z̄(t) = g( p̄(t)), ẑ(t) = g( p̂(t))
∂ z̄(t)

∂ p̄(t)
= ∂g

∂ p̄
| p̄(t)

ẑ(t) ≈ g( p̄(t)) + ∂g

∂ p̄
| p̄(t)( p̂(t) − p̄(t))

ẑ(t) = g( p̄(t)) + ∂g

∂ p̄
| p̄(t)( p̂(t) − p̄(t)) + ε̂z

ẑ(t) − z̄(t) = ∂g

∂ p̄
| p̄(t)( p̂(t) − p̄(t)) + ε̂z (19)

λz2( p̄(t)) ≤ ‖ε̂z‖ + λz1| ∂g

∂ p̄
| p̄(t)|. (20)

Assumption 5: Given a state z̄(t) ∈ Z with cost J (z̄(t)),
∃λJ such that ∀ ẑ(t) ∈ NλJ (z̄(t)) with z̄(t) − ẑ(t) = d̄,
J (ẑ(t)) ≈ J (z̄(t)) + (∂ J (z̄(t))/∂ z̄(t))d̄.

Here, we are assuming that for any objective state, z̄(t),
in a small region around that state the cost function is
approximately linear with respect to the change in z̄(t)

J (z̄(t)) = ‖z̄(t) − z D‖2
Q , J (ẑ(t)) = ‖ẑ(t) − z D‖2

Q

J (ẑ(t)) ≈ ‖z̄(t) − z D‖2
Q + 2[Q(z̄(t) − z D)]T (ẑ(t) − z D)

J (ẑ(t)) = ‖z̄(t) − z D‖2
Q + 2[Q(z̄(t) − z D)]T

× (ẑ(t) − z̄(t)) + ε̂J

J (ẑ(t)) − J (z̄(t))

= 2[Q(z̄(t) − z D)]T (ẑ(t) − z̄(t)) + ε̂J .

We will now consider the characterization of the feasible
region for the infinite horizon problem, as is done
in [30]–[32]. We then extend this concept to the finite horizon
problem and explore the properties of the feasible regions.

The feasible region for the infinite horizon problem is
characterized using a backward recursion algorithm starting
at the origin of the error dynamics (the objective state).
In this case, the origin is a set of states instead of a single
point. It is defined as follows:

I0 = {PD} (21a)

Ik+1 = { p̄ ∈ P : ∃ū ∈ U, F( p̄(t), ū) ∈ Ik}. (21b)

We note the following properties of these sets for (1a):
1) I j ⊆ Ik ∀k > j ≥ 0;
2) PD ⊆ Ik ∀k ≥ 0;
3) Ik is a compact, simply connected subset of P ∀k ≥ 0;
4) I∞ = lim

k→∞Ik = P .

Let us now consider the extension of the above formulation
of the feasible region for the infinite horizon problem
to the case of a finite horizon. Further, we show that

with Assumptions 3–5, the feasible region for the finite
horizon case exhibits several key properties which lead
to the stability of the system. We begin by defining the
feasible regions for the finite horizon problem with prediction
horizon M similar to that of the infinite horizon problem
as follows:

I M
0 = I0 = {PD} (22a)

I M
k+1 = { p̄ ∈ P : F( p̄(t), ûM ) ∈ I M

k } (22b)

with the following properties:
1) I M

1 = I1 ∀M ≥ 1;

2) I M
k ⊆ Ik ∀k ≥ 2, M ≥ 1;

3) I M
k is a compact, simply connected subset of P ∀k ≥ 0.

To establish stability for the MPC strategy with finite
prediction horizon, we outline some key properties of the
sets I M

k using the following lemmas. The proofs for these
lemmas can be found in [5].

Lemma 1: Choosing P such that (∂g/∂ p̄)| p̄(t) �= 0
∀ p̄(t) ∈ P , ∃δ > 0 such that that Assumptions 3–5 can be
satisfied.

Lemma 2: Choosing P such that (∂g/∂ p̄)| p̄(t) �= 0
∀ p̄(t) ∈ P and δ such that Assumptions 3–5 hold,
then ∀ p̄(t) ∈ P with the corresponding optimal control,
ū∗

1 and optimal future state p̄∗
1(δ; t), then ∀ p̂(t) ∈ Nλp1

( p̄(t)),
p̂∗

1(δ; t) ∈ Nλp2( p̄∗
1(δ; t)).

Lemma 3: I M
k ⊆ I M

k+1 ∀k ≥ 0, M ≥ 1.

Lemma 4: If Ī 1
k ∩ P̄ = ∅, Ī 1

k ∩ Ī 1
k+1 = ∅.

Lemma 5: If A = Ī 1
k ∩ P̄ is a nonempty, proper subset

of P̄ , B = Ī 1
k+1 ∩ P̄, with A �⊆ B.

From the above lemmas and assumptions, we obtain the
following theorems.

Theorem 1: Given Assumptions 3–5, I 1∞ = ∪∞
k=0 I 1

k
spans P .

Proof: We have established the following properties for
the sets of I 1

k .

1) I 1
k � I 1

k+1 ∀k ≥ 0 (Lemma 3).

2) If I 1
k is an interior subset of P , it is an interior subset

of Ik+1∀k ≥ 0 (Lemma 4).
3) If I 1

k is not an interior subset of P , I 1
k+1 contains more

of P than I 1
k (Lemma 5).

A logical convergence of these properties, is that I 1
k+1 must

span more of P than I 1
k in all feasible directions of P .

Now, if we can show that the rate of expansion of I 1
k does not

converge to zero as k → ∞ inside P , the theorem is proven.
Let us assume that this is the case, such that I k∞ � P . This
implies that there exists a point, p̄(t) ∈ P in the neighborhood
of I 1∞ by the optimal control. From Lemma 2 and the design
of the cost function, the optimal control must take p̄(t) in the
direction of I 1∞, and thus the only way the optimal control will
not take p̄ to I 1∞ is if p̄(δ; t) = p̄(t). This implies that either
the system cannot be controlled from p̄(t) to any other state
in P such that p̄ is the only feasible future state, or that p̄(t) is
a local minimum of the cost function, which cannot be true,
since by design the only minima in P are those in PD. Thus
by contradiction, the assumption that the rate of expansion
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converges to zero inside the feasible state must be false, and
as k → ∞, the entire state space, P , will be covered. �

Theorem 2: If Assumptions 3–5 hold, for any M ≥ 0, and
initial state p̄(t) ∈ P , the closed-loop dynamics are stable.

Proof: Consider any point p̄(t0) ∈ P with the correspond-
ing optimal trajectory, p̄∗

M(iδ; t) ∈ P and control trajectory,
ū∗

M ((i − 1)δ; t0) ∈ U , i ∈ [1, M]. From Theorem 1, since
p̄∗

M(Mδ; t0) ∈ P , p̄∗
M (Mδ; t0) ∈ I 1

k for some k < ∞. At the
next time step, with the control ū∗

M (t0) applied to the system,
the system will be at p̄(t1) = p̄∗

M (δ; t0) with

ū∗
M ((i − 1)δ; t1) =

{
ū∗

M ((i)δ; t0), i ∈ [1, M − 1]
ū∗

M ((i)δ; t0), otherwise
(23)

as a feasible solution to the optimization problem.
Since p̄∗

M (Mδ; t0) ∈ I 1
k , we necessarily have that

p̄∗
M(Mδ; t1) ∈ I 1

k−1. Now, according to Lemma 1, we can
find δ such that Lemma 2 applies over the horizon of M , and
thus Lemmas 2 and 3 can be extended to the case of a horizon
of M . This leads to the same logic as presented in Theorem 1
for the horizon of M . �

In the following theorem, we show that if the control
objective does not change too significantly from one time step
to the next, the system will not diverge.

Theorem 3: Given an initial state p̄(t) ∈ I M
k1

for the

initial objective z̄ D(t), ∃λzD > 0 such that if z̄ D(δ; t) ∈
NλZ D

(z̄ D(t)), then p̄∗
M(δ; t) ∈ I M

k2
for the new objective

z̄ D(δ; t), with k2 ≤ k1.
Proof: Since p̄(t) ∈ I M

k , we know that in k time
steps, the system can be taken to some point p̄ such that
g( p̂) = z̄ D(t), and with the optimal control, the system will
be in I M

k−1 in one time step. By design, a valid desired state
z̄ D ∈ Z̊ with a control z̄ ∈ Ů such that the system can
remain at z̄ D. This implies that ∃λzD > 0 such that any
point ẑ ∈ NλZ D

(z̄ D(t)) can be taken to z̄ D in one time step.
Now, if z̄ D(δ; t) ∈ NλZ D

(z̄ D(t)), we necessarily have that
p̄∗

M(kδ; t) ∈ I M
1 for the new objective and from p̄∗

M(δ; t)
the system can be taken to p̂ in k − 1 time steps. Since
g( p̂) = z̄ D(t), the system can be taken to a new point p̀ with
g( p̀) = z̄ D(δ; t) in one time step, and thus p̄∗

M (δ; t) ∈ I M
k for

the new objective.
This theorem states that if the change in objective is

small enough, the time k to reach the objective is always
nonincreasing, which means it must converge to a finite
value. �

V. CONTROL DESIGN

With the theoretical results established in Section IV,
we now apply the MPC strategy to solve the problem of
dynamic encirclement using multiple UAVs around a target.
In this section, we will outline the design of an NMPC for a
group of N UAVs dynamically encircling a desired stationary
target.

As discussed in Section III, the UAVs in the encirclement
formation have three objectives maintaining: 1) a desired
distance from the target (condition C1); 2) a desired angular
speed around the target (condition C2); and 3) a desired

angular position around the target (condition C3).
Furthermore, these objectives can be translated into the
decentralized optimization cost function (11). Also, recall
that the dynamics of the UAVs are given by (Section III-B)
and transformed into the states described in (4).

At each time instant t , each UAV in the team must predict
its own future trajectory over the prediction horizon M , using a
prediction of its future control inputs. Using (1), the predicted
states are calculated as

p̄M =

⎡
⎢⎢⎢⎣

p̄(δ; t)
p̄(2δ; t)

...
p̄(Mδ; t)

⎤
⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎣

F( p̄(t), ū(t))
F( p̄(δ; t), ū(δ; t))

...
F( p̄((M − 1)δ; t), ū((M − 1)δ); t)

⎤
⎥⎥⎥⎦ (24)

where p̄(nδ; t) is the predicted state of n samples in the
future, ū(nδ; t) is the predicted control n samples in the
future, and F is the function defined in Section III for
the dynamic nonlinear model described in Section III-B.
Here, δ is the sampling time, and must be chosen such that
Assumptions 3–5 hold to guarantee stability of the system.
If this is the case, then by Theorems 1 and 2, each UAV in the
team can achieve the desired objective for any feasible initial
state. The optimal control sequence, ū∗

M , is then calculated
and the first control in the trajectory is applied to the system.
At the next sampling time, the previously calculated control
trajectory is used as an initial estimate for the optimization
problem.

Also, recall that each UAV in the team is cognizant of the
leading and lagging UAV in the formation. �φlead represents
the angular difference between the member being considered
and the one in front of it, while �φlag represents the angular
difference with the one behind it. We also assume that the
UAVs’ indices are determined by their initial position, such
that UAVi leads UAVi−1, UAVi+1 leads UAVi , and so on,
in the formation.

Moreover, notice that the conditions described in Section III
may turn the problem unfeasible as they might be conflicting
(if the angular difference between vehicles is smaller than
the required—condition C3—one vehicle may need to slow
down, which may conflict with condition C2). To mitigate this
potential problem, we need to allow one of the conditions to
be relaxed. This is done with the following adaptive strategy.

According to (7), the desired angular separation �φD is
represented by

�φD = 2π/N (25a)

�φi j (t) = φ j (t) − φi (t) ∈ [0, 2π] (25b)

where φi represents the angle of the i th UAV, and φ j is the
angle of the j th UAV. We are assuming that the angular speed
for each vehicle in the formation is varying toward the desired
angular speed leading to the convergence of the error between
the current and desired angle of separation for N UAVs.
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We calculate the error in the formation as

e1(t) = �φ12(t) − �φD (26a)

ė1(t) = φ̇2(t) − φ̇1(t) (26b)
...

ei (t) = �φi(i+1)(t) − �φD (26c)

ėi (t) = φ̇i+1(t) − φ̇i (t) (26d)
...

eN (t) = �φN1(t) − �φD (26e)

ėN (t) = φ̇1(t) − φ̇N (t). (26f)

Now, let a chosen Lyapunov candidate function be

V (t) = 1

2
e2

1(t) + 1

2
e2

2(t) + · · · · · · + 1

2
e2

N (t) (27a)

V̇ (t) = e1(t)ė1(t) + e2(t)ė2(t) + · · · · · · + eN (t)ėN (t)

= e1(t)(φ̇2(t) − φ̇1(t)) + e2(t)(φ̇3(t) − φ̇2(t))

+ · · · · · · + eN (t)(φ̇1(t) − φ̇N (t)). (27b)

By choosing

φ̇2(t) − φ̇1(t) = −γ e1(t) (28a)
...

φ̇i+1(t) − φ̇i (t) = −γ ei (t) (28b)
...

φ̇1(t) − φ̇N (t) = −γ eN (t) (28c)

with γ > 0 leads to

V̇ (t) = −γ e1(t)
2 − γ e2(t)

2 − · · · · · · − γ eN (t)2 (29)

which gives

V (t) ≥ 0 ∀e1, e2, · · · · · · eN (30a)

V̇ (t) ≤ 0 ∀e1, e2, · · · · · · eN (30b)

which is Lyapunov stable. Therefore, the desired angular
speed is calculated for each consecutive three vehicles in the
formation using the equation

φ̇i−1(t) + φ̇i (t) + φ̇i+1(t)

3
= φ̇D. (31)

Now, solving (28) and (31) for each i th vehicle’s desired
angular speed with respect to the leading and lagging vehicles
gives

φ̇D1(t) = 3φ̇D + γ (e1(t) − eN (t))

3
(32a)

...

φ̇Di (t) = 3φ̇D + γ (ei (t) − ei−1(t))

3
(32b)

...

φ̇DN (t) = 3φ̇D + γ (eN (t) − eN−1(t))

3
. (32c)

In the general case, this leads to each individual UAV updating
its desired angular speed as

φ̇Di (t) = 3φ̇D + γ (�φlead(t) − �φlag(t))

3
i ∈ [1, N] (33)

where, again, �φlead and �φlag are the angular difference
between the i th vehicle and, respectively, with the vehicles in
front and behind the i th vehicle. This introduces an adaptive
time-varying desired angular speed that allows each vehicle
to achieve its position in the formation, while adhering to
the conditions established in Section III. Furthermore, notice
that close to the steady state, φ̇Di = φ̇D . With the adaptive
approach presented in here, (14) becomes

Ji =
M∑

l=1

⎛
⎝α(ri (t + lδ) − RD)2 + μ(ūi (t + lδ) − ū D)

+
∑

( j,k)∈Ni

β(φ̇i (t + lδ) − φ̇D)2

⎞
⎠. (34)

We note that this approach is very similar to that of the
cyclic pursuit strategy presented in [12] and [33], however,
in this case, our feedback is based on information of two other
UAVs in the formation, whereas the cyclic pursuit strategy
only considers a single other UAV.

Finally, since only the current position of the leading
and lagging UAVs, φlag(t) and φlead(t), are known, but
not the vehicles’ inputs, the remaining future angles in the
MPC strategy must be estimated by assuming that the
neighboring vehicles move according to the nominal desired
speed

φ̇lead(t) = φ̇D, φ̇lag(t) = φ̇D. (35)

Initially, at the next time step (t + δ), the control input
calculated in the previous step is used in the optimization
as an initial estimate of the optimal, therefore, speeding up
the convergence of the nonconvex optimization problem. The
future control vector is calculated which minimizes the cost
function (11), and the first control input is applied to the
system. If ρ is chosen sufficiently small such that Theorem 3
is valid, then the change in the desired angular speed objective
can be tracked, which leads to the angular separation objective
being achieved. A similar solution is suggested for a different
formation problem in [29].

The MPC strategy for a group of UAVs encircling
a stationary target is summarized in Algorithm 1.

VI. SIMULATION RESULTS USING NMPC

The simulations were performed using MATLAB. The
simulation ran for 240 s with the following parameters:
δ = 0.1 s, M = 5, Vmax = 0.5 m/s, Vmin = 0.1 m/s,
amin = −amax = −0.5 m/s2, wmin = −wmax = −0.5 rad/s,
RD = 1.5 m, φ̇D = 0.15 rad/s, α = 2, β = 1, and μ = 1.

A group of UAVs consists of three vehicles cooperate
together to encircle a stationary target using Algorithm 1
presented in Section V. Observe that even though the approach
presented in Sections III and V may drive the UAVs to a circle
around the target, this convergence is not guaranteed [5] as the
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Algorithm 1 Control Algorithm for a Group of UAVs
Encircling a Stationary Target

Fig. 1. Three UAVs encircling a stationary target located at the origin. Each
UAV is represented by a red, green, or blue diamond, while the target is
shown as a black diamond.

conditions of Theorems 1 and 2 are not satisfied. An approach
similar to the one discussed in [34] may be used for driving
the vehicles to the vicinities of the target. Once the vehicles
are in the vicinity of the target, the control policies derived
guarantee that the formation is achieved and maintained in the
neighborhood of the desired position (i.e., the target).

Furthermore, as we will present an approach implemented
in actual quadrotors and as the vehicles in the experimental
environment are not able to be placed far from the equilibrium
points, the scenario presented in here consists of the vehicles
being initialized randomly in a neighborhood of the target.

The nonlinear equations that describe the constraints
on the behavior of the vehicles (1)–(4), the quadratic cost
function (14) and the constraints on the velocity of the
vehicles and their inputs are solved via a sequential quadratic
programming algorithm implemented in the optimization
toolbox in MATLAB.

Fig. 1 shows that the team of UAVs was able to successfully
encircle the desired target, while Figs. 2–4 show the

Fig. 2. Radii of encirclement for three UAVs encircling a stationary target
located at the origin. UAV 1 is shown in red and was initialized at (1.8, 0.18),
with an initial speed of 0.2 m/s and heading of 0 rad. UAV 2 is shown in
green and was initialized at (−1.4, 2.1), with an initial speed of 0.2 m/s
and heading of 0 rad. UAV 3 is shown in blue and was initialized
at (−0.93, −1.613), with an initial speed of 0.2 m/s and heading of 0 rad.

Fig. 3. Angular speeds of the three UAVs around the desired target. UAV 1
is shown in red, UAV 2 is shown in green, and UAV 3 is shown in blue.

convergence of the three UAVs to the desired radius, desired
angular speed, and desired angular separation, respectively.

The transient response of each objective is related to
the choice of parameters α, β, and μ. Again our choice
of parameters caused the radius objective to dominate the
cost function (11) and allowing the radius of each UAV to
converge quicker than the other two objectives [25].

VII. DYNAMIC ENCIRCLEMENT USING LMPC

The simulation results represented in Section VI demon-
strate the ability of our NMPC to solve the problem of dynamic
encirclement for a group of UAVs. However, the nonlinear
dynamics of the UAV system presented in (4) cannot be
implemented in real time using NMPC as the optimization
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Fig. 4. Angular separation for three UAVs encircling a stationary target.

control problem is nonconvex in nature [25]. In this section,
we propose a solution to solve the problem of real-time
implementation for a group of vehicles in two steps. In the
first step, we use system identification by least squares to find
an accurate plant describing the UAVs Cartesian movements,
while in the second step, we linearize the dynamics of the
UAV system to get a linear model of the quadrotor using
FL technique. These steps will allow the use of LMPC to
solve the problem of dynamic encirclement in real time.

A. System Identification

Since we are interested in the x- and y-coordinate system,
the UAV is flown to desired positions on both axes and data
is collected accordingly. The least square algorithm is used
to construct linear process models from dynamic systems
which allows real-time implementation using LMPC.
Second-order process models were found from the collected
data with small steady-state error. Fig. 5 shows the Qball-X4
response to a step input in both x- and y-coordinates,
alongside the linear second-order plant found through system
identification. We can see that both responses are suitably
similar for practical purposes during 15 s period.

Each UAV in the team will be characterized by the following
state-space representation, including the on-board autopilot in
the loop:⎡

⎢⎢⎣
ẋ
ẏ
ẍ
ÿ

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

0 0 1.00 0
0 0 0 1.00

−2.60 0 −1.70 0
0 −1.40 0 −0.50

⎤
⎥⎥⎦

⎡
⎢⎢⎣

x
y
ẋ
ẏ

⎤
⎥⎥⎦

+

⎡
⎢⎢⎣

0 0
0 0
1 0
0 1

⎤
⎥⎥⎦

[
Xd

Yd

]

Ȳ =

⎡
⎢⎢⎣

1.75 0 0 0
0 0.50 0 0
0 0 0 0
0 0 0 0

⎤
⎥⎥⎦

⎡
⎢⎢⎣

x
y
ẋ
ẏ

⎤
⎥⎥⎦ (36)

Fig. 5. Qball-X4 response to a step input in a Cartesian plane and its
equivalent linear second-order system.

where (36) represents the state space and the outputs for each
quadrotor in the team. The desired positions of the Qball-X4 is
given by Xd and Yd , while x and y are the current positions of
the Qball-X4 during flight. The desired positions, Xd and Yd ,
are the inputs to the low-level controller of each UAV in the
team, while the current position, x and y, are the outputs
of each UAV measured by an Optitrack system consisting
of 24 cameras. These outputs are used to calculate the radius
for encircling the stationary target and the angular velocity for
each vehicle in the team.

The state-space representation is linear compared with
the system in (4). Since the control of encirclement will
be based on radius and angular velocity, a linearization of
the following transformation is necessary for implementing the
LMPC policy:

ri =
√

xi
2 + yi

2 (37)

ωi = φ̇i = d

dt

(
arctan

yi

xi

)
(38)

where ri is the radius for encirclement of the i th UAV;
Xi and Yi are the current position of the i th UAV; ωi is
the angular velocity of the i th UAV; and φi is the angle of
encirclement of the i th UAV with respect to the stationary
target. It is evident that combining (34) with (37) and (38)
will yield a nonlinear system [24].

B. Linearization of the UAV System

In Section VII-A, we were able to identify the model
for the Cartesian movement of the Qball-X4 and setup the
transformation to the new set of states that will allow us to
output radius and angular velocity of each UAV. Since the
control of each UAV in the team is done using the radius of
encirclement and the angular velocity, a state transformation
from Cartesian to Polar coordinates is applied giving a new
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state vector X̄ = [r φ ṙ φ̇]T . The resultant system is
represented in the following form:

˙̄X = f (X̄ , xo, yo, Xd , Yd ) (39)

where f (·) is a nonlinear function combining the inputs and
states of the system X̄ , xo is the translation in x-direction, and
yo is the translation in y-direction. This translation represents
the coordinates of the moving target. Moreover, r represents
the radius of encirclement, φ is the angle between the target
and the encircling UAV, and φ̇ (or ω), is the angular velocity
of the UAV. To complete the transformation, we first replace
the states x, y, ẋ , and ẏ with their Polar equivalents

x = r cos φ + xo

y = r sin φ + yo

ẋ = ṙ cos φ − r φ̇ sin φ

ẏ = ṙ sin φ + r φ̇ cos φ.

Then, the resultant set of equations characterized by[
ẋ ẏ ẍ ÿ

]T are multiplied using a transformation matrix T
as seen in the following:⎡

⎢⎢⎣
ṙ
φ̇
r̈
φ̈

⎤
⎥⎥⎦ = T

⎡
⎢⎢⎣

ẋ
ẏ
ẍ
ÿ

⎤
⎥⎥⎦

T

=

⎡
⎢⎢⎢⎢⎢⎣

cos φ sin φ 0 0
− sin φ

r

cos φ

r
0 0

ω sin φ ω cos φ cos φ sin φ
ṙ sin φ

r2 − ω cos φ

r

−ṙ cos φ

r2 − ω sin φ

r

− sin φ

r

cos φ

r

⎤
⎥⎥⎥⎥⎥⎦.

(40)

Now, we have a nonlinear system, comparable with the
system designed in Section III-A, with outputs states r and ω
for each UAV in the team. The nonlinear system in (40)
will be linearized using a suitable linearization technique,
the linearized system will be controlled using LMPC to
solve the problem of dynamic encirclement. Taylor series
linearization was used to linearize our system according to
eight positions around a circular path of radius 1 m and angular
velocity 0.1 rad/s in [24], while in this paper an FL technique
will be used to linearize the dynamics of the UAV team.

C. Feedback Linearization

An FL is a common approach used in the control of
nonlinear systems, resulting in a standard linear state-space
system, which allows the use of linear control techniques to
implement the system in real time. Different combinations
of FL and various types of controllers were used to
compensate the nonlinear dynamics of UAVs cooperating
together during their flights [35]–[37]. Most FL techniques
are based on two main approaches: input–output linearization
and state-space linearization.

The objective of using the FL approach is to linearize (39)
and represent it in the standard state-space form using

the input–output linearization approach. In this paper,
we concentrate on creating a linear map between a set of new
inputs (u1, u2) and the existing outputs (r, φ, φ̇). For instance,
from (36) and (40)

r̈ = f1(X̄ , xo, yo) + g1(X̄ , xo, yo, Xd , Yd ) (41a)
φ̈ = f2(X̄ , xo, yo) + g2(X̄ , xo, yo, Xd , Yd ) (41b)

where f1(·), f2(·), g1(·), and g2(·) are nonlinear functions in
the states and control inputs as follows:

f1(X̄ , xo, yo) = 2.00ṙ φ̇ sin(φ) cos(φ) − 1.40ṙ

+ 1.20r φ̈ cos(φ) sin(φ) − 1.20ṙ cos(φ)2

− 0.48yo sin(φ) − 1.20r cos(φ)2 − 0.48r

+ 2.00r φ̈2 cos(φ)2 − 1.70xo cos(φ) − r φ̈

(42a)

g1(X̄ , xo, yo, Xd , Yd )

= 1.75Xd cos(φ) + 0.48Yd sin(φ) (42b)

f2(X̄ , xo, yo) = 1

r
(1.20ṙ sin(φ) cos(φ)

+ 1.20r sin(φ) cos(φ) + 1.70xo sin(φ)

− 0.48yo cos(φ) + 1.20r φ̈ cos(φ)2)

−2.00ṙ φ̈ − 2.60r φ̈ (42c)

g2(X̄ , xo, yo, Xd , Yd )

= 1

r
(−1.75Xd sin(φ) + 0.50Yd cos(φ)).

(42d)

By rearranging (41) and (42), we isolate the nonlinear
dynamics of the system by introducing a set of two new
inputs u1 and u2 instead of the original inputs Xd and Yd

such that the original inputs are expressed according to the
following format:

Xd = f1n(u1, u2) − f1(X̄ , xo, yo)

g1(X̄ , xo, yo, Xd , Yd )

Yd = f2n(u1, u2) − f2(X̄ , xo, yo)

g2(X̄ , xo, yo, Xd , Yd )

where f1n(u1, u2) = −1.38ṙ − 0.479r + u1 − u2 and
f2n(u1, u2) = φ + u1 + 2u2 are linear functions compensating
the nonlinear dynamics of the system. The functions
f1n and f2n are chosen to respect the controllability and
observability of the closed-loop system allowing the use
of LMPC.

Then, the nonlinear dynamics of UAV system are linearized
using FL. This substitution cancels the nonlinearities in (39),
which results in a linear system with new inputs u1 and u2.
We may write the resultant linear system as

˙̄X = g(X̄ , xo, yo, u1, u2) (43)

where g(·) is a linear function found through FL substitution.
The final linear process model may be represented in

state-space form
˙̄X = AX̄ + BU ; Ȳ = C X̄ (44)

where U is [u1 u2]T , X̄ is [r φ ṙ φ̇]T , Ȳ is the output
vector holding r and ω = φ̇, and matrices A, B , C ensure
controllability and observability of the state space.
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Fig. 6. Summary of system identification, state transformation, and FL.

Fig. 7. Three UAVs encircling stationary target. Each UAV is represented by
a red, green, or blue diamond, while the target is shown as a black diamond.

This linear system is shown in Fig. 6, where the
LMPC produces new control inputs to control the system
during encirclement.

VIII. SIMULATION RESULTS USING LMPC

The simulations were performed using MATLAB and
Simulink. The simulation run for 240 s with the following
parameters: δ = 0.1 s, M = 5, wmin = −wmax = −0.5 rad/s,
RD = 1.5 m, and φ̇D = 0.15 rad/s.

A group of UAVs consists from three vehicles that cooperate
to encircle a stationary target. We assume that each vehicle in
the team will take its own control decision in a decentralized
manner to move itself close to the correct position within the
encirclement formation. We repeat the same scenario intro-
duced in Section VI such that we can compare between both
proposed controllers. The vehicles were initialized randomly
in a neighborhood of the desired position. The initial positions
for a set of three UAVs are [(1.8, 0.18), (−1.4, 2.1), and
(−0.93,−1.613)].

Fig. 7 shows that the team of UAVs was able to successfully
encircle the desired target, while Figs. 8–10 show the

Fig. 8. Radii of encirclement for three UAVs encircling a stationary target
located at the origin converge to the desired radius 1.5 m. UAV 1 is shown
in red and was initialized at (1.8, 0.18). UAV 2 is shown in green and was
initialized at (−1.4, 2.1), while UAV 3 is shown in blue and was initialized
at (−0.93, −1.613).

Fig. 9. Angular speeds of the three UAVs around the desired target converge
to the desired angular speed. UAV 1 is shown in red, UAV 2 is shown in green,
and UAV 3 is shown in blue.

convergence of the three UAVs to the desired radius, desired
angular speed, and desired angular separation, respectively.

IX. EXPERIMENTAL RESULTS

To show that the dynamic encirclement problem for a group
of cooperative UAVs can be solved in real time by controlling
their radius of encirclement, angular velocity, and angular
separation between all the members of the fleet, the controller
discussed in Section VII-B and simulated in Section VIII was
implemented in real platforms.

The quadrotor Qball-X4 is an innovative rotary
wing vehicle platform suitable for a wide variety of
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Fig. 10. Angular separation for three UAVs encircling a stationary target.

Fig. 11. Radii of encirclement and the angular velocities for three UAVs
encircling a stationary target at the origin.

UAV research applications. The vehicle frame was designed
to be as light as possible, while maintaining sufficient stiffness
to ensure accurate state measurement and control actuation.
The Qball-X4 is a quadrotor helicopter design, propelled by
four motors fitted with 10-in propellers. The entire quadrotor
is enclosed within a protective carbon fiber cage that ensures
safe operation as well as opens the possibilities for a variety
of novel applications.

A set of three quadrotors Qball-X4 with initial positions
[(1.5, 0), (−0.75, 1.299), and (−0.75,−1.299)] and angular
separation of 2π/3 rad between each other successfully
encircle a stationary target located at the origin. The test run
for 140 s where the three quadrotors hover in their initial
positions for 20 s then they start the encirclement tactic.
Fig. 11 shows that the radii of the three vehicles are maintained

Fig. 12. Angular velocities for three UAVs encircling a stationary target
at the origin.

Fig. 13. Angular separation for two UAVs encircling a stationary target.
The UAVs converge to a separation of almost 2π/3 rad.

around the desired value of 1.5 m with a little amount of a
disturbance due to the wind generated from the rotors of the
three UAVs in the laboratory environment. Also, Fig. 12 shows
the convergence of the angular speed of the three quadrotors to
the desired angular speed 0.15 rad/s. The angles of separation
between the three UAVs are shown in Fig. 13, where the
angles converge to the desired separation angle 2π/3 rad.

X. DISCUSSION OF RESULTS

By comparing the simulation results represented
in Section VI for a group of UAVs controlled by an
NMPC with the simulation results represented in Section VIII
for a group of UAVs controlled with LMPC and the
experimental results represented in Section IX, we can notice
that the designed controllers, NMPC and LMPC, were able to
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solve the dynamic encirclement problem successfully. All the
vehicles converge to the desired radius, desired angular
speed and desired angular separation. Both controllers
have advantages and disadvantages compared with each
other. On the one hand, the performance of the vehicles
controlled with NMPC is more precise than the performance
of the vehicles controlled with LMPC as a result of the
linearization process. On the other hand, the computational
time taken in the case of NMPC was very long due to the
nonconvexity of the optimization control problem prohibiting
the real-time implementation, while the computational time
taken in the case of LMPC was short enough to allow the
real-time implementation of the system. Also, there exist
some constraints in the designed NMPC such as the speed,
angular speed, and acceleration of each UAV in the team.

Moreover, the experimental results demonstrate the ability
of using the proposed LMPC for real-time implementation of
the system which is not allowed in the case of NMPC due
to the nonconvexity of the optimization control problem.
Notice that, the experimental results are noisy if compared
with the simulation results. The main reason for the noisy
response is the wind disturbance effect produced from the
rotors of each quadrotor on the other during flying in the
laboratory environment. However, the system is still robust
to the disturbances and converges to the desired behavior as
it may be seen in Figs. 11–13.

XI. CONCLUSION

UAVs’ capability and flexibility have received growing
attention in both the military and civilian fields, and this
provides an opportunity for new operational paradigms. These
vehicles are developed to be capable of working in different
environments and weather with the assistance of human
control and have the ability to handle different complicated
or uncertain situations. In this paper, we presented a control
strategy for cooperative control of multiple UAVs.

Our results show that applying the MPC strategy solve the
problem of dynamic encirclement of multiple UAVs around
a desired target in simulation and real-time implementation.
Our simulations and experimental results show that our control
policy with its different forms succeeded to control the
UAV system to converge to the desired references respecting
the dynamic encirclement control objectives. Also, the
theoretical analysis prove the stability of the proposed
controller. This control policy is characterized by robustness,
scalability, and the possibility of real-time implementation.

In the future, we will apply the designed controllers derived
in this paper combined with a learning algorithm to solve
the dynamic encirclement problem for multiple UAVs aiming
to reduce the effect of the linearization and to improve
the stability, robustness, convergence, and safety, which is
necessary for these sorts of autonomous applications.
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