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Abstract ……..
In this paper, search strategies where targets are observed at several different angles are found
and proven to be critical points. Targets are assumed to exhibit rectangular symmetry and to have
uniformly-distributed orientation. By rectangular symmetry, it is meant that one side of a target is
the mirror image of its opposite side. Finding critical points is generally an NP-hard problem.
Fortunately, symmetry principles allow analytical and intuitive solutions to be found. One such
search strategy consists of choosing ݊ angles evenly separated on the half-circle and provides a
lower bound estimate for the probability of not detecting targets.

Résumé ….....
Dans ce présent document, des stratégies de recherche liées à l’observation de cibles selon
plusieurs angles différents sont identifiées et démontrées être des points critiques. Il est présumé
que les cibles ont une symétrie rectangulaire et que leur orientation est uniformément distribuée.
Le terme symétrie rectangulaire signifie qu’un côté du plan qui divise la cible est l’image-miroir
du côté opposé. La détermination des points critiques est généralement un problème de type NP.
Heureusement, les principes de la symétrie permettent de trouver des solutions analytiques et
intuitives. L’une de ces stratégies de recherche consiste à choisir ݊ angles répartis de façon
uniforme sur le demi-cercle et permet de déterminer une valeur limite inférieure quant à la
probabilité de ne pas détecter les cibles.
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Executive summary
Search Strategies for Detecting Targets Exhibiting Rectangular
Symmetry
Bao U. Nguyen; Alex Bourque; DRDC CORA TM 2012-031; Defence R&D
Canada – CORA; February 2012.
Introduction: In mine hunting operations it is known that the detection performance improves
when a target is observed many times at different aspect angles. However, this fact is often
overlooked when planning search missions. As a consequence, targets may not be detected even
if the search area is entirely covered. In this paper, search strategies where targets are observed at
several different angles are found and proven to be critical points of the probability of no
detection.
In this paper, targets are assumed to exhibit rectangular symmetry. That is, the left hand side of a
target is the mirror image of its right hand side, and the rear end is the mirror image of its front
end. Many targets can be approximated with this class of symmetry including hull forms, mines
and human bodies. Additionally, within the search area, their orientation is assumed to be
uniformly distributed.
Results: Finding critical points is generally a hard problem. Fortunately, symmetry principles
allow analytical and intuitive solutions to be found. One such search strategy is to observe the
target such that the separation between two consecutive observations is a constant and equal to
180 degrees divided by the number of observations. For example, two observations separated by
90 degrees or three observations separated by 60 degrees lead to higher probability of detection.
Significance: The simplicity of the solution implies that no complicated calculations are required
prior to a search as long as the target has the assumed rectangular symmetry. This fact should
improve the task of planning the path of mobile sensors, such as unmanned vehicles, to search for
fixed targets, as well as of deploying a fixed sensor array to monitor traffic through choke points.
Future plans: Work is currently underway to prove that no other search strategies lead to a
higher probability of detecting targets and to explore at which angle a target should be observed
given a prior set of observations, a situation encountered in actual missions.
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Sommaire .....
Search Strategies for Detecting Targets Exhibiting Rectangular
Symmetry
Bao U. Nguyen; Alex Bourque; DRDC CORA TM 2012-031; R & D pour la
défense Canada – CORA; Février 2012.
Introduction ou contexte: Dans les opérations de chasse aux mines, il est bien connu que
l’efficacité de la détection est plus grande lorsque la cible est observée à de nombreuses reprises,
selon des angles d’aspect différents. Toutefois, il arrive souvent qu’on ne tienne pas compte de ce
fait lors de la planification des missions de recherche. En conséquence, il est possible que les
cibles ne soient pas détectées même si la zone de recherche est entièrement couverte. Dans le
présent document, des stratégies de recherche sont présentés pour des situations où la zone
d’intérêt est complètement couverte et où les cibles sont observées selon plusieurs angles
différents; on démontre ensuite de quelles façons ces stratégies déterminent les valeurs extrêmes
de la probabilité de non détection.
Dans ce document, on présume que les cibles présentent une symétrie rectangulaire. Cela signifie
que le côté gauche de la cible est l’image-miroir du côté droit et que la partie arrière est l’imagemiroir de la partie avant. De nombreuses cibles peuvent être intégrées à cette classe de symétrie, y
compris les formes de caisses, les mines et les corps humains. De plus, dans la zone de recherche,
on présume que l’orientation des cibles est uniformément distribuée.
Résultats: La détermination des points critiques est habituellement un problème difficile.
Heureusement, les principes de la symétrie permettent de trouver des solutions analytiques et
intuitives. L’une de ces stratégies consiste à observer la cible de façon à ce que la séparation entre
deux observations consécutive est une constante et qu’elle soit égale à 180 degrés divisés par le
nombre d’observations. Par exemple, deux observations séparées par 90 degrés ou trois
observations séparées par 60 degrés entraînent une plus grande probabilité de détection.
Importance: La simplicité de la solution implique qu’aucun calcul compliqué n’est nécessaire
avant d’entreprendre une recherche, dans la mesure où la cible respecte la symétrie rectangulaire.
Ce fait devrait améliorer la tâche de planifier le parcours des capteurs mobiles  tels que les
véhicules téléguidés Κ pour les recherches de cibles fixes ainsi que pour déployer un réseau de
capteurs fixes pour surveiller la circulation aux points de passage obligé.
Perspectives: Des travaux actuellement en cours visent à démontrer que cette stratégie de
recherche offre la meilleure probabilité de détecter des cibles et de déterminer selon quel angle
une cible devrait être observée compte tenu d’un ensemble précédents d’observations, une
situation que l’on rencontre dans les missions actuelles.
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Introduction

In mine hunting operations it is known that the detection performance improves when a target is
observed many times at different aspect angles [1]-[6]. Similarly, classification algorithms [7][9], and fixed sensor-arrays deployed for target localization and tracking [10]-[13] benefit from
multi-aspect observations. This fact is, however, often overlooked or not applied in practise. For
example, the formula for the probability of detecting a target in a random search derived by
Koopman is widely used yet it assumes no angular dependence [14].
In this paper, search strategies that are critical points of the overall probability of not detecting a
target observed at several different angles are identified. In principle, finding critical points is a
priori intractable as it is multi-dimensional in the sense that each observation is independent of
one another and hence each observation angle must be considered as a separate dimension. What
is more, the explicit expression for the overall probability of detection can be extremely
complicated even when the probability of detection for a single observation is simple and the
number of observations is small.
The novelty of our approach lies in the fact that this problem is solved using an elegant symmetry
argument. Specifically, targets are assumed to exhibit rectangular symmetry. That is, the left hand
side of a target is the mirror image of its right hand side, and the rear end is the mirror image of
its front end. Many targets can be approximated with this class of symmetry including hull
forms, mines and human bodies.
Using these assumptions, it is shown that observations evenly distributed on multiples of the halfcircle as in Ref. [13] are a critical point of the probability of no detection. This constitutes a
departure from the current literature on sensor geometry [10]-[13] as our result is derived for
rectangular targets rather than for point targets. The simplicity of the solution implies that no
complicated calculations are required prior to a search as long as the target has the assumed
approximate symmetry. This fact should improve the task of planning the path of mobile sensors,
such as unmanned vehicles, to search for fixed targets, as well as of deploying a fixed sensor
array to monitor traffic through choke points.
In Section 2, the angular dependence of the detection process and the necessity of multiple
observations of a target are further argued. In Section 3, assumptions and the problem are stated.
Section 4 presents a set of search strategies that are critical points of the probability of no
detection, while in Section 5 characterizes a sub-set of these search strategy. Section 6 provides a
lower bound estimate of not detecting targets achievable using these tactics. To illustrate the
main results, analytical and numerical examples are presented in Sections 7 and 8, respectively.
Conclusions including future work are presented in Section 9. Annex A provides supplementary
lemmata used in Sections 4 and 5, while Annex B details the simulation parameters of Section 8.
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Motivation

In this Section, the qualitative dependence of the probability of detection as a function of angle is
illustrated. A pen is put on a Christmas tree and pictures of the tree (including the pen) are taken
as the tree is rotated by approximately 30 degrees each time. 1 This pen has practically the
rectangular symmetry and is approximately six inches in length. From Figure 1, it is difficult to
identify the pen when angle is 60 degrees; even impossible when angle is 90 degrees. It can be
seen that the pen is easily identified when angle is zero degree or 30 degrees.

(a) 0 degree

(b) 30 degrees

(c) 60 degrees

(d) 90 degrees

Figure 1: Pen observed at different observation angles.

1

The pen is approximately six inches in length. The tree is about one meter in height. The distance
between the camera and the tree is approximately 1.5 meter. A cat is shown to give an idea of the scale. A
Canon Power Shot A530 digital camera is used.
2
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The experiment above shows how detection performance is affected by the observation angle. In
addition, it highlights how the probability of detection improves with multiple observations at
different angles. For example, if the pen is first observed at 60 degrees, then it is difficult to
identify. However, if the pen is further observed at zero degree, then it is easily identified.
Because the orientation of the target is not known a priori, it follows that making observations at
multiple angles is a valid tactic to improve the probability of detection.
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3

Problem Statement

As shown in Section 2, the dependence of detection process on angle occurs often in search and
detection operations. In general, the effectiveness of such an operation also depends on the
distance between the sensor and the target. However, here, the probability of detection is
assumed constant as a function of range and, hence, the focus is only on the angular dependence.
For more details on the range dependence, refer to Ref. [6].

Figure 2: Cylindrical target observed at angle ݔ.
As shown in Figure 2, the problem is modeled on a two-dimensional plane and the observation
angle, ݔ, is defined as the counter-clockwise angle measured in radian between the sensor beam
and the short axis of a rectangular (positive horizontal axis) target. An observation angle of zero
degree corresponds to the observation of the long side of the target, while an observation angle of
ߨȀʹ degrees corresponds to the observation of the short side of the target. Targets considered
will have approximate rectangular symmetries as shown in Figure 3. That is, they possess a

4
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reflection axis through their short axis (dashed line), and a rotation by 180 degrees around the
centre (dot-dashed line).2 Human bodies, canoes, ships and mines have these types of symmetries.

Figure 3: Symmetries of the target.
In what follows, the probability of no detection rather than the probability of detection is
considered; one being the complement of the other. Define the single probability of no detection
as the probability of not detecting a single target at angle ݔand denote this single-value real
function as݃ሺݔሻ. Note that the single probability of no detection is even due to the reflection
symmetry through the short axis of the target and periodic due to the rotation of 180 degrees
around the target’s centre. Specifically,
݃ሺݔሻ ൌ ݃ሺെݔሻǡ
݃ሺݔሻ ൌ ݃ሺ ݔ ߨሻǤ

2

The composition of a reflection through the short axis followed by a rotation through the centre of the
target is equivalent to a reflection through the long axis of the target (front-end/back-end mirror symmetry).
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As an example consider݃ሺݔሻ  ൌ ሺݔሻଶ . From Figure 4, it is clear that it substantially increases
if the observation angle differs from zero degrees, i.e., the single probability of not detecting the
target depends significantly on the angle of observation.

Figure 4: Probability of not detecting a single target as a function of observation angle.
Next, define the multiple probability of no detection as the probability of not detecting a single
target after ݊ observations. Let ߤ be the ݅-th angle at which the target is observed relative to ݔ
and ߤԦ ൌ ሺߤ ǡ ǥ ǡ ߤିଵ ሻ be the vector of the ݊ relative observation angles. Assume the multiple
observation detection process is a Bernoulli process, i.e., all observations are independent. Then,
the multi-observation probability of no detection is modeled as the product of single probabilities
of no detection. In general, however, the exact value ofݔ, i.e., the orientation of the target is
unknown. To circumvent this problem, assume that the target’s orientation is uniformly
distributed and evaluate the average multiple probability of not detection a single target. Denote
this quantity byܩሺߤԦሻ. Then,
గ

ͳ ଶ
ܩሺߤԦሻ ൌ න ݀݃ݔሺ ݔ ߤ ሻ݃ሺ ݔ ߤଵ ሻ ǥ ݃ሺ ݔ ߤିଵ ሻ Ǥ
ߨ ିగ
ଶ

6

(1)
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The problem is then defined as finding search strategies that are critical values ofܩሺߤԦሻ. Below
such a set of search strategy is identified. From it, a lower bound of the probability of no
detection is also estimated.
For simplicity, the probability of no detection is taken to mean the average multiple probability of
no detection in the next sections.
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A Set of Search Strategies

The assumption that the target’s orientation is uniformly distributed implies that the probability of
no detection is independent of the initial observation angle. That, along with the target’s
symmetry, entails that, if the observations are evenly distributed, they are a critical point of the
probability of no detection.
In this section, a condition ensuring that all partial derivatives of the probability of no detection
are equal to zero is derived. From this condition, a set of search strategies that are critical points
of the probability of no detection is identified and used to recast the probability of no detection
into a form useful in the subsequent sections.
Let us first introduce some useful notation and definitions. Let݅  אሼͲǡ ǥ ǡ ݊ െ ͳሽ, ࣨ ൌ
డ
ሼͲǡ ǥ ǡ ݊ െ ͳሽ̳ሼ݅ሽ and݆ ࣨ א . Define߲ ൌ . Denote ߤԦ כas a critical point of ܩሺߤԦሻǤ Let ܽ be an
డ

integer and ܾ be a positive integer. Define the modulo operation as
ܽ
ܽ ܾ ൌ ܽ െ ቔ ቕ ܾǤ
ܾ
గ

Let ݉ be a non-negative integer andߤ ൌ . Define


గ

ͳ ଶ
ܩ෨ ሺ݉ǡ ݊ሻ ൌ න ݀݃ݔሺݔሻ݃ሺ ݔ ݉ߤሻ ǥ ݃ሺ ݔ ݉ሺ݊ െ ͳሻߤሻǡ
ߨ ିగ
ଶ

Then the following hold.
Lemma 4.1: The partial derivative can be written as the integral of a product of two odd
functions. That is
గ

ͳ ଶ
න ݀݃ݔᇱ ሺݔሻ ቐ ෑ ݃൫ ݔ ߤ െ ߤ ൯ െ ෑ ݃൫ ݔെ ߤ  ߤ ൯ቑǤ
߲ ܩሺߤԦሻ ൌ
ʹߨ ିగ
ଶ

ࣨ א

ࣨ א

Proof: Apply the partial derivative to the expression forܩሺߤԦሻ given by Eq. (1). Then
గ

ͳ ଶ
߲ ܩሺߤԦሻ ൌ  න ݀݃ ݔԢሺ ݔ ߤ ሻ ෑ ݃ሺ ݔ ߤ ሻ Ǥ
ߨ ିగ
ଶ

ࣨ א

Let ݔ՜  ݔെ ߤ and note that, because the orientation of the target is uniformly distributed,
Lemma A.1 applies and dictates that the integral is invariant under this change of variable. Thus,
8
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గ

ͳ ଶ
߲ ܩሺߤԦሻ ൌ  න ݀݃ ݔԢሺݔሻ ෑ ݃ሺ ݔ ߤ െ ߤ ሻ Ǥ
ߨ ିగ
ଶ

ࣨ א

(2)

Because ݃ሺݔሻ is even,
గ

ͳ ଶ
߲ ܩሺߤԦሻ ൌ න ݀݃ ݔԢሺݔሻ ෑ ݃ሺെ ݔെ ߤ  ߤ ሻ Ǥ
ߨ ିగ
ࣨ א

ଶ

Let ݔ՜ െ ݔand remark that ݃Ԣሺݔሻ is odd, i.e., ݃ᇱ ሺെݔሻ ൌ െ݃Ԣሺݔሻ. Then
గ

ͳ ଶ
߲ ܩሺߤԦሻ ൌ െ න ݀݃ ݔԢሺݔሻ ෑ ݃ሺ ݔെ ߤ  ߤ ሻ Ǥ
ߨ ିగ
ଶ

ࣨ א

And the result follows from the average of Eqs (2) and (3).

(3)
ז

The next Lemma identifies a set of search strategies for which all partial derivatives are equal to
zero.
Lemma 4.2: Define ሺ݉ǡ ݊ሻ to be the search strategy such that the separation between two
గ
with ݉ an integer. Then the search
consecutive observations is a constant and equal to

strategy ሺ݉ǡ ݊ሻ defines a subset of all possible search strategies that are critical points ofܩሺߤԦሻ.
Proof: Evaluate the product in Eq. (2) at the critical point defined by this search strategy, i.e.,ߤԦ כ.
Then,
ෑ ݃ሺ ݔ ߤ כെ ߤ כሻǤ
ࣨ א

Next, remark that the definition of the strategy ሺ݉ǡ ݊ሻ implies that
ߤ כെ ߤ כൌ ݉ሺ݆ െ ݅ሻߤ ൌ ݉ሾെሺʹ݅ െ ݆ሻ  ݅ ሿߤǤ
And the definition of the modulo entails that
ʹ݅ െ ݆ ൌ ඌ

ʹ݅ െ ݆
ඐ ݊  ሺʹ݅ െ ݆ሻ  ݊Ǥ
݊

Defineߪ ሺ݆ሻ ൌ ሺʹ݅ െ ݆ሻ݊ and recall that݃ሺݔሻ is periodical. Then,
DRDC CORA TM 2012-031
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ʹ݅ െ ݆
ඐ ݊ߤ െ ݉ߪ ሺ݆ሻߤ  ݉݅ߤ൰ ൌ ݃ሺݔെ݉ߪ ሺ݆ሻߤ  ݉݅ߤሻǤ
݃ ൬ ݔെ ݉ ඌ
݊
Finally, Lemma A.2 implies that the mapߪ ሺ݆ሻ is a bijection from the set of݆ to itself. Therefore,
ෑ ݃൫ ݔ ߤ כെ ߤ כ൯ ൌ ෑ ݃ሺ ݔെ ݉ߪ ሺ݆ሻߤ  ݉݅ߤሻ
ࣨא

ࣨא

ൌ ෑ ݃ሺ ݔെ ݆݉ߤ  ݉݅ߤሻ
ࣨא

ൌ ෑ ݃൫ ݔെ ߤ כ ߤ כ൯Ǥ
ࣨ א

And Lemma 4.1 then entails that ߲ ܩሺߤԦ כሻ ൌ Ͳ for all݅, which proves the claim.

ז

In the next lemma, the probability of no detection for a search strategyሺ݉ǡ ݊ሻ is cast into a form
that will be useful in what follows.
Lemma 4.3: Let the search strategy beሺ݉ǡ ݊ሻ. Then the probability of no detection is equal
toܩ෨ ሺ݉ǡ ݊ሻ.
Proof: First, remark that only the difference between two consecutive observations is specified in
Lemma 4.2. Thus, liberty exists in the choice of the absolute reference angle. Without loss of
generality, take ߤ כto be this absolute reference angle. Then,
ߤ כൌ ߤ כ ݉݅ߤǤ
Substituting this expression into Eq. (1) yields
గ

ܩሺߤԦ

כሻ

ͳ ଶ
ൌ න ݀݃ݔሺ ݔ ߤ כሻ݃ሺ ݔ ߤ כ ݉ߤሻ ǥ ݃ሺ ݔ ߤ כ ݉ሺ݊ െ ͳሻߤሻǤ
ߨ ିగ
ଶ

Next, let ݔ՜  ݔെ ߤ כ. Then Lemma A.1 entails that the domain of integration is invariant
under such a shift of the integration variable.
ז

10
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Co-Prime ሺǡ ሻ Strategies

5

In the previous section, a set of search strategies was identified: the ሺ݉ǡ ݊ሻ search strategies. In
this section, it is shown that if no integer greater than one divides ݉ and ݊ (co-primes) then, the
strategy ሺ݉ǡ ݊ሻ is equivalent to that ofሺͳǡ ݊ሻ, i.e., they yield the same probability of no detection,.
This arises due to the periodicity of the probability of no detection: all observations done at an
angle greater than 180 degrees can be mapped to one at an angle less than 180 degrees.
Let us first introduce some useful notation and definitions. Let  ሺڄǡڄሻ be the greatest common
divider. Letݎ, ݍand  be strictly positive integers such that݉ ൌ ݍ, ݊ ൌ  ݎand ൌ
 ሺ݉ǡ ݊ሻ. Let݅  אሼͲǡ ǥ ǡ ݊ െ ͳሽ,݆  אሼͲǡ ǥ ǡ  ݎെ ͳሽ and݇  אሼͳǡ ǥ ǡ ሽ. Define
݄ሺݔǢ ݉ǡ ݎሻ ൌ ݃ሺݔሻ݃ሺ ݔ ݉ߤሻ ǥ ݃ሺ ݔ ݉ሺ ݎെ ͳሻߤሻǤ
Lemma 5.1: The following identity holds:


ෑ ݄ሺ ݔ ሺ݇ െ ͳሻߤǢ ݉ǡ ݎሻ ൌ ݄ሺݔǢ ͳǡ ݊ሻǤ
ୀଵ

Proof: Use the definition of݄ሺݔǢ ݉ǡ ݎሻ to write


ିଵ

ෑ ෑ ݃ሺ ݔ ݆݉ߤ  ሺ݇ െ ͳሻߤሻǤ
ୀଵ ୀ

The proof then follows from the periodicity of ݃ሺݔሻ and by re-arranging the product. Start by
noting that the definitions of݉ and݊ and of the modulo operation imply that




݆݉ ൌ  ݆ݍൌ  ቀቔ  ቕ  ݎ ݎ  ݆ݍቁ ൌ ݊ ቔ  ቕ  ሺݎ  ݆ݍሻǤ
Using the right-hand most expression for ݆݉ and the periodicity of݃ሺݔሻ,


ିଵ



ିଵ

ෑ ෑ ݃ሺ ݔ ݆݉ߤ  ሺ݇ െ ͳሻߤሻ ൌ ෑ ෑ ݃ሺ ݔ ሺݎ  ݆ݍሻߤ  ሺ݇ െ ͳሻߤሻǤ
ୀଵ ୀ

ୀଵ ୀ

Next, from Lemma A.3, the mapߪሺ݆ሻ ൌ  ݎ݆ݍis known to be a bijection from the set of ݆ to
itself. Therefore, the product can also be written as

DRDC CORA TM 2012-031
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ିଵ

ෑ ෑ ݃ሺ ݔ  ߤ݆ ሺ݇ െ ͳሻߤሻ Ǥ
ୀଵ ୀ

Finally, recall that݅  אሼͲǡ ǥ ǡ ݊ െ ͳሽ,݆  אሼͲǡ ǥ ǡ  ݎെ ͳሽ and ݇  אሼͳǡ ǥ ǡ ሽ with݊ ൌ ݎ. Then,
from Lemma A.4, the set of ሺ݆ǡ ݇ሻ pairs can be mapped to the set of ݅ using the bijectionߪሺ݇ െ
ͳǡ ݆ሻ ൌ ሺ݇ െ ͳሻ  ݆. Therefore,


ିଵ

ିଵ

ෑ ෑ ݃ሺ ݔ  ߤ݆ ሺ݇ െ ͳሻߤሻ ൌ ෑ ݃ሺ ݔ ݅ߤሻǤ
ୀଵ ୀ

ז

ୀ

Lemma 5.1 implies the following corollary which identifies a subset of ሺ݉ǡ ݊ሻ search strategies
with the same probability of no detection.
Corollary 5.2: Consider a search strategy ሺ݉ǡ ݊ሻ such that ݉ and ݊ are co-primes, i.e., ൌ
 ሺ݉ǡ ݊ሻ ൌ ͳ. Then, ݊ ൌ  ݎand Lemma 5.1 implies that ݄ሺݔǢ ݉ǡ ݎሻ ൌ ݄ሺݔǢ ݉ǡ ݊ሻ ൌ ݄ሺݔǢ ͳǡ ݊ሻ,
which entails that ܩ෨ ሺ݉ǡ ݊ሻ ൌ ܩ෨ ሺͳǡ ݊ሻ. Thus, for a given݊, all ሺ݉ǡ ݊ሻ search strategies are
equivalent if ൌ  ሺ݉ǡ ݊ሻ ൌ ͳ.
Example 5.1: To illustrate the corollary, consider the case where ݊ ൌ Ͷ and݉ ൌ ͵.
Then݃ܿ݀ሺ͵ǡͶሻ ൌ ͳ and Corollary 5.2 implies that
݃ሺݔሻ݃ሺ ݔ ߤሻ݃ሺ ݔ ʹߤሻ݃ሺ ݔ ͵ߤሻ ൌ ݃ሺݔሻ݃ሺ ݔ ͵ߤሻ݃ሺ ݔ ߤሻ݃ሺ ݔ ͻߤሻǤ
Or, equivalently,
గ

గ

݃ሺݔሻ݃ ቀ ݔ ସ ቁ ݃ ቀ ݔ ଶ ቁ ݃ ቀ ݔ

ଷగ
ቁ
ସ

ൌ ݃ሺݔሻ݃ ቀ ݔ

ଽగ
ቁ ݃ ቀݔ
ସ



గ
ቁ ݃ ቀݔ
ସ



ଷగ
ቁ
ସ

Figure 5 illustrates a set of four observations. For݉ ൌ ͳ, the sequence in which the target is
observed isͳ െ ʹ െ ͵ െ Ͷ, while it is ͳ െ Ͷ െ ͵ െ ʹ for݉ ൌ ͵. It is clear that both sequences
lead to the same the probability of detection since all observations are considered independent
(Bernouilli process).

12
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Figure 5: Four observations of a randomly-oriented target.
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6

A Lower Bound Estimate for ሺǡ ሻ Strategies

In the previous section, co-prime ሺ݉ǡ ݊ሻ search strategies were identified. In this section, the
probability of no detection for ሺ݉ǡ ݊ሻ search strategies is shown to be minimal if ݉ and ݊ are coprimes. This is then taken as a lower bound estimate for the probability of no detection.
Let us first introduce some useful notation and definitions. In what follows, let݄ሺݔሻ ൌ ݄ሺݔǢ ݉ǡ ݎሻ.
Then, withߜ ൌ ሺ െ ݇ሻߤ, define
ߣ ሺݔǢ ݉ǡ ݎሻ ൌ ൜

݄ሺ ݔ ߤǢ ݉ǡ ݎሻ ǥ ݄ሺ ݔ ߜ Ǣ ݉ǡ ݎሻǡ
ͳǡ

݇  אሼͳǡ ǥ ǡ  െ ͳሽ
݇ ൌ Ǥ

And, with ݈ a positive integer and ሺݑ ǡ ݒ ሻ a pair of positive integers,
గ
ଶ

ଵ 

ଵ 

݁ ൌ න ݀ߣݔାଵ ሺݔǢ ݉ǡ ݎሻ ൜ͳ െ ቀଶቁ ൨ ݄ሺݔǢ ݉ǡ ݎሻ௨ ା௩  ቀଶቁ ݄ሺݔǢ ݉ǡ ݎሻ௨ ݄ሺ ݔ ߜ Ǣ ݉ǡ ݎሻ௩ ൠ
గ
ି
ଶ

where, for݈  Ͳ, the transition rules are
ሺݑ ǡ ݒ ሻ ൌ ൜

ሺݑିଵ െ ݒିଵ ǡ ʹݒିଵ ሻǡ
ሺʹݑିଵ ǡ ݒିଵ െ ݑିଵ ሻǡ

ݑିଵ  ݒିଵ
ݒିଵ  ݑିଵ Ǥ

(4)

Let ߮ሺݖሻ be the Euler’s totient of the strictly positive integer ݖǤ
Lemma 6.1: The following identity holds:
݃ሺݔሻ݃ሺ ݔ ݉ߤሻ ǥ ݃ሺ ݔ ݉ሺ݊ െ ͳሻߤሻ ൌ ݄ሺݔǢ ݉ǡ ݎሻ Ǥ
Proof: Write the left-hand side of the equality as
ିଵ

ෑ ݃ሺ ݔ ݉݅ߤሻǤ
ୀ

The proof then follows by re-arranging the product and from the periodicity of݃ሺݔሻ. Start by
recalling that݅  אሼͲǡ ǥ ǡ ݊ െ ͳሽ,݆  אሼͲǡ ǥ ǡ  ݎെ ͳሽ and ݇  אሼͳǡ ǥ ǡ ሽ with݊ ൌ ݎ. From Lemma
A.4, the set of ݅ can be mapped to the set of ሺ݆ǡ ݇ሻ pairs using the bijectionߪሺ݆ǡ ݇ െ ͳሻ ൌ ݆ 
ݎሺ݇ െ ͳሻ. Therefore,

14
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ିଵ

ିଵ

ෑ ݃ሺ ݔ ݉݅ߤሻ ൌ ෑ ෑ ݃ሺ ݔ ݆݉ߤ  ݉ሺ݇ െ ͳሻߤݎሻǤ
ୀଵ ୀ

ୀ

Next, note that the definitions of ݉ and݊ imply݉ ݎൌ ݊ ݍand that the definition ofߤ
implies݊ߤ ൌ ߨ, from which follows that݉ሺ݇ െ ͳሻ ߤݎൌ ሺ݇ െ ͳሻߨݍ. This equality and the
periodicity of݃ሺݔሻ, then result in
݃ሺ ݔ ݆݉ߤ  ݉ሺ݇ െ ͳሻߤݎሻ ൌ ݃ሺ ݔ ݆݉ߤ  ሺ݇ െ ͳሻߨݍሻ ൌ ݃ሺ ݔ ݆݉ߤሻǤ
Finally, from the definition of݄ሺݔǢ ݉ǡ ݎሻǡ




ିଵ

ෑ ෑ ݃ሺ ݔ ݆݉ߤሻ ൌ ෑ ݄ሺݔǢ ݉ǡ ݎሻ ൌ ݄ሺݔǢ ݉ǡ ݎሻ Ǥ
ୀଵ ୀ

ୀଵ

ז

Lemma 6.2: The following inequality holds:
గ
ଶ

గ
ଶ

න ݀ߣݔ ሺݔǢ ݉ǡ ݎሻ݄ሺݔǢ ݉ǡ ݎሻ  න ݀ߣ ݔାଵ ሺݔǢ ݉ǡ ݎሻ݄ሺݔǢ ݉ǡ ݎሻାଵ Ǥ
ି

గ
ଶ

ି

గ
ଶ

(5)

Proof: For greater clarity, suppress ݉ and  ݎin the arguments of ߣ ሺݔǢ ݉ǡ ݎሻ and݄ሺݔǢ ݉ǡ ݎሻ.
Because ߣ ሺݔሻ ൌ  ߣାଵ ሺݔሻ݄ሺ ݔ ߜ ሻ whereߜ ൌ ሺ െ ݇ሻߤ,
గ
ଶ

න ݀ߣݔ
గ
ି
ଶ

ሺݔሻ݄ሺݔሻ

గ
ଶ

ൌ න ݀ߣ ݔାଵ ሺݔሻ݄ሺݔሻ ݄ሺ ݔ ߜ ሻǤ
ି

గ
ଶ

Therefore, the inequality to prove is equivalent to
గ
ଶ

න ݀ߣݔାଵ
గ
ି
ଶ

ሺݔሻ݄ሺݔሻ

గ
ଶ

݄ሺ ݔ ߜ ሻ  න ݀ߣ ݔାଵ ሺݔሻ݄ሺݔሻାଵ Ǥ
ି

గ
ଶ

Suppress the indices of ߣାଵ ሺݔሻ and ߜ in what follows. Next, consider the set ሼ݁ ሽ
withሺݑ ǡ ݒ ሻ ൌ ሺ݇ǡ ͳሻ. The first element of which (݁ ሻ is then equal to the left-hand side of the
inequality. Next, proceed to show that one of the element of the set is less than or equal to the
right-hand side of Eq. (5). Two cases are possible. To discuss these cases, introduce the two
integers  ݕand z such that א ݕԳ,  א ݖԳ̳ כሼʹሽ andʹ௬  ݖൌ ݇  ͳ. The first case occurs when ݖൌ
ͳ. Then, sinceݒ ൌ  ݖൌ ͳ, ʹ ʹ௬ ൌ Ͳ for ݈   ݕand Lemma A.9 states that, ൫ݑ௬ ǡ ݒ௬ ൯ ൌ
ሺͲǡ ݇  ͳሻ. Therefore,
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గ
ଶ

ଵ ௬

ଵ ௬

݁௬ ൌ න ݀ߣݔሺݔሻ ቄቂͳ െ ቀଶቁ ቃ ݄ሺݔሻାଵ  ቀଶቁ ݄ሺ ݔ ߜሻାଵ ቅ Ǥ
ି

గ
ଶ

Since Lemma A.6 implies that ݄ሺ ݔ ߜሻ can be replaced with ݄ሺݔሻ in the second term, this
element is also equal to the right-hand side of the inequality, i.e.
గ
ଶ

݁௬ ൌ න ݀ߣ ݔሺݔሻ݄ሺݔሻାଵ Ǥ
ି

గ
ଶ

And the inequality follows since the set is partially ordered by virtue of Lemma A.8. The second
case occurs when ݖ ʹ. Then, ʹ ʹ௬  ݖ Ͳ for all݈ and Lemma A.10 dictates
thatሺݑ௬ ǡ ݒ௬ ሻ ൌ ሺݑ௬ାఝሺ௭ሻ ǡ ݒ௬ାఝሺ௭ሻ ). Therefore,
గ
ଶ

ଵ ௬

ଵ ௬

݁௬ ൌ න ݀ߣݔሺݔሻ ቄቂͳ െ ቀଶቁ ቃ ݄ሺݔሻାଵ  ቀଶቁ ݄ሺݔሻ௨ ݄ሺ ݔ ߜሻ௩ ቅ
గ
ି
ଶ
గ
ଶ

ଵ ௬ାఝሺ௭ሻ

୷ାఝሺ௭ሻ ൌ න ݀ߣݔሺݔሻ ൜ͳ െ ቀଶቁ
గ
ି
ଶ

ଵ ୷ାఝሺ௭ሻ

൨ ݄ሺݔሻାଵ  ቀଶቁ

݄ሺݔሻ௨ ݄ሺ ݔ ߜሻ௩ ൠ Ǥ

By virtue of ሼ݁ ሽ being partially ordered, ݁௬  ݁௬ାఝሺ௭ሻ . Through simple algebraic manipulations,
cast this inequality into
గ
ଶ

௨

න ݀ߣݔሺݔሻ݄ሺݔሻ ݄ሺ ݔ ߜሻ
ି

గ
ଶ

௩

గ
ଶ

 න ݀ߣ ݔሺݔሻ݄ሺݔሻାଵ
ି

గ
ଶ

Then, using this result, show that
గ
ଶ

ଵ ௬

ଵ ௬

గ
ି
ଶ
గ
ଶ

ଵ ௬

ଵ ௬

݁௬ ൌ න ݀ߣݔሺݔሻ ቄቂͳ െ ቀଶቁ ቃ ݄ሺݔሻାଵ  ቀଶቁ ݄ሺݔሻ௨ ݄ሺ ݔ ߜሻ௩ ቅ
 න ݀ߣݔሺݔሻ ቄቂͳ െ ቀଶቁ ቃ ݄ሺݔሻାଵ  ቀଶቁ ݄ሺݔሻାଵ ቅ
గ
ି
ଶ
గ
ଶ

ൌ න ݀ߣݔሺݔሻ݄ሺݔሻାଵ Ǥ
ି

గ
ଶ

Therefore, the element ݁௬ is less than or equal to the right-hand side of Eq. (5) for  ݖ ʹ, while
݁ is equal to its left-hand side. The proof then follows as ሼ݁ ሽ is a partially ordered set, i.e.,݁ 
݁௬ by virtue of Lemma A.8.
ז
A lower bound of the probability of no detection for ሺ݉ǡ ݊ሻ search strategies is now derived.
Theorem 6.3 (Lower Bound Estimate): For any ሺ݉ǡ ݊ሻ search strategies,
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ܩ෨ ሺ݉ǡ ݊ሻ  ܩ෨ ሺͳǡ ݊ሻǤ
Proof: Recall thatݎ, ݍand  are positive integers such that݉ ൌ ݍ, ݊ ൌ ݎ, and ൌ
݃ܿ݀ሺ݉ǡ ݊ሻ. From the definition ofܩ෨ ሺ݉ǡ ݊ሻ,
గ

ܩ෨ ሺͳǡ ݊ሻ ൌ

ͳ ଶ
න ݀݃ ݔሺݔሻ݃ሺ ݔ ߤሻ ǥ ݃ሺ ݔ ሺ݊ െ ͳሻߤሻǤ
ߨ ିగ
ଶ

Use the results from Lemmata 5.1 and 6.1 to write
గ



ଶ
గ
ଶ

ୀଵ

ͳ ଶ
ܩ෨ ሺͳǡ ݊ሻ ൌ න ݀ ݔෑ ݄ሺ ݔ ሺ݇ െ ͳሻߤǢ ݉ǡ ݎሻ ǡ
ߨ ିగ
ͳ
ܩ෨ ሺ݉ǡ ݊ሻ ൌ න ݄݀ ݔሺݔǢ ݉ǡ ݎሻ Ǥ
ߨ ିగ



ଶ

Recall that݇  אሼͳǡ ǥ ǡ ሽ and the definition ofߣ ሺݔሻ. Lemma 6.2 states that
గ
ଶ

గ
ଶ

න ݀ߣݔ ሺݔǢ ݉ǡ ݎሻ݄ሺݔǢ ݉ǡ ݎሻ  න ݀ߣ ݔାଵ ሺݔǢ ݉ǡ ݎሻ݄ሺݔǢ ݉ǡ ݎሻାଵ Ǥ
ି



గ
ଶ

ି

గ
ଶ

Then,

ܩ෨ ሺͳǡ ݊ሻ ൌ


గ

గ

ଶ
గ
ଶ

ଶ

ͳ ଶ
ͳ ଶ
න ݀ߣݔଵ ሺݔǢ ݉ǡ ݎሻ݄ሺݔǢ ݉ǡ ݎሻ  න ݀ߣݔଶ ሺݔǢ ݉ǡ ݎሻ݄ሺݔǢ ݉ǡ ݎሻଶ  ڮ
గ
ߨ ି
ߨ ିగ
ͳ
න ݀ߣݔ ሺݔǢ ݉ǡ ݎሻ݄ሺݔǢ ݉ǡ ݎሻ  ڮ
ߨ ିగ
ଶ
గ
ଶ

గ

ଶ

ଶ

ͳ ଶ
ͳ
 න ݀ߣݔ ሺݔǢ ݉ǡ ݎሻ݄ሺݔǢ ݉ǡ ݎሻ ൌ න ݄݀ݔሺݔǢ ݉ǡ ݎሻ
ߨ ିగ
ߨ ିగ
ൌ ܩ෨ ሺ݉ǡ ݊ሻǤ

ז
Remark 6.1: Corollary 5.2 implies that all co-prime search strategies for a given ݊ give the same
probability of no detection.
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An Analytical Example

In the previous section, a lower bound of the probability of no detection was estimated using
ሺ݉ǡ ݊ሻ search strategies for a general݃ሺݔሻ. In this section, the probability of no detection is
evaluated and the inequality of Theorem 6.2 is explicitly verified when ݃ሺݔሻ ൌ ሺݔሻଶ .
Lemma 7.1: Let݃ሺݔሻ ൌ ሺݔሻଶ . Then
ܩ෨ ሺ݉ǡ ݊ሻ ൌ

(6)

ʹ ሺʹ െ ͳሻǨǨ
Ǥ
Ͷ Ǩ

Proof: Recall that݆  אሼͲǡ ǥ ǡ  ݎെ ͳሽ and݇  אሼͳǡ ǥ ǡ ሽ, as well as

ܩ෨ ሺ݉ǡ ݊ሻ ൌ

గ

గ

ଶ

ଶ



ିଵ

ͳ ଶ
ͳ ଶ
න ݄݀ݔሺݔǢ ݉ǡ ݎሻ ൌ න ݀ ݔෑ ෑ ݃ሺ ݔ ݆݉ߤሻ Ǥ
గ
ߨ ିగ
ߨ ି
ୀଵ ୀ

Then Lemma A.11 implies that


గ

ିଵ

ͳ ଶ
݆ߨ
ܩ෨ ሺ݉ǡ ݊ሻ ൌ න ݀ ݔෑ ෑ ݃ ൬ ݔ ൰Ǥ
గ
ߨ ି
ݎ
ଶ

ୀଵ ୀ

Letting݃ሺݔሻ ൌ ሺݔሻଶ ,


గ

ିଵ

݆ߨ ଶ
ͳ ଶ
ܩ෨ ሺ݉ǡ ݊ሻ ൌ න ݀ ݔෑ ෑ  ൬ ݔ ൰ Ǥ
ݎ
ߨ ିగ
ୀଵ ୀ

ଶ

From Ref. [15], note that
ିଵ
ିଵ

ሺݔݎሻ ൌ ʹ

ෑ  ൬ ݔ
ୀ

݆ߨ
൰Ǥ
ݎ

With this and since݊ ൌ ݎ,

18
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గ



ଶ
గ
ଶ

ୀଵ

ͳ ଶ
ͳ
ܩ෨ ሺ݉ǡ ݊ሻ ൌ න ݀ ݔෑ ିଵ ሺݔݎሻଶ
ߨ ିగ
Ͷ
ൌ
ൌ

ͳ
ͳ
න ݀ ݔሺିଵሻ ሺݔݎሻଶ 
ߨ ିగ
Ͷ
ଶ
గ
ଶ

ʹ
ͳ
න ݀ ݔି ሺݔݎሻଶ Ǥ
ߨ 
Ͷ

Carrying the integral by using the formula in Ref. [16] gives
ܩ෨ ሺ݉ǡ ݊ሻ ൌ

ͳ ሺʹ െ ͳሻǨǨ
Ǥ
ʹǨǨ

Ͷି

And Eq. (6) follows sinceʹǨǨ ൌ ʹ Ǩ.

ז

Corollary 7.2: For ൌ  ሺ݉ǡ ݊ሻ ൌ ͳ,
ܩ෨ ሺ݉ǡ ݊ሻ ൌ ܩ෨ ሺͳǡ ݊ሻ ൌ

ʹ
Ǥ
Ͷ

And Theorem 6.3 follows for this case since ሺʹ െ ͳሻǨǨ ൌ ͳ ൈ ͵ ൈ ǥ ൈ ሺʹ െ ͳሻ  ͳ ൈ ʹ ൈ ǥ ൈ
 ൌ ǨǤ
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A Numerical Example

In the previous section, the inequality of Theorem 6.2 was shown to hold for the probability of no
detection evaluated with݃ሺݔሻ ൌ ሺݔሻଶ . In this section, the probability of not detecting a single
target is evaluated using an alternate݃ሺݔሻ through simulation.

(a) One-pass Mowing

(b) Two-pass Mowing

(c) Two-pass Zigzag

Figure 6: Three Search Strategies.
Consider an area where a single mine is randomly distributed and searched for using one of the
three strategies depicted in Figure 6: one-pass mowing (a); two-pass mowing (b); and two-pass
zigzag (c). Next, assume that the angular dependence of the detection process is modeled using a
Johnson function [5]. Then, the probability of no detection for a single target does not admit an
analytical solution, and a numerical solution is sought using the Mine Inspection and Search
Operation (MISO) tools.
MISO is a Monte Carlo Simulation developed to evaluate the effectiveness of Multiple
Autonomous Underwater Vehicles (AUV) operations in mine defence [5]. Reader can refer to
Ref. [5] for details about MISO. Figure 7 is a screenshot of MISO parameters setting for the onepass mowing search.3 For the two other search strategies, the # AUV is set to two.
To model the two-pass zigzag search, the Zigzag option is selected for the Sweep Pattern.
However, since the distance between legs varies, targets may be imaged less than once when the
distance between two legs is maximum (near the centre), or more than twice when the distance is
minimal (near the edges) depending on the sensor’s range selected. To provide some sense of the
interplay between sensor range and coverage, the numerical results for the two-pass zigzag
pattern were generated by varying the maximum range of the detection probability from 75 to
130. For the 75 setting, large central sections of the mine field are not covered, while for 130, the
area is entirely covered but larger areas are imaged more than twice (which also occurs for the 75

3

MISO version dated 26 April 2011 was used.
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setting but for small areas). In all cases, 5000 Monte Carlo iterations were generated and the
detection process was modeled to be independent of range.

Figure 7: MISO Option Menu for one-pass mowing search.
Numerical results generated using MISO are reported in Table 1. Both two-pass search strategies
are better than the one-pass mowing strategy, while the two-pass zigzag search strategy clearly
underperforms compared to the two-pass mowing pattern. Note that even though the case
described in Section 7 is an approximation of the one found here (for example overlap is not
considered), the results for the first two entries compared well with the analytical results. There,
observing a target once yields one chance out of two of not detecting targets, while observing a
target twice at 90 degrees gives one chance out of eight.
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Table 1: Probability of not detecting a single mine as a function of search strategies
Search Strategies

Probability of no
detection

22

One-pass Mowing

Two-pass Mowing

Two-pass Zigzag

~50%

~10%

~40-50%
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Conclusion

In this paper, the angular dependence of the detection process which is often overlooked for
search missions is explicitly accounted for by assuming that the target possesses rectangular
symmetry. As a consequence of this approximate symmetry, the long side of a target is endowed
with the largest cross section, which results in the highest probability of detection given that the
target is observed only once. However, since the orientation of the target is in general unknown,
there is likelihood that it will be imaged on the short side, i.e., the smallest cross-section.
Therefore, the probability of not detecting the target may not be zero even if the search area is
entirely covered. Making several observations of the target in order to increase the change of
observing its long side is one way to address this problem.
Assuming that the observations are independent, a search strategy that corresponds to a critical
point of the detection probability is to observe the target such that the separation between two
consecutive observations is a constant and equal to a multiple of 180 degrees divided by the
number of observations. The resulting tactic is simple, intuitive and robust (as no prior knowledge
of the target orientation is required). For example, two observations separated by 90 degrees or
three observations separated by 60 degrees will lead to a critical point of the probability of no
detection.
From these search strategies leads, a lower bound of the probability of no detection is estimated.
Work is currently underway to prove that the strategy ሺͳǡ ݊ሻ leads to the global maximum of the
detection probability.
A logical extension of this work is to relax the assumption that information provided by
subsequent observations is uncorrelated (i.e., follows a Bernoulli process) as it entails that the
probability of not detecting a target decreases with increasing number of observations even if the
observations are co-linear. This is questionable as no additional information is gained.4 Another
avenue is to explore the next angle at which a target should be observed given a prior set of
observations, i.e., the number of observations changes during the mission.

4

This fact and its implications in underwater mine hunting was brought to the attention of the authors by A.
Percival from Defence R&D Canada - Atlantic.
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Annex A

Supplementary Lemmata

Lemma A.1: Let߱  אԹ. Define the real function ݄ሺݔሻ such that
݄ሺݔሻ ൌ ݄ሺ ݔ ߨሻǤ
Then
గ
ଶ

గ
ଶ

න ݄݀ݔሺ ݔെ ߱ሻ ൌ න ݄݀ݔሺݔሻǤ
ି

గ
ଶ

ି

గ
ଶ

(7)

Proof: Let ݔ՜  ݔ ߱ on the left-hand side of Eq. (7) and break the resulting integration interval
గ
గ
గ గ
into two sub-intervals, namelyቂെ െ ߱ǡ െ ቂ andቂെ ǡ െ ߱ቂ. Then
ଶ

ଶ

గ
ଶ

గ
ିఠ
ଶ

గ
ଶ

గ
ି ିఠ
ଶ
గ
ି
ଶ

න ݄݀ݔሺ ݔെ ߱ሻ ൌ න
ି

ൌන

గ
ି ିఠ
ଶ

ଶ ଶ

݄݀ݔሺݔሻ
݄݀ݔሺݔሻ  න

గ
ିఠ
ଶ

ି

గ
ଶ

݄݀ݔሺݔሻ Ǥ

Letting  ݔ՜  ݔെ ߨ in the first term of the last line and recalling that by assumption ݄ሺݔሻ is
periodic, the integral becomes

න

గ
ଶ

గ
ିఠ
ଶ

݄݀ݔሺݔሻ  න

గ
ିఠ
ଶ

ି

గ
ଶ

݄݀ݔሺݔሻǤ

The sum of which is equal to the right-hand side of Eq. (7).

ז

Remark A.1: Only the periodicity of the integrand was required to show that the integral is
invariant under any constant shift of the integration variable.
Lemma A.2: Let݅  אሼͲǡ ǥ ǡ ݊ െ ͳሽ, ࣨ ൌ ሼͲǡ ǥ ǡ ݊ െ ͳሽ̳ሼ݅ሽ and݆ ࣨ א . Then ߪ ሺ݆ሻ ൌ
ሺʹ݅ െ ݆ሻ݊ is a bijection from ࣨ to itself and its own inverse.
Proof: Composition gives
ߪ ൫ߪ ሺ݆ሻ൯ ൌ ൫ʹ݅ െ ߪ ሺ݆ሻ൯ ݊ ൌ ሺʹ݅ െ ሺʹ݅ െ ݆ሻ  ݊ሻ  ݊Ǥ
Use the definition of the modulo twice to write
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ሺʹ݅ െ ݆ሻ
 ݊ቇ  ݊
ߪ ൫ߪ ሺ݆ሻ൯ ൌ ቆʹ݅ െ ሺʹ݅ െ ݆ሻ  
݊
ሺʹ݅ െ ݆ሻ
 ݊ቇ ݊
ൌ ቆ݆  
݊
ሺʹ݅ െ ݆ሻ
ඐ݊
݆ඌ
ሺʹ݅ െ ݆ሻ
݊
݊ െ ඎ
ඒ ݊Ǥ
ൌ ݆  
݊
݊




ሺଶିሻ

ሺଶିሻ









Recall that݆ ࣨ א and note that ൏ ݊. Then ቔ  ቔ

ቕ ݊ቕ ൌ ቔ

ቕ ݊ andߪ ൫ߪ ሺ݆ሻ൯ ൌ ݆.

ז

Lemma A.3: Letݎ, ݍbe positive integers such that ሺݎǡ ݍሻ ൌ ͳ, i.e.,  ݎand  ݍare co-primes.
Let ݅   אሼͲǡ ǥ ǡ  ݎെ ͳሽǤ Then the map ߪሺ݅ሻ ൌ  ݎ݅ݍis a bijection of the set of ݅ to itself.
Proof: Proceed with a proof by contradiction. Assume this map is not a bijection. Then there
exists a pair ݑǡ  א ݒሼͲǡ ǥ ǡ  ݎെ ͳሽ such thatݒ ് ݑand ݎݑݍൌ ݎݒݍ. Next, assume that
 ݑ  ݒthenݍሺ ݑെ ݒሻ ݎൌ  ݎݓݍൌ Ͳ where ݓൌ  ݑെ ݒ. This implies that  ݓݍൌ ݕݎ
with  ݕa positive integer, asݓǡ  ݍ Ͳ. Because  ݍand  ݎare co-primes, i.e., ሺݎǡ ݍሻ ൌ ͳ then
 ݓൌ  ݖݎwith ݖ Ͳ, which leads to a contraction as ݓൌ  ݑെ  ݒ൏  ݎെ ͳ.
ז
Lemma A.4: Let א ݑሼͲǡ ǥ ܽ െ ͳሽ, א ݒሼͲǡ ǥǡ ܾ െ ͳሽ, and  א ݓሼͲǡ ǥ ǡ ݊ െ ͳሽ where݊ ൌ ܾܽ.
௪
Then ߪሺݑǡ ݒሻ ൌ  ݑ ܽ ݒand ߪ ିଵ ሺݓሻ ൌ ቀܽݓǡ ቔ ቕቁ are bijections and inverse of each

other.
Proof: Composition gives
ݓ
ݓ
ߪሺߪ ିଵ ሺݓሻሻ  ൌ ߪ ቀܽ ݓǡ ቔ ቕቁ ൌ  ܽ  ݓ ܽ ቔ ቕ ൌ ݓǤ
ܽ
ܽ
Where the last equality follows from the definition of the modulo operation. Similarly,
ߪ ିଵ ൫ߪሺݑǡ ݒሻ൯ ൌ ߪ ିଵ ሺ ݑ ܽݒሻ
ൌ  ൬ሺ ݑ ܽݒሻܽǡ ඌ
ൌ ሺ ݑǡ ݒሻǤ

 ݑ ܽݒ
ඐ൰
ܽ

Where the last equality follows from the definition of the modulo operation and since ݑ൏ ܽ.
Therefore, ߪሺݑǡ ݒሻ and ߪ ିଵ ሺݓሻ are both one-to-one, onto, and inverse of each other.
ז
Lemma A.5:
݄ሺݔǢ ݉ǡ ݎሻ ൌ ݄ሺെݔǢ ݉ǡ ݎሻ.
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Proof: From the definition of݄ሺݔǢ ݉ǡ ݎሻ,
ିଵ

݄ሺݔǢ ݉ǡ ݎሻ ൌ ݃ሺݔሻ ෑ ݃ሺ ݔ ݆݉ߤሻǤ
ୀଵ

Because of the periodicity of ݃ሺݔሻ and݊ ݍൌ ݉ݎ,
݃ሺ ݔ ݆݉ߤሻ ൌ ݃ሺ ݔ ݆݉ߤ െ ݊ߨݍሻ ൌ ݃ሺ ݔ ݉ሺ݆ െ ݎሻߤሻ
Let݆ ՜ െ݆  ݎ. Then
ିଵ

݃ሺݔሻ ෑ ݃ሺ ݔെ ݆݉ߤ െ ݕሻǤ
ୀଵ

ז

And the proof follows since by definition݃ሺݔሻ is even.
Lemma A.6: Let ܽ and ܾ be positive integers. Then
గ
ଶ

ା

න ݀ߣݔାଵ ሺݔǢ ݉ǡ ݎሻ݄ሺ ݔ ߜ Ǣ ݉ǡ ݎሻ
గ
ି
ଶ

గ
ଶ

ൌ න ݀ߣ ݔାଵ ሺݔǢ ݉ǡ ݎሻ݄ሺݔǢ ݉ǡ ݎሻା Ǥ
ି

గ
ଶ

Proof: For greater clarity, suppress ݉ and  ݎin the arguments of ߣ ሺݔǢ ݉ǡ ݎሻ and݄ሺݔǢ ݉ǡ ݎሻ.
Consider the left-hand side of the equality. Lemma A.1 implies that
గ
ଶ

න ݀ߣݔାଵ ሺݔሻ݄ሺ ݔ ߜ
గ
ି
ଶ

ሻା

గ
ଶ

ൌ න ݀ߣ ݔାଵ ሺ ݔെ ߜ ሻ݄ሺݔሻା
ି

గ
ଶ

Next, let ݔ՜ െݔ. Then,
గ
ଶ

න ݀ߣݔାଵ ሺ ݔെ ߜ
గ
ି
ଶ

ሻ݄ሺݔሻା

గ
ଶ

ൌ න ݀ߣ ݔାଵ ሺെ ݔെ ߜ ሻ݄ሺെݔሻା
ି

గ
ଶ

The result follows since ݄ሺݔሻ is even by virtue of Lemma A.5, which implies that݄ሺെݔሻା ൌ
݄ሺݔሻା , andߣାଵ ሺെ ݔെ ߜ ሻ ൌ ߣାଵ ሺݔሻ. The latter holds trivially for ݇ ൌ  and follows
for݇  אሼͳǡ ǥ ǡ  െ ͳሽ from simple algebraic manipulations, namely
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ߣାଵ ሺെ ݔെ ߜ ሻ ൌ ݄ሺെ ݔ ߤ െ ሺ െ ݇ሻߤሻ ǥ ݄ሺെ ݔ ሺ െ ݇ െ ͳሻߤ െ ሺ െ ݇ሻߤሻ
ൌ ݄ሺെ ݔെ ሺ െ ݇ െ ͳሻߤሻ ǥ ݄ሺെ ݔെ ߤሻ
ൌ ߣାଵ ሺݔሻǤ
ז
Lemma A.7: Let ܽ and ܾ be positive integers. Then, ݉ and  ݎsuppressed in the arguments of
ߣ ሺݔǢ ݉ǡ ݎሻ and݄ሺݔǢ ݉ǡ ݎሻ,
గ
ଶ

න ݀ߣݔାଵ ሺݔሻ݄ሺݔሻ ݄ሺ ݔ ߜ ሻ
ି

గ



గ
ଶ

 ͳۓන ଶ ݀ ߣݔሺݔሻሼ݄ሺݔሻା  ݄ሺݔሻି ݄ሺ ݔ ߜ ሻଶ ሽ ǡ
ାଵ

ۖ ʹ ିగ

ܾܽ

 ͳ۔ଶ
ۖ න గ ݀ߣݔାଵ ሺݔሻሼ݄ሺݔሻା  ݄ሺݔሻଶ ݄ሺ ݔ ߜ ሻି ሽ ǡ
 ି ʹەଶ

ܽ ൏ ܾǤ

ଶ
గ

ଵ

Proof: Recall that  ݕ  ݖ  ሺ ݕଶ   ݖଶ ሻ where ݕǡ  א ݖԹା andܿ  אԳ. Then,
ଶ

గ
ଶ

න ݀ߣݔାଵ ሺݔሻ݄ሺݔሻ ݄ሺ ݔ ߜ ሻ



ۓ
ۖ

గ
ଶ

ି

గ
ଶ

ͳ
න ݀ߣݔାଵ ሺݔሻሼ݄ሺݔሻା  ݄ሺݔሻି ݄ሺ ݔ ߜ ሻଶ ሽ ǡ
ʹ ିగ
గ

ܾܽ

ଶ

 ͳ۔ଶ
ۖ න గ ݀ߣݔାଵ ሺݔሻሼ݄ሺ ݔ ߜሻା  ݄ሺݔሻଶ ݄ሺ ݔ ߜ ሻି ሽ ǡ
 ି ʹەଶ

ܽ ൏ ܾǤ

Forܽ ൏ ܾ, use Lemma A.6, which states that ݄ሺ ݔ ߜሻା can be replaced by݄ሺݔሻା in the
first term on the right-hand side of the inequality.
ז
Lemma A.8: The set of ݁ is partially ordered, i.e.
݁  ݁ଵ   ڮ ݁  ݁ାଵ  ڮǤ
Proof: Proceed by induction. Start with݁ . Then, Lemma A.7 implies that݁  ݁ଵ . Similarly,
ז
consider an arbitrary element and apply, again, Lemma A.7. Then,݁  ݁ାଵ .
Lemma A.9: Letݑ ǡ ݒ be integers such that ݒ  Ͳ and ݑ  ݒ ൌ ʹ௬  ݖwhere א ݕԳ andא ݖ
Գ̳ כሼʹሽ. Then
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ሺݑ ǡ ݒ ሻ ൌ ቊ

ሺͲǡʹ௬ ݖሻǡ
ʹ ݒ  ʹ௬  ݖൌ Ͳ
൫ʹ ݑ  ʹ௬ ݖǡ ʹ ݒ  ʹ௬ ݖ൯ǡ ʹ ݒ  ʹ௬  ݖ ͲǤ

Proof: Proceed by induction. First, show that the base case holds. Forݒ ʹ௬  ݖൌ Ͳ,ݒ ൌ
ʹ௬  ݖsinceͲ ൏ ݒ  ʹ௬ ݖ. While forݒ ʹ௬  ݖ Ͳ, ሺݑ ʹ௬ ݖǡ ݒ ʹ௬ ݖሻ ൌ ሺݑ ǡ ݒ ሻ
sinceͲ ൏ ݒ ൏ ʹ௬ ݖ. Next, consider the inductive step from ݈ െ ͳ to݈. Start with the case
whereʹିଵ ݒ ʹ௬  ݖൌ Ͳ. Then, because ʹିଵ ݒ is proportional toʹ௬ ݖ, the condition
ʹ ݒ ʹ௬  ݖൌ Ͳ also holds. And, sinceݑିଵ ൏ ݒିଵ , the inductive step givesሺݑ ǡ ݒ ሻ ൌ
ሺͲǡ ݒିଵ ሻ ൌ ሺͲǡʹ௬ ݖሻ. Continue with the second case, i.e., ʹିଵ ݒ ʹ௬  ݖ Ͳ. First, remark
thatݑିଵ  ݒିଵ ൌ ʹ௬  ݖtrivially holds in the first case and is also true in the case at hand
sinceݑ  ݒ ൌ ʹ௬  ݖimplies that
ݑିଵ  ݒିଵ ൌ ʹିଵ ݑ  ʹ௬  ݖ ʹିଵ ݒ  ʹ௬ ݖ
ൌ ʹିଵ ሺʹ௬  ݖെ ݒ ሻ ʹ௬  ݖ ʹିଵ ݒ  ʹ௬ ݖ
ൌ ʹିଵ ሺെݒ ሻ ʹ௬  ݖ ʹିଵ ݒ  ʹ௬ ݖǤ
Which, since ʹିଵ ݒ is not proportional toʹ௬ ݖ, yields
െʹିଵ ݒ
ʹିଵ ݒ


ቇ ൌ ʹ௬ ݖǤ
ݑିଵ  ݒିଵ ൌ െʹ௬  ݖቆ

ʹ௬ ݖ
ʹ௬ ݖ
Then, becauseݒିଵ ൌ ʹିଵ ݒ ʹ௬  ݖ Ͳ, Ͳ ൏ ݑିଵ ǡ ݒିଵ ൏ ʹ௬ ݖ. Contrary to the previous
case, they are now three possible sub-cases:ݑିଵ ൌ ݒିଵ , ݑିଵ  ݒିଵ andݑିଵ ൏ ݒିଵ . First
letݑିଵ ൌ ݒିଵ . Then,
ݒିଵ െ ݑିଵ ൌ ʹିଵ ݒ  ʹ௬  ݖെ ʹିଵ ݑ  ʹ௬ ݖ
ൌ ʹିଵ ሺݒ െ ݑ ሻʹ௬ ݖ
ൌ ʹିଵ ሺʹݒ െ ݒ െ ݑ ሻ  ʹ௬ ݖ
ൌ ʹ ݒ  ʹ௬  ݖൌ ͲǤ
And, sinceݑିଵ  ݒିଵ ൌ ʹ௬ ݖ, ݑିଵ ൌ ݒିଵ ൌ ʹ௬ିଵ ݖ, which leads to conclude that ሺݑ ǡ ݒ ሻ ൌ
ሺͲǡʹ௬ ݖሻ. Next, letݑିଵ  ݒିଵ .Then, the inductive rules entail that
ݑ ൌ ݑିଵ െ ݒିଵ ൌ ʹିଵ ݑ  ʹ௬  ݖെ ʹିଵ ݒ  ʹ௬ ݖ
ൌ ʹିଵ ሺݑ െ ݒ ሻʹ௬ ݖ
ൌ ʹିଵ ሺʹݑ െ ݑ െ ݒ ሻ  ʹ௬ ݖ
ൌ ʹ ݑ  ʹ௬ ݖǤ
And, since ݑିଵ  ݒିଵ and ݑିଵ  ݒିଵ ൌ ʹ௬  ݖimplies thatʹ௬ିଵ  ݖ ݒିଵ then
ݒ ൌ ʹݒିଵ ൌ ʹ൫ʹିଵ ݒ  ʹ௬ ݖ൯
ൌ ʹ ݒ  ʹ௬ ݖǤ
Finally, observe that this method also applies forݑିଵ ൏ ݒିଵ .

ז
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Lemma A.10: Letݑ ǡ ݒ be integers such that ݒ  Ͳ and ݑ  ݒ ൌ ʹ௬  ݖwhere א ݕԳ and ݖ
ʹ. If ʹ ݒ ʹ௬  ݖ Ͳ for all݈, then
൫ݑ௬ ǡ ݒ௬ ൯ ൌ ൫ݑ௬ାఝሺ௭ሻ ǡ ݒ௬ାఝሺ௭ሻ ൯Ǥ
Proof: Let  be a positive integer. Then, Lemma A.8 states that ݑ௬ା ൌ ʹ௬ା ݑ ʹ௬ ݖǤ
ଶ

Remark that sinceʹ ൌ  ቔ ቕ  ݖ ʹ ݖ,
௭

ݑ௬ା ൌ ʹ௬ା ݑ  ʹ௬ ݖ
ൌ ሾʹ௬ ݑ ሺʹ  ݖሻሿ  ʹ௬ ݖǤ
Let ൌ ߮ሺݖሻ and recall that ሺݖǡ ʹሻ ൌ ͳ. Then, ʹఝሺ௭ሻ  ݖൌ ͳ holds and ݑ௬ାఝሺ௭ሻ ൌ ݑ௬
holds. This procedure leads to a similar conclusion forݒ௬ .
ז
Lemma A.11:
ିଵ

ିଵ

ୀ

ୀ

݆݉ߨ
݆ߨ
൰ ൌ ෑ ݃ ൬ ݔ ൰ Ǥ
ෑ ݃ ൬ ݔ
݊
ݎ
Proof: Recall thatݎ, ݍand  are positive integers such that݉ ൌ ݍ, ݊ ൌ ݎ, and ൌ
 ሺ݉ǡ ݊ሻ. Then
݃ ൬ ݔ

݆݉ߨ
ߨ݆ݍ
൰ ൌ ݃ ൬ ݔ
൰Ǥ
݊
ݎ

Use the periodicity of ݃ሺݔሻ and the definition of the modulo to further write the left-hand side of
the equality as
݃ ൬ ݔ

݆ݍ
ߨ
ߨ݆ݍ
െ ඌ ඐ Ɏ൰ ൌ ݃ ቀ ݔ ሺݎ  ݆ݍሻ ቁǤ
ݎ
ݎ
ݎ

Lemma A.3 implies that mapߪሺ݆ሻ ൌ  ݎ݆ݍis a bijection from the set of ݆ to itself.
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