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Abstract ……..
The fast and elitist non-dominated sorting genetic algorithm (NSGA-II) contains a mechanism to
sort individuals in a multi-objective optimization problem into non-dominated fronts, based on
their performance in each optimization variable. When dealing with a bi-objective problem it is
possible to carry-out the non-dominated sorting more efficiently, using the new sorting method
presented in this paper. Results comparing the efficiency of the two sorting mechanisms on sets
of data with two objectives are presented and discussed.
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1

Introduction

Many real world problems such as fleet mix optimization [1], [2], [3] have usually two or more
conflicting objectives which cannot be adequately analyzed using single-objective optimization
algorithms. Therefore, we refer to them as multi-objective problems. For example, in a fleet-mix
problem platform cost would conflict with mission duration (assuming that the more expensive
platforms are the faster ones and vice versa). In general, a multi-objective problem can be
characterized by:

min
r
x

s.t.

r
fm (x)
r
g j (x) ≤ 0

m = 1, ..., M
(1)

j = 1, ..., J
r

r

where f m (x ) represents the m-th of M objective functions and g j (x ) the j-th constraint of a set
of J. (Note that any objective function for which a maximized objective score is desirable can be
transformed into a minimization problem simply by multiplying the function by -1. This paper
assumes that all optimization problems are minimization problems, without loss of generality.).

r

Since conflicting objectives f m (x ) require trade-offs, they will most likely result in solutions
which are not optimal in any one of the objectives. If all solutions in this non-optimal set are not
dominated by each other they form the non-dominated solution set. (A solution A is said to
dominate solution B if at least one of the objectives for solution A is less than that of solution B,
and all other objectives are either less than or equal to each other). This non-dominated solution
set is called the Pareto front [4]. All the solutions on the Pareto front are equally valid as no one
solution is superior to any other over all objectives. The decision maker can then use this set to
decide on the relative importance of each objective.
In this paper, we propose to improve the non-dominated sorting mechanism in the Nondominated Sorting Genetic Algorithm II (NSGA-II) [5]. Note that we only improve NSGA-II in
computational complexity allowing it to handle much larger population sets (i.e., other parts of
the algorithm still function in the same way as before). In Section 2 we will describe NSGA-II
[5], paying particular attention to the sorting algorithm. NSGA-II has been widely used since its
introduction in 2002 and is well known. The total worst-case complexity of NSGA-II (when
sorting a population of size N) using its original sorting method is O ( M ⋅ N 2 ) for either 1 or N
non-dominated fronts (i.e. either every member of the population is in the same non-dominated
front, or each member is in a separate front).
In Section 3, we describe our improved non-dominated sorting algorithm. For a bi-objective
problem (i.e. for M=2 objectives), the improved algorithm takes advantage of preliminarily
sorting the first objective and then analyzing the individuals in order, along the first objective.
Since the second objective conflicts with the first, there is no need to explicitly analyze it. The
best and worst case complexities are (respectively) O ( N log N ) if the whole population of N
solutions is in one front and O (N 2 ) in the case where there are N fronts. Naturally, the worstcase computational complexity of NSGA-II’s sorting method reduces to O (N 2 ) with M=2
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objectives. At this time, the improved non-dominated sorting algorithm can only be used on
problems with two objectives. We give a counter example of why it cannot be used with three or
more objectives in Section 4.
In Section 5, we present computational complexity results showing that the new non-dominated
sorting algorithm is indeed several orders of magnitude faster (the larger the population the larger
the increase in speed) than the algorithm used in NSGA-II (thanks primarily to the logarithmic
complexity gains). We present results on the number of performed comparisons. We show actual
running times in a Matlab® implementation for illustrative purposes, and the new method
performs 2-3 times faster than the NSGA-II sorting mechanism. This increase in speed is
important, as it will allow the genetic algorithm to be run with larger population sizes, without a
significant cost in running time. The paper concludes with Section 6.

2
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2

NSGA-II

NSGA-II is an elitist evolutionary algorithm which groups individual solutions into nondominated fronts, and also contains a crowding-distance assignment operator to preserve diversity
in the population of solutions [5].

2.1

Description of the Algorithm

For a population of size N, a group of N offspring are created using the desired crossover and
mutation operators. To ensure elitism, the offspring and their parent solutions are combined into
a group of size 2N, and the fittest N individuals from this group are used as parents for the next
generation. To determine the top N fittest individuals, the solutions are assigned to nondominated fronts. The first front is found by comparing all individuals in the population (in the
objective space), and assigning the individuals which are not dominated by any other to the first
front. This front is set aside and removed from the current population, at which point the nondominated front from the remaining population members is found, which then becomes the
second front. Each new front is removed from the population and set aside, until all fronts have
been found.
The fronts are then combined (in order) to create the parents for the next generation. It is unlikely
that the final front to be included will make exactly N parents, so an operator is needed to truncate
the front. To preserve diversity in the final group of solutions, NSGA-II removes the “most
crowded” individuals from this final front, in order to make it fit into the group of N parents. To
determine which individuals are the most crowded, each individual in the front is assigned a
crowding-distance. An individual’s crowding-distance is defined as the sum (over all objectives)
of the distance between its two closest neighbours in each objective. If an individual is at one of
the endpoints for an objective (i.e. scores either the maximum or minimum value in the
objective’s fitness function), then it is assigned a crowding-distance of infinity. The first
individuals to be removed are ones with the smallest crowding-distance.
After the offspring and parent individuals have been combined, sorted into fronts, and
recombined into a new parent population (after truncating a front based on crowding-distance, if
necessary), a new group of offspring is created, and the algorithm runs for a set number of
generations, or until some other stopping criterion is reached. The initial parent population is
selected randomly from the solution space.
Fig. 1 provides an illustration of one generation of NSGA-II. In Step 1, the parent and child
populations are combined. Step 2 sorts the combined populations into non-dominated fronts, and
if necessary, a front is truncated in Step 3. The top N individuals are the parents for the next
generation.
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Figure 1: Illustration of NSGA-II generation

2.2

NSGA-II Sorting Technique

To determine which individuals from a population belong to the non-dominated front (NDF),
NSGA-II does a comparison between all members of the population and a dynamically changing
non-dominated set (as illustrated in Fig. 2). The main idea is that a non-dominated set (NDS) of
solutions is maintained, each population member is compared with every member of this set at
some point, and the members of the NDS are updated after every comparison.
Firstly, any two solutions in the population, A and B, are compared to each other. There are three
possible results from this comparison:
1. A dominates B
2. B dominates A
3. A and B are incomparable (i.e. neither dominates the other)
If A and B are incomparable, they become the first two members of the NDS. If A dominates B,
then A becomes the first member of the NDS, and B is set aside. Similarly, if solution B
dominates A, then A is set aside, and B becomes the first member of the NDS. Each of the
remaining population members are then compared, in order, with each NDS member. Any NDS
members which are dominated by a population member are removed from the NDS. If a
population member is not dominated by any NDS member, it is added to the NDS, otherwise, it is
set aside, as it is not part of the NDF. After searching through all individuals in the population in
this way, the final members in the non-dominated set will constitute the non-dominated front of
the population.

4
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Figure 2: Finding a non-dominated front with the NSGA-II technique

2.3

Computational Complexity

There are two worst-case scenarios for this sorting technique. If every individual in a population
of size N is in the same non-dominated front, then the second individual will be compared to the
first one, the third will be compared to the first two, and the N-th individual will be compared to
the first N-1 individuals, for a total of N(N-1)/2 comparisons, which corresponds to a
computational complexity of O (N 2 ) for the non-dominated sort. On the other end of the
spectrum, if every individual is in its own front, then it will take N-1 comparisons to find the first
front, N-2 comparisons to find the second front, one comparison to find the (N-1)-th front, and no
comparisons to find the N-th front, for a total complexity of O (N 2 ) . Furthermore, since each
comparison between two individuals requires M objective function value comparisons (if M is the
number of objectives), the total worst-case complexity of this sorting method is O ( M ⋅ N 2 ) for
both cases of either 1 front or N separate fronts.
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3

Improved Non-dominated Sorting on Two
Objectives

The proposed sorting technique is similar to the method used in NSGA-II, in that to sort a
population into non-dominated fronts, the first non-dominated front is found and removed from
the population, then the second is found from the remaining members and removed, then the
third, and so on, until every member of the population has been assigned to its proper front.
However, the method by which the non-dominated fronts are found (illustrated in Fig. 3) differs
significantly between the two methods.

3.1

Description of Improved Technique

For a population of individuals with M=2 objectives, the individual with the lowest first-objective
score must be part of the NDF, since it cannot be dominated by any other individual. (If two or
more individuals tie for the lowest first-objective score, then these solutions must also be
compared in the second objective, and the individual(s) which score(s) best in the second
objective are definitely in the population’s first non-dominated front. The proposed algorithm
repeatedly applies this idea to efficiently find the population’s NDF.
As a first step, the individuals are ordered lexicographically, primarily by their first-objective
scores, and then by their second-objective scores to break any ties. Clearly, sorting the
individuals in this way ensures that no individual can be dominated by any which come after it in
the order, and hence, the first individual in this sorted order must be a member of the NDF. The
individuals are then iterated through in order, and the first one not dominated by the first NDF
member must also be part of the NDF, where it becomes the most-recent NDF member, and the
first NDF member is known as the previous NDF member.
To determine the non-dominance of successive individuals, they do not need to be compared to
both NDF members, but rather only the most-recent one. Since the most-recent NDF member is
incomparable with the previous NDF member, and also since the previous member has a lower
first-objective score than the most-recent member, the most-recent NDF member’s secondobjective score must be lower than the previous member’s. Additionally, since all remaining
individuals have higher first objective scores than both the previous and most-recent NDF
members, any individuals that are incomparable with the most-recent member must also be
incomparable with the previous NDF member. If an individual is added to the NDF, the mostrecent NDF member then becomes the previous member, and the newly added individual is the
most-recent member.
By initially sorting the individuals by their first objective scores, only one comparison is needed
to determine whether or not an individual is added to the front. Each individual is either
dominated by the most recent NDF member, and therefore is not part of the non-dominated front,
or it is incomparable with the NDF member, in which case it is incomparable with all NDF
members, and can be added to the non-dominated front.
An example of sorting a dataset on two objectives is illustrated in Figure 3. The key difference
between this proposed algorithm and the method used in NSGA-II is that NSGA-II’s method has
6
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to compare individuals to every member of the dynamically changing non-dominated set of
individuals, while the proposed algorithm can use the information gained from sorting the
population by their first-objective scores to intelligently reduce the number of comparisons
required between individuals.

Figure 3: Finding the non-dominated front with the proposed algorithm

3.2

Computational Complexity

To find the first non-dominated front from a population of N individuals, using the merge sort
algorithm [6], the initial sorting has a worst-case computational complexity of O ( M ⋅ N log N ) ,
for M=2 objectives, (when every individual has the same score in the first objective, and therefore
has to be sorted over both objectives). The initial sorting allows the first non-dominated
individual to be found, but then only N-1 comparisons need to be performed to determine the
remaining members of the non-dominated front, since either counting or discounting an
individual in the front takes only one comparison. Therefore the overall complexity of finding
the first non-dominated front is O ( N log N ) . To find subsequent fronts, the initial sorting does
not have to be repeated, as the members of the non-dominated front can just be removed from the
sorted list (which takes k steps, where k is the number of individuals in the front), and the next
front can be found with only N-k-1 steps.
In the worst case for the proposed sorting algorithm, each individual will be in its own front (i.e.
there will be a total of N fronts). The initial sort will have a complexity of O ( N log N ) , and N-1
comparisons are needed to find the first front, N-2 are needed for the second, N-3 for the third,
and so on, for a total complexity of O ( N 2 ) . This is no worse than NSGA-II’s complexity, in this
case. However, in NSGA-II’s other worst-case scenario, when every population member is part
of the first non-dominated front, the proposed algorithm performs much better. In fact, this is the
proposed algorithm’s best-case scenario. The initial sorting still has a complexity of
O ( N log N ) , but only N-1 comparisons are needed to determine that every other individual in the
population belongs to the non-dominated front, which gives this scenario an overall complexity of
O ( N log N ) . Empirical results from a comparison of the proposed technique with NSGA-II’s
DRDC CORA TN 2009-027
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sorting method in less extreme cases (i.e. populations with between 1 and N non-dominated
fronts) are discussed in Section V.

8
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4

Sorting on Three or More Objectives

Although the proposed sorting technique performs quite well when it is sorting based on only two
objectives, it breaks down when a problem with three or more objectives is considered. When
more than two objectives are considered, the proposed algorithm is not discriminating enough
when choosing individuals to be included in the non-dominated front, and it will return a front
with too many individuals. Although all individuals that are part of the first non-dominated front
are included in the first generated front, to remove those extra individuals or solutions increases
the computational complexity to the point where the proposed algorithm becomes just as
expensive as NSGA-II’s sorting method.

4.1

A Simple Counter-Example

Consider the sorting of the three individuals shown in Table 1. Each individual is sorted over
three objectives, and they are initially sorted by how they score in the first objective. Assume that
a lower objective score corresponds to a more optimal one (i.e. this is a minimization problem).
If the proposed algorithm was used to sort these three individuals, as a first step, Individual 1
would be added to the non-dominated front. Next, Individual 2 would be compared with
Individual 1, and, since these two individuals are incomparable, Individual 2 would be added to
the non-dominated front. Finally, as a third step, Individual 3 would be compared to Individual 2,
and then added to the non-dominated front, since Individuals 2 and 3 are incomparable.
However, Individual 3 is dominated by Individual 1, so it does not belong in the non-dominated
front. Since the proposed technique is not guaranteed to find the correct non-dominated front in
cases where populations with three or more objectives need to be sorted, the proposed sorting
technique should only be used when dealing with a problem with two objectives.
Table 1: Example Three-Objective Population
Objective Function Scores
Individual
Objective 1
1
2
3

0
1
2

Objective 2
0
4
2
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Objective 3
0
-1
2
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5

Results

Both the proposed sorting technique and the sorting method used in NSGA-II were implemented
in Matlab® on a 3.20 GHz Intel® Pentium® 4 processor, with 1 GB available memory, on
randomly generated sets of data.

5.1

Total Number of Comparisons

Tests were run for six different population sizes, and ten random populations were generated for
each of these population sizes. Each of these populations was sorted using both the proposed
method and NSGA-II’s method. Of course, the sorting was done based on two objectives.
Table 2: Number of Comparisons for Both Sorting Methods
Proposed

NSGA-II

Population Size
100
200
400
800
1600
3200

Average (x103)

Std Dev (%)

Average (x103)

Std Dev (%)

0.7
2.2
6.3
18.1
52.4
148.4

7.47
8.43
4.88
4.55
3.90
2.39

1.7
5.8
18.0
55.1
170.2
519.5

5.55
7.29
2.80
5.15
3.19
2.11

Table 2 shows both the average and standard deviation of the number of comparisons between
individuals (over the ten tests for each population size) for both sorting methods. Note that the
overhead O ( M ⋅ N log N ) sorting complexity in the proposed method is not included in this
table, only the number of direct comparisons between individuals is presented.
The results in Table 2 show that in the expected case, the proposed method is able to sort a
population of individuals (with two objectives) with significantly fewer steps than the method
used in NSGA-II. Even if the overhead O ( M ⋅ N log N ) sorting complexity is added to the
average number of comparisons counted in the proposed method, the proposed method still
performs notably fewer comparisons than the NSGA-II mechanism.

5.2

Running Time

Table 3 shows the average and standard deviation of the running times for the same tests as are
presented in Table 2. For small populations (less than 800), the proposed algorithm runs about
twice as fast as NSGA-II’s sorting technique in this implementation, while for larger populations,
the proposed method is almost three times quicker. Clearly, the proposed technique is a much
faster alternative to NSGA-II’s sorting method.

10

DRDC CORA TN 2009-027

UNCLASSIFIED

UNCLASSIFIED

Table 3: Running Times for Both Sorting Methods
Proposed

NSGA-II

Population Size
Average (ms)

Std Dev (%)

Average (ms)

Std Dev (%)

43
121
321
881
2538
7117

14.3
9.30
5.11
5.22
4.46
2.03

68
226
672
2030
6395
20147

9.13
11.9
4.09
5.64
3.45
1.61

100
200
400
800
1600
3200
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6

Conclusion

A non-dominated sorting technique was proposed for populations which are evaluated in two
objectives, intended to replace the current sorting method used by NSGA-II. Although the
proposed method’s computational complexity has the same worst-case scenario as NSGA-II’s
technique, it improves significantly on one of NSGA-II’s two worst-case scenarios, and it was
shown empirically to outperform the NSGA-II method in a typical sorting situation.
Since the proposed method is only functional when sorting populations with two objectives, a
generalization of the proposed technique is currently being developed which should improve
NSGA-II’s sorting method for populations with any number of objectives.

12
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