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1. Introduction 

1.1 Need for smooth transmission loss predictions 

The Bellhop propagation engine is a reasonably high-fidelity model providing acoustic field 
predictions that are very sensitive to small changes in the environment and consequently it 
produces a rather rough (jagged) propagation loss curve that is specific to a very specific 
scenario. Fleet prediction products like Figure-of-Merit (FOM) or signal excess (SE) rely on 
locating zero crossings in range of transmission loss combinations. If the TL is varying widely, 
these zero crossings are ambiguous, and therefore performance predictions are difficult to make. 
The sensitivity of Bellhop to the environmental inputs is also a problem because the input 
environment can only ever be a snapshot of the actual environment and therefore small changes in 
the environment can produce large changes in performance prediction. It is important for tactical 
applications to try to obtain a more general propagation expectation. 

The purpose of this report is to examine the mathematical reasons for the volatility of 
transmission loss predictions produced by Bellhop. Section 2 will discuss the mathematics of 
Bellhop and using a fairly complex test case, the terms that contribute to the jumpiness will be 
examined. Section 3 will discuss averaging techniques. 

1.2 Test case 

To examine the behaviour of the transmission loss, a test case has been designed that includes 
three range dependent sound speed profiles with poorly sampled and sharply changing values 
(Figure 1), six range-dependent geoacoustic two-layer bottom definitions (Figure 2), the 
Beckmann surface loss curve for 10 kts (Figure 3), and a shallow bathymetry that features a sharp 
rise at 20km (visible on the TL and ray traces). Figure 4 -Figure 6 show transmission losses for a 
35m and 70m source at 1200 Hz. There is no need to window the transmission losses at receivers 
that fall below the bathymetry hump because we are not concerned with the actual loss value but 
rather with its variability. For subsequent comparisons, the 35m source will be utilized as it 
projects most of its energy at steep angles into the bottom. Figure 6 shows most clearly the 
volatility of the transmission loss, with excursions that are up to 15 dB in very short range spans.  
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Figure 1. Three sound speed profiles used at 0, 10 and 40km down range. 
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Figure 2. Six bottom definitions. The black curve, #1, has LaHave Clay in the upper layer and shows the 

strongest resonances. The rest are sands and rock. 
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Figure 3. Surface loss curves for 10 kts wind at 1200 Hz. The curve chosen for these tests was Beckmann, 

labelled ‘B’.  

 
Figure 4. Transmission loss from a 35 m source.  
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Figure 5. Transmission loss from a 70 m source. 
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Figure 6. Twenty selected transmission loss curves for receivers spanning the water column from each 

source depth.  
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2. Bellhop mathematics 

2.1 Gaussian beams 

The technique of Gaussian Beam tracing relies on defining a ‘fuzzy’ spread of energy about a 
central ray that is traced through the environment [1]. That is, as the ray is traced, its location, 
[r1,z1] stepped to [r2,z2], is examined with respect to a receiver point [rr,zr]. The normal distance 
from the ray to the receiver point is used to assign a Gaussian weighting to the ray amplitude that 
contributes to the field at the receiver. 

Let  ],[ 11 zzrrr rrr −−=
  be the vector distance from the start of the ray step to the receiver. 

 ],[ 1212 zzrrrt −−=


 be the vector tangential to the ray step.  

  ],[ 1221 rrzzrn −−=


 be the vector normal to the ray step. 

The distance n from the ray step to the receiver point along the ray normal is the dot product of 
the vector distances normalized by the ray step length.  

 tnr rrrn  /)( •=  

The proportional distance along the ray step s is the dot product of the vector from ray to receiver 
and the tangential ray vector, normalized by the ray step length. This is used to linearly 
interpolate ray traced values of delay τ and beam width q.  

             ttr rrrs  /)( •=  

Dr. Porter states in the code at the beginning of the ray trace step algorithm that “the numerical 
integrator used to trace rays is a version of the polygon method (a.k.a. midpoint, leapfrog or Box 
method) and similar to the Heun (second-order Runge-Kutta method). However it is modified to 
allow for a dynamic step change while preserving the second order accuracy.” 

The beam width q is a ray-traced quantity (and should not be confused with the Gaussian 
weighting width σ). It is defined by two ordinary differential equations for p(s) and q(s) that are 
integrated along the ray. Dr. Porter shows that the q can be related to the beam radius (half-width) 
and the p can be related to the beam curvature. These equations are derived by solving a parabolic 
equation in the neighbourhood of each ray [1]. They are evaluated at the same time that the 
standard ray position traces are performed. 

 



 
 

8 DRDC Atlantic CR 2011-054 
 
 
 
 

)(
)(

)()(

2 sq
sc

c
ds
dp

spsc
ds
dq

nn−=

=
 (1) 

The term cnn contains the normal second derivative of the sound speed c(r,z). That is, it depends 
upon crr, czz, and crz.  

The contribution to the acoustic field at the receiver is given by the ray amplitude A which is 
proportional to the inverse square root of the beam width q, the product of reflection losses from 
the boundaries ℜ , the volume attenuation and cylindrical spreading term, and the Gaussian 
weighting term W.  
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The Gaussian standard deviation σ is usually found as a product of the beam width q and the 
angular step size Δθ divided by the sound speed. In Bellhop, σ is defined to have a minimum size 
of at least πλ, with a potential nearfield size of 0.2r1/λ. The logic is defined below. Note that the 
frequency dependence of the width of the Gaussian is either none, directly proportional or 
inversely proportional, depending on the position of the ray. 
 

]),/2.0min(),/(max[ 1 πλλθσ rcq∆=  
 

2.2 Terms affecting volatility 
There are three terms in the acoustic pressure amplitude A (equation 2) that can potentially 
contribute to volatility of the transmission loss with range: W,ℜ , and q.  
 

2.2.1 Gaussian weight W 
Presently in Bellhop, the ray’s contribution is added to the field at the receiver if the normal from 
the ray to the receiver point is less than 4σ. Experimentation with this quantity, using 8σ, 4σ, 2σ, 
and 1σ as the criterion for contribution distance from the receiver, has shown there are almost no 
noticeable differences in the TL, and certainly no smoothing of the field with the greater 
contribution distance. (Figures documenting this were unnecessary) Doubling or halving the size 
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of σ also did not improve the result in terms of stability. Therefore, it would seem that the term W 
is not directly contributing to the volatility of the TL result.  
 

2.2.2 Reflection loss ℜ  

The reflection losses from the surface and bottom are functions of frequency and angle. In the 
two-layer bottom reflectivity model, there are many sharp spikes of high loss corresponding to 
coherent interactions within the two layers of the sediment. For this reason, the reflectivity might 
be expected to add volatility to the transmission loss as small changes in grazing angle contribute 
large differences in reflection losses. Figure 7 shows a plot of the accumulated reflection losses 
for the 35m source rays from ±5º, in log space. The y axis has been shifted to enable comparisons 
with the beam width plots that follow.  

The losses are displaying a short-range variability of approximately 0.2 to 0.4 dB as the range 
increases. In the region where the seamount intrudes into the sound field, beyond 20km, the 
losses increase with increasing ray angle, but the variability along each ray is very similar and it 
does not increase much.  

 
 Figure 7. Log of accumulated reflection losses from surface and bottom as a function of range. 

The plot shows 11 rays from ±5º about the horizontal. 
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2.2.3 Beam width q 

The factor q is called the Gaussian beam width. It is obtained by integrating the coupled p-q 
functions listed in equation 1 and is a function of the sound speed profile and its gradients. The 
ray amplitude is proportional to 2/1−q . The plot in Figure 8 shows the log(q-1/2) for the 35m source 
when using linear interpolation between the sound speed profiles. There is a great deal of 
volatility up to the onset of the seamount and beyond its other side. The amplitude excursions 
span 1 to 1 ½ decades in log space (10-15dB). In comparison to the excursions due to reflectivity 
shown in section 2.2.2, these are by far the larger. The linear interpolation in range between the 
sound speed profiles is not to blame, as Figure 9 shows the same beam width computed with no 
sound speed interpolation, and the excursions are just as large. 

 
Figure 8. Gaussian beam width, Log(q-1/2), versus range for11 rays from ±5º about the horizontal. Sound 

speed profiles (0,10 and 40km) were linearly interpolated with range.  
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Figure 9. Gaussian beam width, Log(q-1/2), versus range for11 rays from ±5º about the horizontal. Sound 

speed profiles at 10 and 40km were abruptly changed with no range interpolation.  

To be perfectly sure, an isovelocity profile was used in place of the three sound speed profiles, 
with all other environmental inputs as before, producing a smooth log q-1/2 curve (Figure 10) and 
a smooth transmission loss curve (Figure 11). 
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Figure 10. Beam width amplitude factor log(q-1/2) versus range when using an isovelocity sound speed 

profile. 



 
 

DRDC Atlantic CR 2011-054 13 
 
 

 
 

 
Figure 11. Upper black curves show the transmission loss using an isovelocity profile with all other 

environmental inputs the same as the lower curves. 

This seems to indicate that the traced beam width q is the progenitor of the volatility. It is 
interesting to note that while the p-q pair in equation 1 are derived with functional dependence on 
the sound speed and its derivatives, but in actual practice, Bellhop returns zeros for all second 
order derivatives in the term cnn. Therefore the only portion of the computation for p-q that can 
cause large swings in amplitude is the term that is computed whenever the ray trace crosses a 
sound speed layer. In Bellhop, this is referred to as a ‘jump condition’. When the ray crosses an 
interface, the difference in the sound speed gradients on either side of the interface is used to 
compute the gradient jump, and this is injected into the solution for p-q.  

Let i = ith sound speed layer with speed ci and gradient ig .  
Then the next layer will be i+1 with speed ci+1 and gradient 1+ig .  

The difference in gradients, the gradient jump, is defined as iijump ggg 
−= +1 .  

The ray normal vector is computed in the (i+1)st layer from the ray tangent vector tr


that was 
traced to that layer, )]1(),2([ ttn rrr 

−= .  
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The components of the gradient jump in the normal and tangential directions to the ray are found 
by dot product, njumpn rgg 

•=  and tjumpt rgg 
•= . 

Then the additional term to the tracing of the p function is given in the code by 
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To test whether this gradient jump is contributing to the volatility of the transmission loss, the 
jump condition was altered to use 90% of the actual gradient change for the tangential component 
gradient change shown in Figure 12 and 90% of the actual gradient change for the normal 
component of the gradient change shown in Figure 13. It is clear that these gradient changes are 
responsible for the large swings in q and in the transmission loss. Although the transmission loss 
does not have the correct amplitude, it is definitely smoother when computed with the smaller 
amount of gradient change.  

 
Figure 12. Upper black curves use 90% of the tangential component of the gradient change along the 

sound speed profiles in the computation of the beam width q.  
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Figure 13. Upper black curves use 90% of the normal component of the gradient change along the sound 

speed profiles in the computation of the beam width q. 

 

An experiment was then run in which the sound speed profiles in Figure 1 were more closely 
sampled with 1m spacing in depth over the water column. The reasoning was that shorter steps 
would decrease the size of the gradient change between layers. However, while the run time was 
greatly increased, this had no effect on smoothing the resulting TL.  

At present, there do not seem to be any quick solutions to the volatility of the beam width q. It 
would be worthwhile to examine other Gaussian beam algorithms to see if they integrate the p-q 
equations differently, possibly treating the jump condition differently. For example, in reference 
2, some different starting values are discussed for the p-q integration.  
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3. Smoothing 

3.1 Range averaging 

If the requirement for a smooth transmission loss is to be met, averaging may be the short term 
solution. The best way to achieve this would undoubtedly be to run the propagation engine over a 
complete set of all possible environmental conditions, averaging the result. However this would 
be very time consuming, and in reality, a complete set of conditions could never be known. 
Another approach for obtaining a general propagation expectation would be to construct a 
statistical description of the environment and transfer that statistical variety through the 
propagation engine to obtain a statistical view of the propagation, which would presumably be a 
smooth curve with varying confidence bands. As this approach has not yet been investigated, the 
BellhopDRDC_Active program has resorted to a low-tech solution; applying a simple range 
average to the end product, the SE versus range. An example of the effect of weighted smoothing 
over a 9 point range window is shown in Figure 14 for a 35m source and in Figure 15 for a 70m 
source. 

 
Figure 14. Range smoothing of transmission loss for a 35m source using a 2.5km window.  
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Figure 15. Range smoothing of transmission loss for a 70m source using a 2.5km window. 

3.2 Frequency averaging 

In a letter-to-the-editor, Harrison and Harrison [3] discuss the relationship between frequency and 
range averages. They note that for computations such as Lloyd’s mirror and multipath, there is an 
equivalence between frequency and range averaging, that is, averaging in one variable is 
equivalent to averaging in the other. However, for dominant localized contributions such as a 
focus, caustic, shadow boundary or convergence zone, there is no equivalence.  

Because the bottom loss in the ray amplitude term is a function of frequency (causing 
displacement of the resonant peaks) and the Gaussian weighting function’s standard deviation can 
be dependent on frequency, the act of frequency averaging the Bellhop transmission loss was 
tried. A third-octave band was defined about the center frequency of 1200 Hz. The frequency 
bandwidth was 278 Hz. Bellhop was exercised from 1069 Hz to 1347 Hz in steps of 1 Hz and the 
resulting transmission loss curves were averaged. To obtain the maximum interaction with the 
lossiest bottom, the entire range was defined to be propagated over clay/sand layers using curve 
#1 in Figure 2. The LaHave clay has speed 1453 m/s, density 1.41 and attenuation 0.038 
dB/mkHz. The sand, 10m deeper, has speed 1557 m/s, density 1.73 and attenuation 0.156 
dB/mkHz.  
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The resulting loss curves shown in Figure 16 are found to be little affected by the frequency 
averaging. These curves appear different than those shown before because the bottom was highly 
lossy over the entire range so the presence of the seamount kills the acoustic field. In contrast, the 
next figure Figure 17 uses the same highly lossy bottom but is range averaged, and this does 
provide some smoothing, so clearly there is no equivalence between frequency and range 
averaging in this case. 

 
Figure 16. The lower curve shows a frequency-averaged TL over a 278 Hz bandwidth about 1200 Hz.  
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Figure 17. The lower curve shows a range-averaged TL in the same environment as the previous figure. 
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4. Summary 

This study has examined the factors that control the ray amplitude as a function of range in the 
Bellhop Gaussian beam method of computing transmission loss. They are the Gaussian weighting 
function and its standard deviation, the boundary losses and the beam width. For the single case 
tested here, it was determined that the beam width, a ray-traced quantity, was responsible for the 
large volatility of the transmission loss with range. And, more specifically, the amount of change 
in the sound speed gradient at the start of each SSP layer was controlling the beam width.  

There were no simple remedies to the volatility of the beam width discovered in this study. For 
example, employing a larger number of sound speed points to reduce the gradient change between 
each layer did not change the result but it did adversely impact the run time. Range and frequency 
averaging were tested, and for this test case, only range averaging was effective in reducing the 
TL volatility.  

There are other Gaussian Beam techniques that might contain different approaches to obtaining 
the beam width. Dr. Porter’s web version of Bellhop contains four different ray amplitude 
algorithms [4]. One of these, called Simple Gaussian Beams (SGB), employs the beam width 
factor in a different way. However they will all rely on the same ray tracing integration, and it 
might be assumed that they would all suffer from the volatility of the beam width. It would be 
worthwhile examining other ray tracing integration schemes and also finding out why Bellhop 
currently zeros all second-order derivatives of the sound speed profile.  
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