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A Subspace Consensus Approach for Distributed Connectivity
Assessment of Asymmetric Networks
Mohammad Mehdi Asadi, Mohammad Khosravi, Stephane Blouin, and Amir G. Aghdam
Abstract— The problem of connectivity assessment of an
asymmetric network represented by a weighted directed graph
is investigated in this paper. The notion of generalized algebraic
connectivity is formulated for this type of network in the context
of distributed parameter estimation algorithms. The proposed
connectivity measure is then defined in terms of the eigenvalues
of the Laplacian matrix of the graph representing the network.
A novel distributed algorithm based on the subspace consensus
approach is developed to compute the generalized algebraic
connectivity from the viewpoint of each node. The Laplacian
matrix of the network is properly transformed such that the
problem of finding the connectivity measure is reduced to the
problem of finding the dominant eigenvalue of an asymmetric
matrix. Two sequences of one-dimensional and two-dimensional
subspaces are generated iteratively by each node such that
either of them converges to the desired subspace spanned by the
eigenvectors associated with the desired eigenvalues representing the network connectivity. The effectiveness of the developed
algorithm is subsequently demonstrated by simulations.

I. I NTRODUCTION
Ad-hoc networks are composed of a collection of sensors
capable of exchanging data through communication channels
without the support of a pre-existing infrastructure [1], [2].
The convergence speed of cooperative algorithms used for
various objectives such as consensus, target localization
and parameter estimation over ad-hoc networks strongly
depends on the connectivity degree of the network [3]. A
network with a higher degree of connectivity is able to
diffuse information more effectively throughout the network
[4]. In parameter estimation algorithms, in particular, a set
of unknown parameters are estimated iteratively using the
data collected by the sensors which are corrupted by the
measurement noise [5], [6]. This task can be done either in
a centralized manner by relying on a network with a fusion
center or in a distributed fashion using ad-hoc networks.
Estimation algorithms performing distributed computation
have significant advantages compared to the methods based
on a fusion center such as scalability and resilience to node
failure [7].
Traditionally, the algebraic connectivity of a symmetric
network is defined as the second smallest eigenvalue of the
Laplacian matrix of the network undirected graph [8]. A
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decentralized orthogonal iteration algorithm is introduced in
[9] for computing the k dominant eigenvalues of a symmetric
network. A distributed procedure is developed in [10] to
estimate and control the algebraic connectivity of symmetric
ad-hoc networks. Unlike symmetric networks, the notion of
algebraic connectivity is not well-defined for asymmetric
networks due to the dependency of consensus convergence
rate on the initial state vector of such networks. A simple
extension of algebraic connectivity to directed graphs is
proposed in [11], where the magnitude of the smallest
nonzero eigenvalue of the Laplacian matrix is introduced as
a measure of network connectivity. However, this notion fails
to represent any operational characteristic of the asymmetric
network such as the convergence rate of cooperative algorithms running over it. The generalized algebraic connectivity notion is introduced in [12] and it captures the expected
asymptotic convergence rate of continuous-time consensus
algorithms running over an asymmetric network.
Motivated by applications in underwater acoustic sensors
networks subject to asymmetric communication links [13],
[14], the problem of connectivity assessment of asymmetric
sensor networks is investigated in this work. The generalized
algebraic connectivity is chosen as a novel measure of
connectivity for networks represented by weighted directed
graphs [12]. To justify the definition of generalized algebraic
connectivity, the expected asymptotic convergence rate of
a discrete-time parameter estimation algorithm with noisecorrupted measurements over an asymmetric network is investigated. A novel algorithm based on the power iteration is
introduced to compute the generalized algebraic connectivity
in a distributed manner. The Laplacian matrix of the network
is transformed such that the original problem is reduced to
finding the dominant eigenvalues of an asymmetric matrix.
Since an asymmetric matrix can either have a real or complex
dominant eigenvalue, every node generates sequences of onedimensional and two-dimensional subspaces corresponding
to the cases that the dominant eigenvalue is real and complex, respectively. Then, either of the subspace sequences
converges to a desired subspace associated with the generalized algebraic connectivity of the network. The efficacy
of the proposed algorithm is subsequently demonstrated by
simulations.
The remainder of the paper is organized as follows. Some
background and definitions are given in Section II. The network connectivity is formulated in terms of the convergence
rate of a distributed estimation algorithm in Section III.
Section IV introduces an iterative algorithm to compute the
proposed connectivity measure in a distributed fashion. The
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simulation results are subsequently presented in Section V,
and conclusions are summarized in Section VI.
II. P RELIMINARIES

AND

N OTATION

Throughout this work, the set of nonnegative integers and
nonnegative real numbers are denoted by Z≥0 and R≥0 ,
respectively. Also Nn is the finite set of natural numbers
{1, 2, . . . , n}. The transpose and conjugate transpose of a
complex vector v ∈ Cn are represented by vT and vH ,
respectively. The inner product of two complex vectors
v, w ∈ Cn is denoted by hv, wi = wH v. The real part,
imaginary part, and magnitude of a complex number c
are represented by ℜ(c), ℑ(c), and |c|, respectively. The
n × n identity matrix is denoted by In , and the all-one
column vector of length n is represented by 1n . The matrix
Diag(v) ∈ Cn×n is defined as a diagonal matrix where the
elements of the vector v ∈ Cn appear on its main diagonal.
Moreover, ei ∈ Rn denotes a column vector whose elements
are all zero except for its ith element which is one. The trace
and determinant of a square matrix A are represented by
tr(A) and det(A), respectively.
Let A : X → Y be a linear transformation that maps the
elements of domain X to codomain Y. The image and kernel
of A are defined as Im(A) = {Ax | x ∈ X } and Ker(A) =
{x ∈ X | Ax = 0}, respectively. A linear transformation
P : Cn → Cn is called a projector if P2 = P. An orthogonal
projection is defined as a projection map whose image and
kernel are orthogonal subspaces, i.e., Im(P) = Ker(P)⊥
[15]. Let B ∈ Cn×k be a matrix whose column vectors
represent a basis for the k-dimensional subspace S of Cn .
Then, the orthogonal projection onto subspace S is defined
as P = P(B), where the function P(·) : Cn×k → Cn×n
is defined as P(B) = B(BH B)−1 BH . Consider two distinct
subspaces S1 and S2 of Cn . The distance between S1 and
S2 is defined as D = kP1 − P2 k, where P1 and P2 are the
orthogonal projectors onto subspaces S1 and S2 , respectively
[16].
III. C ONVERGENCE R ATE OF D ISTRIBUTED E STIMATION
A LGORITHMS
The notion of generalized algebraic connectivity introduced in [12] as a measure of connectivity for asymmetric
networks will now be formulated in the context of parameter
estimation problem. To this end, the distributed estimation of
unknown parameters in the discrete-time case is considered
as the desired cooperative goal of the network. Note that
connectivity has a significant impact on data diffusion across
a network where each node exchanges information only with
its neighbors. As a result, communication between the nodes
is more efficient in a more connected network, in general,
and the unknown parameters are identified in a faster and
more reliable fashion in such networks. Given its importance,
the convergence rate of a parameter estimation algorithm
over an asymmetric network will be investigated next for
the discrete-time case.
Consider the problem of distributed estimation of a vector
of unknown parameters θ ∈ Rm using an asymmetric

network of n nodes and represented by a weighted digraph
G = (V , E , W). Let yi ∈ Rmi denote the observation
vector of the ith node which is corrupted by the additive
noise ui ∈ Rmi , i.e.
yi = Ai θ + ui ,

(1)

for any node i ∈ Nn , where the known observation matrix
Ai ∈ Rmi ×m relates the unknown parameters to the measurements of the ith node, and ui represents the vector of measurement noise. It is assumed that the noise vectors {ui }i∈Nn
are independent and identically distributed (i.i.d.) with zero
mean and bounded second moment, where {Σi }i∈Nn represents the corresponding set of covariance matrices. As a
result, the ith node observes mi linear combinations of the
elements of θ, where mi ≪ m holds by assumption. The
aggregate measurement of all nodes is then given by
y = Aθ + u,

(2)

T T
where y = [y1T · · · ynT ]T ∈ Rm̄ , A = [AT
∈
1 · · · An ]
m̄×m
T
T T
m̄
R
, and u = [u1 · · · un ] ∈ R with augmented
covariPn
ance matrix Σ = Diag(Σ1 , . . . , Σn ) and m̄ = i=1 mi . It
is assumed that m ≤ m̄, and that the augmented observation
matrix A is full-rank. Let θ̂ ∈ Rm denote the minimumvariance unbiased estimate of the unknown vector θ when
the augmented measurement vector y along with matrices
A and Σ are given. Then, θ̂ is obtained in a centralized
fashion by [5]

θ̂ = (AT Σ−1 A)−1 AT Σ−1 y
n
n
X
−1 X
−1
−1
=
AT
Σ
A
AT
i
i
i Σi y i .
i
i=1

(3)

i=1

For the special case when the noises are jointly Gaussian, θ̂
also provides the maximum likelihood estimate of θ [5]. One
can find θ̂, given in (3), in a distributed manner by reducing
the problem into two average consensus problems. Two distributed discrete-time
proceduresPare used to comPnconsensus
n
−1
1
T −1
pute the terms n1 i=1 AT
i Σi yi and n
i=1 Ai Σi Ai ,
respectively, by solving the averaging problems from the
standpoint of each node. Let θ̂i (k) ∈ Rm represent the
estimate of θ̂ obtained by the ith node at the k th iteration
of the algorithm, such that
−1
θ̂i (k) = Qi (k)
qi (k),
(4)
where qi (k) ∈ Rm andP
Qi (k) ∈ Rm×m are,P
respectively, the
n
−1
T −1
y
and
estimates of the terms ni=1 AT
Σ
i
i
i
i=1 Ai Σi Ai
th
[5]. Then, qi (k) and Qi (k) are obtained by the i node using
the information it receives from the neighbors as well as its
own information based on the following update procedures
qi (k) = qi (k−1)−δ(k−1)

X

wij (qi (k−1)−qj (k−1)), (5a)

j∈Ni

X
Qi (k) = Qi (k−1)−δ(k−1) wij(Qi (k−1)−Qj (k−1)). (5b)
j∈Ni

The set of diminishing step sizes {δ(j)}j∈Z≥0 used in (5)
satisfy the following
Pk−1 three conditions according to [10], [17]:
(i) limk→∞ j=0 δ(j) = ∞,
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Pk−1
(ii) limk→∞ j=0 δ 2 (j) < ∞, and
(iii) 0 <Pδ(j) < ∆−1 for any j ∈ Z≥0 , where ∆ =
maxi∈Nn j∈Ni wij and limj→∞ δ(j) = 0.
By considering a quasi-strongly connected (QSC) weighted
digraph G and using the above consensus update laws, the
final state vector q∗ and final state matrix Q∗ that all nodes
will converge to are given by
1
q∗ = hw1 (L),1
ni

1
Q∗ = hw1 (L),1
ni

n
X
i=1
n
X

hw1 (L), ei iqi (0),

(6a)

hw1 (L), ei iQi (0),

(6b)

i=1

where w1 (L) denotes the left eigenvector of L corresponding
to its zero eigenvalue. Assume that w1 (L) is available to all
nodes, and the update procedures (5) are initialized by setting
hw1 (L), 1n i T −1
A Σ yi ,
hw1 (L), ei i i i
hw1 (L), 1n i T −1
A Σ Ai ,
Qi (0) =
hw1 (L), ei i i i
qi (0) =

(7a)
(7b)

for every node i ∈ Nn . Under these conditions, it is guaranteed that the average consensus over the weighted digraph
G will be achieved as k goes to infinity. By aggregating the
state vector of all nodes, one can form the augmented state
T
T
mn
vector q(k) = [qT
with the following
1 (k) · · · qn (k)] ∈ R
dynamics
q(k) = ((In −δ(k−1)L) ⊗ Im )q(k−1)
=(

k−1
Y

(In −δ(j)L) ⊗ Im )q(0).

(8)

j=0
T
T
The augmented state matrix Q(k) = [QT
1 (k) · · · Qn (k)] ∈
mn×m
R
is also given by the following update procedure

Q(k) = (

k−1
Y

(In −δ(j)L) ⊗ Im )Q(0).

Define d(k) = kq̃(k)k as the disagreement function representing the Euclidean norm of the difference between the
augmented state vector of the network at the k th iteration and
the final agreement state. Since G is QSC, it is guaranteed
that q(k) converges to 1n ⊗ q∗ as k goes to infinity, i.e.,
limk→∞ d(k) = 0. The asymptotic
Pk−1 convergence rate is
defined as − limk→∞ log(d(k))( j=0 δ(j))−1 , which represents the speed of decreasing the disagreement function to
zero in an asymptotic manner. The asymptotic convergence
rate of the distributed parameter estimation algorithm is
characterized in the next theorem.
Theorem 1: Consider a QSC weighted digraph G with
Laplacian matrix L. Let q(k) denote the augmented state
vector of a network represented by G at the k th iteration
whose dynamics is given by (8). Let also the augmented
initial state q(0) be a unit random vector with a continuous probability distribution, which is obtained from the
noise-corrupted measurements (2). By defining λ̃(L) =
minλi (L)6=0, λi (L)∈Λ(L) ℜ(λi (L)), it follows that the asymptotic rate of convergence to consensus P
is almost surely
k−1
equal to λ̃(L), i.e., P[− limk→∞ log(d(k))( j=0 δ(j))−1 =
λ̃(L)] = 1.
Proof: The proof is omitted due to space limitations
and can be found in [18].
Theorem 1 shows that the expected asymptotic convergence rate of distributed estimation algorithm in the discretetime case is well described by λ̃(L), as defined in the
statement of the theorem, which is equal to the smallest
nonzero real part of the eigenvalues of L. This motivates
the introduction of a new connectivity measure for weighted
digraphs.
Definition 1: Given a QSC weighted digraph G with
Laplacian matrix L, the generalized algebraic connectivity
(GAC) of G , denoted by λ̃(L), is defined as
λ̃(L) =

(9)

j=0

In order to investigate the rate of convergence to consensus,
and on noting that (8) and (9) follow similar dynamics, it
suffices to examine the convergence rate to consensus using
the update law given by (8). To this end, let q̃(k) denote the
error vector of the network at the k th iteration defined as

 1 wT (L)
n
q̃(k) = q(k)−1n ⊗ q∗ = q(k)− T 1
⊗ Im q(0). (10)
w1 (L) 1n
1 wT (L)

1
By defining J = wnT (L)
⊗ Im and since 1n is the right
1n
1
eigenvector of L corresponding to its zero eigenvalue, one
has ((In − δ(j)L)
Qk−1⊗ Im ) J = J for any j ∈ {0, 1, . . . , k−1}.
As a result, ( j=0 (In − δ(j)L) ⊗ Im ) J = J, and it results
from (10) that

q̃(k) = (

k−1
Y

(In −δ(j)L) ⊗ Im )q(0)−J q(0)

k−1
Y

(In −δ(j)L) ⊗ Im )q̃(0).

j=0

=(

j=0

(11)

min

λi (L)6=0, λi (L)∈Λ(L)

ℜ(λi (L)).

(12)

IV. D ISTRIBUTED C OMPUTATION OF THE G ENERALIZED
A LGEBRAIC C ONNECTIVITY
A distributed algorithm is presented in this section to compute the GAC of a weighted digraph G from the viewpoint
of each node. To this end, a matrix transformation, borrowed
from [12], is provided in the next lemma.
Lemma 1: Let L be the Laplacian matrix of a weighted
digraph G composed of n nodes. Assume that the zero
eigenvalue of L has multiplicity one, and define the modified
Laplacian matrix of the digraph as
L̃ = eIn −δL − exp(1) w1 (L) w1T (L),
(13)
P
where δ < ∆−1 for ∆ = maxi∈Nn j∈Ni wij . It then follows
that

1
λ̃(L) = 1 − log( max |λi (L̃)|) .
(14)
δ
λi (L̃)∈Λ(L̃)
The following two assumptions are required.
Assumption 1: The weighted digraph G representing the
network is strongly connected.
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Assumption 2: The modified Laplacian matrix L̃ of the
network digraph has either a real dominant eigenvalue or a
pair of complex conjugate dominant eigenvalues.
The algorithm given in the next subsection is an extension
of the well-known power iteration method which has been
used extensively in the literature to compute the algebraic
connectivity of symmetric networks in both centralized and
distributed fashions [10], [11]. The power iteration algorithm
computes the dominant eigenvalue of a matrix (i.e., an eigenvalue with maximum magnitude) under the assumption that
the matrix has one dominant eigenvalue whose magnitude is
strictly greater than the magnitude of the other eigenvalues
[19]. As a result, two main challenges in using the power
iteration method to compute the GAC, as noted in [12], are
as follows:
1) the power iteration method computes the eigenvalue with
maximum (not minimum) magnitude (not real part), and
2) the convergence of the power iteration procedure is not
guaranteed when there are two eigenvalues with largest
magnitude (i.e., a pair of complex conjugate dominant eigenvalues).
To address the first challenge, the Laplacian matrix L is
transformed into the modified Laplacian matrix L̃ according
to Lemma 1. This transformation converts the problem of
finding λ̃(L) into the problem of finding the dominant eigenvalue of matrix L̃. Since the asymmetric network, considered
in this work, is represented by a weighted digraph G with a
real weight matrix W, the dominant eigenvalue(s) of L̃ can
appear as a real number or a complex conjugate pair under
Assumption 2. Therefore, L̃ could have one or two dominant
eigenvalue(s), and the power-iteration-based algorithms are
not able to address the problem of finding the dominant
eigenvalue(s) of L̃.
To address the second challenge, note that it is not known
a priori whether the dominant eigenvalue of L̃ is real or
complex. Thus, for any i ∈ Nn , node i constructs a onedimensional subspace Wki and a two-dimensional subspace
Vki at the k th iteration of the algorithm corresponding to the
cases that the dominant eigenvalue of L̃ is real and complex,
respectively. Note that the subspaces Wki and Vki are spanned
by the state vectors which are obtained in a distributed
manner from the viewpoint of the ith node. Therefore, every
node i generates a sequence of one-dimensional subspaces
{Wki }k∈N and a sequence of two-dimensional subspaces
{Vki }k∈N . Under Assumptions 1 and 2, it can be shown that if
the dominant eigenvalue of L̃ is a real number, the subspace
sequence {Wki }k∈N converges to the one-dimensional subspace W spanned by the right eigenvector of L̃ associated
with its real dominant eigenvalue for every node i ∈ Nn .
However, if L̃ has a pair of complex conjugate dominant
eigenvalues, only the subspace sequence {Vki }k∈N converges
to the two-dimensional subspace V spanned by two right
eigenvectors associated with the pair of complex conjugate
dominant eigenvalues of L̃, for every node i ∈ Nn . Once
any of the two subspace sequences converges to consensus
from the standpoint of every node, the restriction of L̃ to the
desired subspace W or V can be obtained in a distributed

manner, giving the magnitude of the dominant eigenvalue of
L̃. Then, every node can compute GAC using equation (14).
A. Description of the Proposed Distributed Algorithm
Throughout the algorithm, the modified Laplacian matrix
L̃ is approximated by L̃k at the k th iteration, where the matrix
exponential eIn −δL used in the definition of L̃ in (13) is
substituted by the sum of the first k terms in its Taylor
expansion, i.e.,
L̃k =

k
X
1
(In − δL)j − exp(1)w1 (L) w1T (L).
j!
j=0

(15)

In the centralized implementation of the algorithm, one can
define xk ∈ Rn as the state vector of network at the k th
iteration, which is updated using the following procedure
xk =

L̃k xk−1
(L̃k )k x0
=
.
kL̃k xk−1 k
k(L̃k )k x0 k

(16)

The initial state vector x0 is also chosen such that x0 6⊥
span{vn−1 (L̃), vn (L̃)}. In order to implement the update
procedure (16) in a distributed fashion, let xik ∈ Rn denote
the state vector from the viewpoint of the ith node at the
k th iteration of the distributed algorithm. Note that node i
can only directly update the ith element of its state vector
at each iteration due to the distributed nature of the update
procedure, for any i ∈ Nn . The procedure employed by the
ith node to obtain the updated state vector xik in an iterative
manner using the state vectors xjk−1 for j ∈ Ni ∪ {i} is
elaborated in the next three steps.
i
(1) Let the real scalar yk−1
(0) = hxik−1 , ei i denote the
th
i element of the state vector xik−1 obtained at the
(k − 1)th iteration by the ith node. Define yk−1 (0) =
1
n
[yk−1
(0) · · · yk−1
(0)]T ∈ Rn as the augmented initial
i
vector formed by aggregating the scalars yk−1
(0) for
th
every i ∈ Nn . In this step, the i node is required to
compute the ith element of the vector ŷk = L̃k yk−1 (0).
i
To this end, define yk−1
(l) as the ith element of the
n
vector yk−1 (l) ∈ R which is obtained as yk−1 (l) =
(In − δL)l yk−1 (0) for any l ∈ Nk and k ∈ N. Then,
i
yk−1
(l) is computed using the following update law
i
i
yk−1
(l) = yk−1
(l−1)−δ

n
X
j
i
wij (yk−1
(l−1)−yk−1
(l−1)), (17)
j=1

for any i ∈ Nn and l ∈ Nk at the k th iteration. After
repeating the above procedure k times, the ith element of
the vector ŷk , denoted by ŷki , is obtained as
k
X
1 i
ŷki =
ŷ (l)−exp(1)hw1(L),ei ihw1(L), xik−1 i. (18)
l! k−1
l=0

(2) According to the update procedures in (17) and (18),
merely the ith element of the updated state vector at
the k th iteration of the distributed algorithm is available
to the ith node. To ensure that every node has access
to all elements of the updated state vector obtained by
the other nodes, the notion of consensus observer from
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[11] is used in this step. The consensus observer is used
to iteratively diffuse the updated elements of the state
vector perceived by each node throughout the network.
Let zik (m) ∈ Rn denote the state vector of the consensus
observer at its mth step from the standpoint of the ith
node at the k th iteration. By assuming that the consensus
observer is executed k times at the k th iteration of the
distributed algorithm, one has m ∈ Nk . The state vector
of the consensus observer is initialized as zik (0) = ŷki ei
for any i ∈ Nn and k ∈ N. Then, zik (m) is updated as
follows
n
X
zik (m) = zik (m−1)−δ wij (zik (m−1)−zjk (m−1)), (19)
j=1

for any i ∈ Nn , m ∈ Nk , and k ∈ N.
(3) By considering zik (k) as the output of the consensus
observer after k steps from the viewpoint of node i, the
updated state vector xik computed by the ith node at the
k th iteration is given by
xik =

Ξ−1 zik (k)
,
kΞ−1 zik (k)k

(20)

1
Diag(w1 (L)). This completes the
where Ξ = hw1 (L),1
ni
required steps to obtain xik for any i ∈ Nn and k ∈ N.
Let Wki = span{xik } and Vki = span{xik−1 , xik } define the
one-dimensional and two-dimensional subspaces formed to
obtain, respectively, the real and complex dominant eigenvalues of matrix L̃k at the k th iteration of the distributed
algorithm by the ith node. Since every subspace is uniquely
characterized by its projection operator, define P̄ik and Pik
as the projectors corresponding to the subspaces Wki and
Vki , respectively, at the k th iteration of the algorithm from
the viewpoint of the ith node. Moreover, P̄ik = P(B̄ik )
and Pik = P(Bik ) by definition, where B̄ik = xik and
Bik = [xik−1 xik ]. Once the subspaces Wki and Vki associated
with the dominant eigenvalue(s) of L̃k are identified, the
restriction of L̃k onto Wki and Vki , denoted by R̄ik and Rik ,
i −1 i,T
respectively, are computed by R̄ik = (B̄i,T
B̄k L̃k B̄ik
k B̄k )
i,T i −1 i,T
i
i
and Rk = (Bk Bk ) Bk L̃k Bk . On noting that no node
has access to the approximate modified Laplacian matrix L̃k
during the distributed implementation, the ith node can use
Ξ−1 zik (k) and Ξ−1 zik+1 (k + 1) as approximations for the
terms L̃k xik−1 and L̃k xik , respectively. This results in
i −1 i,T −1 i
R̄ik =(B̄i,T
B̄k Ξ zk+1 (k+1),
k B̄k )

Rik

i −1 i,T −1 i
=(Bi,T
Bk Ξ [zk (k)
k Bk )

zik+1 (k+1)].

(21a)
(21b)

ˆ i and λ̂i as the real and complex dominant eigenvalDefine λ̄
k
k
ues of matrix L̃k obtained at the k th iteration of the distributed
algorithm by the ith node, such that
ˆ i =R̄i ,
λ̄
k
k

(22a)

q
λ̂ik = 21 tr(Rik )+ ( 12 tr(Rik ))2 − det(Rik ).

(22b)

˜ i and λ̃i representing
By inverse transformations of (13), λ̄
k
k
the estimates of the GAC from the viewpoint of node i

˜i =
at the k th iteration of the algorithm are obtained as λ̄
k
1
ˆ
1
i
i
i
δ [1 − log(λ̄k )] and λ̃k = δ [1 − log(|λ̂k |)]. To examine the
i
i
convergence of the algorithm, D̄k+1
and Dk+1
are computed
as follows
i
D̄k+1
= kP̄ik − P̄ik−1 k,

(23a)

i
Dk+1

(23b)

=

kPik

−

Pik−1 k,

which represent the distance between the last consecutive
pair of estimated one-dimensional and two-dimensional subspaces, respectively, from the viewpoint of node i. If either
i
i
D̄k+1
or Dk+1
becomes less than a prescribed convergence
threshold ǫ, it is concluded that the algorithm has converged.
Otherwise, it moves to the (k + 1)th step. If the inequality
i
D̄k+1
< ǫ holds, it follows that the dominant eigenvalue
˜i represents the estimated GAC of
of L̃k is real and λ̄
k
the network from the standpoint of node i. However, if
i
Dk+1
< ǫ, the dominant eigenvalue of L̃k is a complex
conjugate pair and the estimated GAC of the network is
given by λ̃ik . The convergence of the proposed algorithm
is addressed by the next theorem.
Theorem 2: Consider an asymmetric network composed
of n nodes which is represented by weighted digraph G .
Let Assumptions 1 and 2 hold. By applying the proposed
distributed algorithm to this network. It follows that either
(i) limk→∞ Vki = V and limk→∞ λ̃ik = λ̃(L) for every
node i ∈ Nn or,
˜ i = λ̃(L) for every
(ii) limk→∞ Wki = W and limk→∞ λ̄
k
node i ∈ Nn .
Proof: The proof is omitted due to space limitations
and can be found in [18].
V. S IMULATION R ESULTS
Example 1: Consider an asymmetric network composed
of three nodes represented by a strongly connected weighted
digraph G1 = (V , E1 , W1 ) whose weight matrix is given by


0
0.09 0.59
0
0.17 .
W1 = 0.28
(24)
0.07 0.4
0
For this example, λ̃(L1 ) = 0.8 is the GAC of the network
which corresponds to a pair of complex conjugate eigenvalues 0.8 ± j 0.2505 of L1 . The performance of the proposed
algorithm in a distributed implementation is evaluated in this
example by choosing δ = 13 and ǫ = 10−4 . The GAC of G1
is computed from the standpoint of all nodes in Fig. 1. In this
example, the sequence of two-dimensional subspaces {Vki }
for i ∈ {1, 2, 3} converges to the desired two-dimensional
subspace V = span{v2 (L1 ), v3 (L1 )} as the iteration index
k increases.
Example 2: Let G2 = (V , E2 , W2 ) denote a strongly connected weighted digraph representing an asymmetric network
composed of three nodes. Let also the weight matrix W2 be
given by


0
0
0.97
0
0.75 .
W2 =  0
(25)
0.78 0.52
0
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The subspace consensus procedure is introduced to compute
the connectivity measure by generating a sequence of onedimensional and a sequence of two-dimensional subspaces in
a distributed manner by each node based on the information
exchange with the neighboring nodes. It then follows that one
of the subspace sequences converges to a subspace associated
with the desired eigenvalue of the Laplacian matrix which
determines the connectivity measure of the network. The
efficacy of the proposed algorithm is subsequently verified
by simulations.
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Fig. 1: Evolution of the estimated GAC from the viewpoint
of all nodes in Example 1.

The GAC of the network in this example is given by
λ̃(L2 ) = 0.8294 which corresponds to a real eigenvalue of
L2 . By considering δ = 13 , ǫ = 10−4 , and applying the
proposed distributed algorithm to G2 , the estimated GAC of
the network from the standpoint of all nodes is computed
as depicted in Fig. 2. The sequence of one-dimensional
2
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Fig. 2: Evolution of the estimated GAC from the viewpoint
of all nodes in Example 2.
subspaces, denoted by {Wki } for i ∈ {1, 2, 3}, converges to
the desired one-dimensional subspace W = span{v2 (L2 )}
as the iteration index k increases.
VI. C ONCLUSIONS
The notion of generalized algebraic connectivity for asymmetric weighted networks is formulated as the expected
asymptotic convergence rate of distributed parameter estimation algorithms in this work. This connectivity measure
is described in terms of the eigenvalues of the Laplacian
matrix of the network through an analytical discussion.
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