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Abstract

The Cosmic Ray Inspection and Passive Tomography (CRIPT) for Special Nuclear Mate-
rial (SNM) Detection project is investigating the effectiveness of muon scattering tomog-
raphy for detecting SNM and dense radiation-shielding materials like lead. The goal of
CRIPT is to design, build and test a large-scale prototype system that uses naturally oc-
curring cosmic-ray-induced muons to image a volume of interest. Measuring the momenta
of muons on an event-by-event basis should reduce the required imaging times signifi-
cantly. This paper describes relatively simple simulations of the performance of different
magnetized and unmagnetized muon spectrometer designs. An unmagnetized spectrometer
uses the multiple Coulomb scattering of a muon through known absorbers to estimate the
muon’s momentum, p. A magnetized spectrometer measures p using both multiple scat-
tering and the magnetic deflection inside magnetized iron absorbers. Using only multiple
scattering measurements, the resolution of 1/p is 50% or better. The gain in resolution
obtained by magnetizing the iron absorbers is not very significant (less than 10% relative
improvement) unless the magnetic field in the iron is very high (≥ 1.0 T). An unmagnetized
spectrometer appears to be the preferred choice for CRIPT as it is simpler and likely more
cost-effective to implement.

Résumé

Le projet Inspection et tomographie passive par rayonnements cosmiques (CRIPT) pour
les matières nucléaires spéciales (MNS) étudie l’efficacité de la tomographie par diffusion
muonique pour détecter les MNS et les matériaux de blindage denses contre les rayonne-
ments, comme le plomb. L’objectif de la méthode CRIPT est de concevoir, construire et tes-
ter un système prototype à grande échelle qui utilise les muons produits naturellement par
les rayons cosmiques pour imager les volumes d’intérêt. En mesurant la quantité de mouve-
ment événement par événement, on devrait réduire grandement le temps de prise d’image.
Dans le présent document, nous décrivons des simulations relativement simples de la per-
formance de différents types de spectromètre à muons magnétisés et non magnétisés. Un
spectromètre non magnétisé utilise la diffusion coulombienne multiple d’un muon à tra-
vers des absorbeurs connus, afin d’estimer la quantité de mouvement p du muon. Un spec-
tromètre magnétisé mesure p en utilisant à la fois la diffusion multiple et la déviation
magnétique à l’intérieur d’absorbeurs de fer magnétisés. En utilisant seulement des me-
sures de diffusion multiple, la résolution de 1/p est de 50% ou plus. Le gain en résolution
obtenu par la magnétisation des absorbeurs de fer n’est pas très important (moins de 10%
d’amélioration relative), à moins que le champ magnétique dans le fer ne soit très élevé
(> 1,0 T). Un spectromètre non magnétisé semble être le choix approprié pour le projet
CRIPT, car il est plus simple et probablement plus rentable à appliquer.
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Executive summary

A simulation study of the Cosmic Ray Inspection and
Passive Tomography (CRIPT) muon spectrometer

D. Waller; DRDC OTTAWA TM 2010-168; Defence R&D Canada – Ottawa;

October 2010.

Introduction: The Cosmic Ray Inspection and Passive Tomography (CRIPT) for Special
Nuclear Material (SNM) Detection project is a Chemical, Biological, Radiological, Nu-
clear, Explosives (CBRNE) Research & Technology Initiative (CRTI) project that is inves-
tigating the effectiveness of muon scattering tomography for detecting SNM and the dense
shielding that would likely surround a smuggled radiological dispersal device (RDD). The
goal of the CRIPT project is to design, build and test a large-scale prototype system that
will be able to image air-cargo containers, and nuclear waste containers using naturally
occurring cosmic-ray-induced muons. Measuring the momenta of muons on an event-by-
event basis should reduce the required imaging times significantly. This paper studies the
simulated performance of different magnetized and unmagnetized muon spectrometer de-
signs.

Method: Different CRIPT muon spectrometers designs are studied in Monte Carlo simu-
lations written in MATLAB. Multiple Coulomb scattering and the deflection of muons in a
magnetic field are the two main physical processes included in the simulations. The multi-
ple scattering angular distribution is assumed to be Gaussian; non-Gaussian scattering and
energy loss of the muon are not considered in these simulations. The muon spectrometers
estimate the momentum, p, of a muon by measuring the muon deflection angles due to
multiple scattering and magnetic fields (if present). A maximum likelihood technique is
used to obtain the estimates of 1/p.

Results: Examination of the simulations show that the output of the Monte Carlo simula-
tions for the spectrometers behaves as expected. The effect of varying several spectrometer
parameters (number of absorber planes, absorber thickness, hit resolution of muon detec-
tors, strength of magnetic field in Fe absorbers) on the 1/p resolution is studied.

Conclusions: Using only multiple scattering measurements (i.e. an unmagnetized spec-
trometer), the 1/p resolution is < 50%. The resolution is strongly dependent on the number
of layers of scattering Fe absorbers as the uncertainty of 1/p is statistics limited: the more
scattering layers, the more scattering angle measurements that are available to constrain
the muon momentum. The 1/p resolution of high momentum muons (pμ ≥ 5 GeV/c) is
also strongly affected by the hit resolution of the spectrometer’s muon trackers. The Fe
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absorber thickness does not have a strong effect on the 1/p resolution for an unmagnetized
spectrometer.

The gain in 1/p resolution obtained by magnetizing the Fe absorbers is not very significant
(less than 10% relative improvement) until the magnetic field in the Fe is very high (≥ 1.0
T). At lower fields, the deflection from multiple scattering is greater than the magnetic
deflection so the sign of the muon’s electric charge is frequently estimated incorrectly,
leading to poor 1/p resolution. To achieve better 1/p resolution, it is likely cheaper and
easier to increase the number of absorber-detector layers in an unmagnetized spectrometer
than to magnetize the Fe absorbers to very high fields.

Recommendations: It appears that an unmagnetized spectrometer is likely to be the most
cost-effective solution for measuring muon momenta on an event-by-event basis. The base-
line design of two absorber-detector layers provides approximately 40% 1/p resolution
with 2 mm hit resolution for the muon detectors. As the absorber thickness does not have
a large effect on the resolution, it is recommended that thin Fe absorbers (5 cm thick) be
used to reduce the weight and cost of the spectrometer.

The 1/p resolution functions obtained from this study should be incorporated into image
reconstruction simulations to assess the full impact of different spectrometer designs. In
parallel with this activity, a more detailed simulation of this study’s baseline, unmagnetized
muon spectrometer should be performed in GEANT4 to test the validity of the results
obtained in this study.
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Sommaire

A simulation study of the Cosmic Ray Inspection and
Passive Tomography (CRIPT) muon spectrometer

D. Waller ; DRDC OTTAWA TM 2010-168 ; R & D pour la défense Canada –

Ottawa ; octobre 2010.

Introduction : Le projet Inspection et tomographie passive par rayonnements cosmiques
(CRIPT) pour les matières nucléaires spéciales (MNS) s’inscrit dans le cadre de l’Initia-
tive de recherche et de technologie (IRTC) sur les agents chimiques, biologiques, radiolo-
giques, nucléaires et explosifs (CBRNE) qui vise à étudier l’efficacité de la tomographie
par diffusion muonique pour détecter les MNS et le blindage dense qui pourrait entou-
rer un dispositif de dispersion radiologique (DDR) passé en contrebande. L’objectif du
projet CRIPT est de concevoir, construire et tester un système prototype à grande échelle
qui pourra imager des conteneurs de fret aérien et des conteneurs de déchets nucléaires
en utilisant les muons naturellement induits par le rayonnement cosmique. En mesurant la
quantité de mouvement d’un événement individuel, on devrait réduire grandement le temps
de prise d’image. Dans le présent document, nous décrivons des simulations relativement
simples de la performance de différents types de spectromètre à muons magnétisés et non
magnétisés.

Méthode : Différents types de spectromètres à muons CRIPT sont étudiés à l’aide de
simulations de Monte-Carlo écrites en MATLAB. La diffusion coulombienne multiple et
la déviation des muons dans un champ magnétique sont les deux principaux processus
physiques inclus dans les simulations. La distribution angulaire de la diffusion multiple est
présumée être gaussienne ; la diffusion et la perte d’énergie non gaussiennes des muons
ne sont pas prises en compte dans ces simulations. Les spectromètres à muons estiment la
quantité de mouvement p d’un muon en mesurant les angles de déviation du muon dus à
la diffusion multiple et aux champs magnétiques (s’il y en a). Une technique du maximum
de vraisemblance est utilisée pour obtenir les estimations de 1/p.

Résultats : L’examen des simulations des spectromètres montre qu’elles donnent les résultats
prévus. L’effet de la variation de plusieurs paramètres du spectromètre (nombre de plans
absorbeurs, épaisseur des absorbeurs, résolution en vénement des détecteurs de muons,
intensité du champ magnétique des absorbeurs de Fe) sur la résolution de 1/p est étudié.

Conclusions : En utilisant seulement les mesures de diffusion multiple (c.-à-d. avec un
spectromètre magnétisé), la résolution de 1/p est < 50%. La résolution est fortement
dépendante du nombre de couches d’absorbeurs de Fe, car l’incertitude de 1/p est sta-
tistiquement limitée : plus il y a de couches diffusantes, plus on dispose de mesures des
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angles de diffusion pour contraindre la quantité de mouvement du muon. La résolution de
1/p des muons à des valeurs élevées de quantité de mouvement (pμ > 5 GeV/c) est en outre
fortement tributaire de la résolution en vénement des traceurs de muons du spectromètre.
L’épaisseur des absorbeurs de Fe n’a pas un effet important sur la résolution de 1/p pour
un spectromètre magnétisé.

Le gain en résolution de 1/p obtenu en magnétisant les absorbeurs de Fe n’est pas très
important (moins de 10% d’amélioration relative) à moins que le champ magnétique dans
le fer ne soit très élevé (> 1,0 T). Dans des champs de faible intensité, la déviation due à la
diffusion multiple est supérieure à la déviation magnétique de sorte que le signe de la charge
électrique du muon est souvent estimé incorrectement, ce qui entrane une piètre résolution
de 1/p. Pour obtenir une meilleure résolution de 1/p, il est probable moins cher et plus
facile d’augmenter le nombre de couches d’absorbeurs-détecteurs dans un spectromètre
non magnétisé que de magnétiser les absorbeurs de Fe à des champs très élevés.

Recommandations : Il semble qu’un spectromètre non magnétisé soit la solution la plus
rentable pour mesurer la quantité de mouvement des muons au cas par cas. La concep-
tion nominale des couches d’absorbeurs-détecteurs fournit une résolution de 1/p d’envi-
ron 40% avec une résolution en événement de 2 mm pour les détecteurs de muons. Comme
l’épaisseur des absorbeurs n’a pas un effet important sur la résolution, il est recommandé
que des absorbeurs minces de Fe (5 cm d’épaisseur) soient utilisés pour réduire le poids
et le coût de l’appareil. Les fonctions de résolution de 1/p obtenues à partir de cette étude
devraient être incorporées dans les simulations de reconstruction d’image pour valuer l’im-
pact des différents types de spectromètres. En parallèle à cette activité, une simulation plus
détaillée du scénario de base de cette étude, soit un spectromètre à muons non magnétisé,
devrait être effectuée dans GEANT4 pour tester la validité des résultats obtenus dans la
présente étude.
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1 Introduction

The Cosmic Ray Inspection and Passive Tomography (CRIPT) for Special Nuclear Mate-
rial (SNM) Detection project is a Chemical, Biological, Radiological, Nuclear, Explosives
(CBRNE) Research & Technology Initiative (CRTI) project that is investigating the effec-
tiveness of muon scattering tomography for detecting SNM and the dense shielding that
would likely surround a smuggled radiological dispersal device (RDD). The goal of the
CRIPT project is to design, build and test a large-scale prototype system that will be able
to image air-cargo containers, and nuclear waste containers.

1.1 Cosmic-ray muons and Special Nuclear Material
(SNM) detection

A muon is a short-lived sub-atomic particle (τμ = 2.2× 10−6 s at rest) which is a heavier
version of an electron (mμ = 105 MeV/c2). Muons are produced in the Earth’s upper at-
mosphere when energetic galactic (or extra-galactic) cosmic rays (usually protons) interact
with gas molecules, producing charged pions (π±) which promptly decay to like-charged
muons (μ±) and muon neutrinos (νμ or νμ):

p+ 14N,16 O, etc. → X +π±,

π+ → μ+ +νμ, (1)
π− → μ− +νμ

Although muons are short-lived when they are at rest, many cosmic-ray-induced muons
survive until they arrive at the Earth’s surface because they have velocities very close to the
speed of light, and thus are subject to relativistic time dilation 1.

In muon scattering tomography (MST), the trajectories of highly-penetrating cosmic-ray-
induced muons are measured before and after they pass through a volume of interest (e.g. a
shipping cargo container). Figure 1 shows the principle of MST. The muons undergo mul-
tiple Coulomb scattering when they pass through matter. The higher the density and atomic
number of the material, the larger the resulting deflection angle tends to be. More details
about multiple Coulomb scattering are provided in Section 2.1. The average momentum of
the muons is approximately 3 GeV/c, so the typical scattering angle after passage through
a cargo container is on the order of tens of milliradians (mrad) 2. After collecting enough
muon scattering data, it is possible to build a three-dimensional (3D) image of the vol-
ume of interest. The scattering densities (related to the variance of the scattering angles

1. When an object moves with a velocity close to the speed of light, time passes more slowly in its frame
of reference.

2. At sea level, the momentum spectrum for cosmic-ray induced muons extends from 0 GeV/c to ex-
tremely high momenta, with the peak flux at approximately 0.5 GeV/c and rapidly declining as the momen-
tum increases: the flux at 5 GeV/c is an order of magnitude lower than the flux at 0.5 GeV/c.
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and muon momenta) of all the voxels in a volume are estimated in order to determine the
density/type of material that is present.

The flux of muons used in MST is naturally occurring, so there is no health risk associated
with operating a MST system 3. The downside to using naturally occurring muons is that
it is challenging to reduce scanning times to operationally desirable times (one minute
or less). The flux at sea level is approximately 10,000 muons m−2 minute−1. In order to
minimize scanning times, all the useful information available from the muons must be
extracted. An extremely valuable piece of information for interpreting the muon scattering
measurements is the event-by-event muon momentum. In addition to the density and atomic
number of the scattering material, the muon’s typical scattering angle is determined by its
momentum: the larger the momentum, the smaller the scattering angle. The importance of
measuring the muon momentum has been highlighted by several other MST groups [1, 2,
3]. These groups have calculated that the imaging times could be reduced by up to a factor
of two by using muon momentum information. This paper describes simulation studies that
have been conducted to determine the performance of different muon spectrometer designs
for CRIPT.

1.2 CRIPT muon tracking system
In order to determine the scattering angles of muons that pass through a volume of inter-
est, the trajectories before and after scattering must be measured very precisely. This is
achieved by using two or more layers of detectors both above and below the cargo which
measure the 3D location where a muon passes through the detector; this is called a “hit”.
Two or more 3D hits define a muon’s trajectory; the more hits that are measured for a muon,
the better the angular resolution of the fitted trajectory (called a “track”). Multiple similar
(or identical) muon detectors are required in the muon spectrometer.

Two muon detection technologies are considered for CRIPT’s muon “trackers”: gas-filled
drift chambers and scintillator-based detectors. The drift chambers measure the ionization
created by the muon as it passes through them; their design is inspired by the muon drift
chambers used in the OPAL detector [4]. The scintillator-based detectors measure the scin-
tillation light that is produced when a muon passes through them. For these simulation
studies, no assumptions are made about which type of detector is used. The only prop-
erty of the trackers that is simulated is the hit resolution. The results of this study will
help to determine which technology is preferred for detecting/tracking muons in CRIPT’s
spectrometer.

3. It may be possible in the future to use a man-made, accelerator-based muon beam for MST, but this
topic is currently beyond the scope of the CRIPT project.
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Figure 1: The principle of muon scattering tomography for detecting SNM in a cargo
container. Hits in the muon trackers of each module are indicated by the small red circles
along the muon’s trajectory.

1.3 Muon momentum estimation
In principle, several different techniques may be used to estimate the momentum of a muon
that passes through CRIPT. These include measurements of any of the following:

1. The muon’s deflection angles due to multiple Coulomb scattering through absorbers
of known thickness and radiation length;

2. The muon’s deflection in a magnetic field, either in air or through a magnetized
material;

3. The rate of energy loss per unit length of material traversed (dE/dx); or,

4. The Čerenkov radiation that is (or is not) produced in either ring-imaging or (multi-
stage) threshold Čerenkov detectors.

The first technique, measuring the deflection angles due to multiple scattering, has been
successfully used by the Soudan-2 and MACRO atmospheric neutrino experiments [5, 6]. A
variant of this technique has also been successfully demonstrated in a liquid time-projection
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chamber [7]. Multiple scattering has also previously been proposed as a cost-effective so-
lution for muon tomography [8]. It has been implemented by the Italian muon tomography
group with mixed success [9].

The second technique, using a magnetic field to deflect the muon, could be used in asso-
ciation with the first technique. This paper investigates the potential of combining these
two techniques by comparing the results from simulated, magnetized and un-magnetized
spectrometers.

The other techniques of muon momentum estimation are not currently being considered
for the CRIPT project as they are less likely to provide cost-effective measurements of pμ.
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2 Method

This section describes the methods employed to estimate muon momentum using both un-
magnetized (Section 2.1) and magnetized (Section 2.2) spectrometers. The baseline design
considered for both unmagnetized and magnetized spectrometers is shown in Figure 2. It
assumes that the spectrometer is located immediately below the lower tracking module of
CRIPT and has a depth of 2 m. Figure 2 shows a spectrometer that is composed of two lay-
ers of 10 cm thick Fe absorbers and two muon trackers, but the following studies investigate
various numbers of absorber-tracker layers and different absorber thicknesses.

Simulations of muons’ passage through the spectrometer were performed in MATLAB
using Monte Carlo methods. First, a cosmic ray muon’s direction is determined by sampling
the appropriate distributions. The direction with respect to vertical is assumed to follow a
cos2 θ distribution where θ is the zenith (or polar) angle of the muon 4; θ = 0o corresponds
to vertical (downward-going) muons, while θ = 90o for horizontal muons. Only 18% of
muons are incident at angles larger than 45o. The muon azimuthal angle distribution, φ, is
uniform from 0o to 360o.

After the two angles for the muon are determined, the location of the muon’s entry into
the top layer of the spectrometer is determined randomly. From this point, the trajectory of
the muon through the spectrometer is calculated. This calculation includes the simulation
of multiple Coulomb scattering through the iron absorber layers in the spectrometer, and
for a magnetized spectrometer, the magnetic deflection of the muon as it passes through
each layer of magnetized iron. Muon energy loss was not calculated for these simulations;
instead, it has been assumed that the effects of energy loss can be corrected for by more
sophisticated momentum estimation algorithms.

After the true trajectory of each muon is calculated, the measured hit locations in the track-
ers are determined by randomly shifting each hit by a random number sampled from a
Gaussian whose width is equal to the hit resolution of the tracker, σx[y]. Once all the mea-
sured hit locations are determined, the passage of the muon through the tracker is recon-
structed by connecting the measured hit locations in each tracker to the location in the
preceding Fe absorber where the muon was assumed to have scattered. In reality, there is
no single location in the absorber where the muon scatters, but since only one position
measurement is made after each Fe absorber, some assumption must be made about the
trajectory of the muon: the muon’s trajectory is assumed to extend, unscattered, until the
absorber’s mid-point, at which point the muon is deflected towards its next measured hit.
Figure 3 shows an example of an estimated trajectory and compares it to the true (and more
complicated) trajectory.

4. The zenith angle distribution for cosmic-ray-induced muons has some energy dependence which is
ignored for this simulation; however, the dependence is not strong so the results of this work should still be
valid.

DRDC OTTAWA TM 2010-168 5



tracker

tracker

tracker

tracker

Fe slab

Fe slab

z

x

�

xz1

�

xz2

plane-to-plane = 100 cm

10 cm

muon

Figure 2: Side-view of unmagnetized spectrometer in x− z plane. The muon scattering
angles in the x− z plane after each layer of Fe are shown by θxz1 and θxz2. Two additional
scattering angles can be measured in the y− z plane. The green circles in each tracker
indicate muon hits. The top two trackers are not part of the spectrometer; they comprise the
lower tracking module of CRIPT.
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Figure 3: The estimated and true trajectories of a scattered muon through an unmagnetized
spectrometer. The estimate of the scattered muon trajectory, and hence scattering angle,
θestimated, assumes that the muon scatters after traversing half of the thickness of the Fe
absorber. The true scattering angle , θtrue, can be larger or smaller than θestimated.

2.1 Multiple Coulomb scattering in an unmagnetized
spectrometer

The unmagnetized spectrometer simulated for these studies uses layers of iron, whose
thicknesses vary from 5 cm to 15 cm, to deflect muons via multiple Coulomb scattering.
The multiple scattering angles follow a distribution that is approximately Gaussian 5. The
most likely scattering angle is zero degrees and the width of the Gaussian distribution, in

5. For this study, the distribution is assumed to be perfectly Gaussian. Subsequent, higher fidelity, sim-
ulations will include the non-Gaussian tails in the scattering distributions. Since less than 2% of the muons
undergo non-Gaussian scattering, the Gaussian assumption is adequate for this study.
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mrad, is

θMS =
13.6
βpc

√
L
X0

[1+0.038ln(L/X0)] , (2)

where β is the velocity of the muon 6 as a fraction of the speed of light, p is the momentum
of the muon in MeV/c, L is the path length of the muon through the material, and X0 is
the radiation length of the material [10]. The radiation length of a material is the mean
distance a high energy electron must travel before it has lost all but 1/e of its energy by
bremsstrahlung. The radiation length (in cm) is related to the density, ρ (g/cm3), and atomic
properties of a material by

X0 =
716.4 A

ρZ(Z +1) ln(287/
√

Z)
(3)

where Z is the number of protons per nucleus, and A is the number of nucleons per nucleus
[10]. The radiation length for higher-Z materials is shorter which leads to larger angle
multiple scattering. For L = 10 cm in Fe (X0 = 1.76 cm), θMS = 17 mrad for a 2 GeV/c
muon.

In addition to simulating the scattering angle of the muon, its horizontal displacement with
respect to its initial trajectory must also be calculated. The multiple scattering angle and
horizontal displacement are strongly correlated. The horizontal displacement, yd , is given
by

yd = g1LθMS/
√

12+g2LθMS/2, (4)

where g1 and g2 are independent, unit Gaussian random numbers, θMS is the width of
the scattering angle distribution (from Equation 2), and L is the path length of the muon
through the material. The correlation is achieved by setting the multiple scattering angle
equal to g2θMS.

2.1.1 Maximum likelihood fits for unmagnetized spectrometer

For a muon that passes through the spectrometer, two independent, orthogonal scattering
angles are measured after each absorber. For simplicity we define these angles in the spec-
trometer’s x− z and y− z planes (z points down to the ground). Using the known value of
X0 for Fe and the estimated path length of the muon in the absorber, L, Equation 2 can be
re-arranged to estimate 1/p.

An estimate of 1/p is provided by a maximum likelihood fit to the scattering angle data.
First, for each layer of absorber that is traversed, the standard deviation of the multiple
scattering angle, θMS, is calculated according to Equation 2 using an assumed value of 1/p

6. For most of the cosmic ray induced muons at the Earth’s surface, β is very close to 1: β = 0.994 for pμ
= 1 GeV/c and β = 0.9999 for pμ = 10 GeV/c.
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(and a corresponding value of β). The measured multiple scattering angles in the x− z and
y− z planes, θxz[yz], are then compared to a Gaussian distribution

P(θxz[yz]) =
1√
2πθ

e
−θ2

xz[yz]
2θ2 (5)

whose width, θ =
√

θ2
MS +σ2

θxz[yz]
, depends on θMS and the uncertainty in the scattering

angle measurement, σθxz[yz] in the x− z[y− z] plane. The uncertainty of the scattering angle
measurement depends on the hit resolution of the muon trackers, σx[y], the tracker-absorber
separation, z, and the projection of the zenith angle of the muon in the x− z[y− z] plane,
ψxz[yz]:

σθxz[yz] =
1

1+ tan2 ψxz[yz]

√
2

z
σx[y]. (6)

The value of 1/p (and corresponding β) that minimizes the negative log likelihood function

− log(L) = −
[

N∑
i=1

log(P(θxz))+
N∑

i=1

log(P(θyz))

]
(7)

for the N scattering layers is the best estimate of 1/p: 1/p f it .

2.2 Magnetized spectrometer
In addition to simulating unmagnetized Fe absorbers, magnetized absorbers have been in-
vestigated. Muons are electrically charged particles so they are deflected by the magnetic
field inside the iron. The resulting radius of curvature for the muon, R (cm), depends on the
strength of the magnetic field, B (T), and its momentum transverse to the direction of the
magnetic field, pT (GeV/c):

R =
100pT

0.3B
. (8)

The resulting deflection angle, θB is approximately equal to L/R for small deflection angles,
where L is the length of the muon’s path through the iron absorber. The direction of the
deflection depends on the charge (positive or negative) of the muon and the angle between
the muon’s momentum vector and the magnetic field.

2.2.1 Maximum likelihood fits for magnetized spectrometer

The Gaussian functions (Equation 5) that appear in the maximum likelihood function used
to determine 1/p f it for an unmagnetized spectrometer (Equation 7) must be modified for a
magnetized spectrometer. Although the width of the Gaussian distribution does not change,
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its central value is offset depending on the magnitude of the magnetic angular deflection,
θBxz[yz]:

P(θxz[yz]) =
1√
2πθ

e
−(θxz[yz]−θBxz[yz]

)2

2θ2 (9)

Since the sign of θBxz[yz] depends on the sign of the muon’s electric charge, the charge
is an additional free parameter in the fit. Figure 4 illustrates how the probability density
functions (PDFs) for the deflection angle differ for positive and negative muon charges.
The separation between the PDFs depends on the magnetic field strength and the muon’s
(transverse) momentum. In the fitting algorithm, both muon charge hypotheses are tested
and the one that yields the smaller value for − log(L) is selected.

deflection angle (mrad)

pr
ob

(q
,p

)

q� = -1q� = +1

f(p,B)

0+10 -10

Figure 4: Probability density functions (PDFs) for deflection angles of positive and nega-
tive muons in a magnetized spectrometer. The separation between the two PDFs depends
on �pμ and �B. The width of the PDFs depends on pμ and the number of radiation lengths of
material traversed. The blue rectangles represent notional deflection angle measurements.
In this case the positive charge hypothesis is preferred.
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3 Results
3.1 Horizontal displacements and multiple scattering

angles
Before determining the momentum resolutions obtained with different spectrometer de-
signs, low-level details of the Monte Carlo simulations were studied to ensure their quality.
A number of different distributions, whose properties were easily calculated, were investi-
gated.

Figure 5 displays the horizontal displacements of the muons trajectories in the muon track-
ers with respect to the expected hit locations had no multiple scattering occurred in the
(unmagnetized) Fe absorbers. The scatter plots in this figure do not suggest that there are
any problems with the Monte Carlo simulations, as there are no unexpected correlations be-
tween the displacements and the muon’s initial zenith (polar) and azimuthal angles. Also,
the magnitude of the horizontal displacements, typically a few centimetres per metre of
vertical displacement, is consistent with expectations.

Figure 6 shows histograms of the horizontal displacements of 2 GeV/c muons after passage
through unmagnetized Fe absorbers as well as a scatter plot of the displacements in x and
y, and the distribution of multiple scattering angles. The histograms are consistent with
Gaussian distributions (as expected) and the scatter plot shows no correlation between the
x and y displacements. Finally, the root mean squared (RMS) of the multiple scattering
angle distribution, 21 mrad, is consistent with the expectation for 2 GeV/c muons.

Figure 7 displays comparisons of the true and measured muon scattering angles. Plots (a)
and (b) show the strong correlation between the true and measured angles in both the x− z
and y− z planes. The non-zero widths of the scattering angle residual histograms (plots
(c) and (d)) result from the approximation of the measured scattering angle (as already
discussed in Figure 3). The two lower scatter plots in Figure 7 show that there are no
correlations between (e) scattering angles in orthogonal planes (x− z and y− z), and (f)
scattering angles in the same plane (x− z) but after different absorbers (absorbers 1 and 2).
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Figure 5: The upper plots show the horizontal displacements due to multiple scattering
of muons in tracking chambers 85 cm below 10 cm thick unmagnetized Fe absorbers. The
displacements are shown as a function of muon polar (zenith) angle. The lower scatter plots
show the displacements as a function of the muon azimuthal angle, φ, and zenith angle, θ.
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Figure 6: The horizontal (x and y) displacements and angular deflection, δ(θ), of 2.0
GeV/c muon tracks in a two-layer, unmagnetized, Fe spectrometer. Each Fe absorber is 10
cm thick, and the total height of the spectrometer is 2 m. The muon tracker layers are 85
cm below each Fe layer. The RMS of the scattering angle distributions in both the xz and
yz planes is 21 mrad.
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Figure 7: The difference between estimated and true scattering angles assuming perfect
muon tracker hit resolution. The upper two plots, (a) and (b), show the strong correlation
between the estimated and true scattering angles in the xz and yz planes if the muon track-
ers have perfect hit resolution. The middle two plots, (c) and (d), are histograms of the
difference between the estimated and true scattering angles. For this spectrometer geom-
etry (2 m height, 2 layers of 10 cm thick Fe, 85 cm between each Fe and tracker layer),
the RMS of the difference is less than 1.0 mrad. The lower left plot, (e), shows the lack of
correlation between the scattering angles in the xz and yz planes. The lower right plot, (f),
shows the lack of correlation between the two xz scattering angles (xz1 and xz2) after each
of the two Fe absorbers in the spectrometer.
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3.2 Unmagnetized 1/p Fe results
It is important to note that in Equation 2, θMS depends linearly on 1/p. Since the measured
scattering angles used to determine 1/p f it in the likelihood fits are Gaussian distributed,
the uncertainty of 1/p f it is also Gaussian. However, the uncertainty of the inverse, p f it , is
not Gaussian as the relative uncertainties for 1/p f it are typically large (> 25%). As can be
seen in Figure 8, the distribution of p f it for 2 GeV/c muons is clearly non-Gaussian. For
this reason, all the momentum estimation results presented in this paper are for 1/p f it .

For five samples of mono-energetic muons in an unmagnetized spectrometer, the distri-
bution of 1/p f it values from scattering angle measurements is shown in Figure 9. The
spectrometer was assumed to be 2 m high, containing two layers of 10 cm thick Fe, with
85 cm between each Fe and tracker layer. The muon tracker hit resolution was assumed to
be perfect. The means, RMSs, resolutions and biases of these 1/p f it results are shown in
Table 1. These results show that a 12% correction can be applied to 1/p f it to yield good
agreement with 1/ptrue. The bias that remains after this correction (< 2%) is negligible
compared to the ∼ 37% resolution of the measurements. It is interesting to note that the
1/p f it bias is reduced to only -2% if the true scattering angles are used in the fits instead
of the measured scattering angles.

Table 1: The results of 1/p f it measurements for an unmagnetized spectrometer with per-
fect tracking. The difference between 1/ptrue and 1/p f it is fairly constant across this range
of momenta so a correction can be applied without introducing significant extra uncertainty.
The resolution, RMS(1/p f it)/< 1/p f it >, is also quite constant for the muon momenta con-
sidered.

ptrue 1/ptrue < 1/p f it > RMS(1/p f it) bias resolution
(GeV/c) (c/GeV) (c/GeV) (c/GeV) (%) (%)

0.5 2.0 1.74 0.62 -13 36
1.0 1.0 0.87 0.32 -13 36
2.0 0.5 0.44 0.16 -12 37
5.0 0.2 0.18 0.06 -10 37

10.0 0.1 0.09 0.03 -10 36

Figures 10 to 13 show how the RMS, mean value, and resolution (= RMS/mean value) of
1/p f it vary as different properties of the simulated unmagnetized spectrometer are varied.
All simulated muons have p = 2.0 GeV/c and the spectrometer depth is 2 m (the spacing
between planes and trackers changes by up to 15 cm as the thickness or number of Fe plates
is varied). Unless varied in the plots, the default parameters are
– number of Fe absorbers (plates) = 2,
– absorber thickness = 10 cm,
– angular resolution = 0 mrad, and
– hit resolution = 0 mm.
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Figure 8: The fitted momentum values for 2 GeV/c muons in an unmagnetized muon
spectrometer. The spectrometer is assumed to be 2 m high, containing two layers of 10 cm
thick Fe, 85 cm between each Fe and tracker layer. Note the non-Gaussian shape of the
distribution; see text for the explanation of the shape.

The plot on the left of Figure 10 shows that as the number of Fe absorber plates is in-
creased, RMS(1/p f it) decreases significantly. This is expected as the statistical precision
of the 1/p f it estimates improves as the number of measured scattering angles increases
(two per plane). The middle plot shows that the bias between the true and fit values of
1/p increases significantly as the number of plates is increased beyond two. This occurs
because the separation between the Fe plates and the trackers is reduced as the number of
plates increases. This increases the difference between the estimated scattered muon tra-
jectory and true trajectory (see Figure 3). Again, using the true multiple scattering angle in
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Figure 9: The fitted 1/p values for an unmagnetized muon spectrometer. Five different
muon momenta are considered.

the likelihood fits eliminates this large bias. The resolution (RMS/mean) of 1/p f it is shown
in the plot on the right of Figure 10. As expected, the resolution improves as the number of
scattering angle measurements is increased.

Figure 11 shows that the resolution of the spectrometer does not vary much as the thickness
of the Fe absorber is increased. The width of the scattering angle distribution increases as
the square root of the absorber thickness (see Equation 2); however, since the hit resolution
(and angular resolution) is assumed to be perfect, increasing the amount of scattering has
little effect. The increase in bias on the mean value of 1/p f it , < 1/p f it >, as the thickness
increases occurs for the same reason described in the previous paragraph: the separation
between the absorber and tracker decreases.

The angular resolution of the unmagnetized spectrometer scattering angle measurements
was varied to generate the plots in Figure 12. As expected, the 1/p f it resolution is degraded
as the angular resolution gets worse. For these spectrometer dimensions, 1.5 mrad angular

DRDC OTTAWA TM 2010-168 17



resolution is equivalent to 1 mm tracker hit resolution.

The effect on 1/p f it of varying the tracker hit resolution is shown in Figure 13. Between 0
mm and 2 mm hit resolution, the effect on 1/p f it is not very large. However, for larger hit
resolutions and higher muon momenta, there is a significant effect. Those results are shown
in Figure 14 and Section 3.3. Figure 14 shows that as the muon momentum increases from
0.5 GeV/c to 4.0 GeV/c, the effect of larger hit resolution becomes apparent. This occurs
because higher momentum muons scatter less so their horizontal displacements are smaller
(in particular, relative to the hit resolution).
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Figure 10: The RMS, mean and resolution of 1/p estimates for 2.0 GeV/c muons with
unmagnetized spectrometer for different numbers of Fe absorbers.
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Figure 12: The effect of the angular resolution of the spectrometer trackers on the RMS,
mean and resolution of 1/p estimates with unmagnetized spectrometer for 2.0 GeV/c
muons. Two layers of 10 cm thick Fe absorber are assumed.
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Figure 13: The effect of the tracker hit resolution on the RMS, mean and resolution of 1/p
estimates with an unmagnetized spectrometer. The muon momentum is assumed to be 2.0
GeV and the spectrometer consists of two layers of 10 cm thick Fe and two layers of muon
trackers, each 85 cm below its corresponding Fe layer.
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Figure 14: The resolution of 1/p f it with an unmagnetized spectrometer for different muon
momenta (0.5 GeV/c to 4.0 GeV/c) and tracker hit resolutions. The sensitivity to increased
hit resolution is greater for higher momentum muons.
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3.3 Magnetized Fe 1/p results
Interpreting the data from a magnetized spectrometer requires determining the electric
charge of muons on an event-by-event basis. When the magnetic deflection is large com-
pared to the deflection from multiple scattering, it is easy to determine the charge correctly.
However, for weaker magnetic fields, this is more difficult. Tables 2, 3, and 4 show the
fraction of muons that are assigned the correct charge in the likelihood fits as a function of
muon momentum and magnetic field strength. The difference amongst the three tables is
the hit resolution that is assumed for the spectrometer’s trackers: 0 mm, 2 mm, or 4 mm.
As expected, the fraction of muons with the correct charge assignment increases as the
magnetic field strength increases, and as the tracker hit resolution improves. The correct
charge fraction is not very sensitive to the muon momentum unless the hit resolution is
poor (σx[y] = 4 mm). When the hit resolution is 4 mm, the correct charge fraction decreases
as the momentum increases, due to the reduced magnetic deflection.

Table 2: The fraction of muon tracks with the correct charge assignment for muon tracker
hit resolution σx[y] = 0 mm. The spectrometer uses two layers of magnetized, 10 cm thick
Fe absorbers.

momentum magnetic field [T]
[GeV/c] 0.5 1.0 1.5 2.0

0.5 0.767 ± 0.006 0.931 ± 0.004 0.985 ± 0.002 0.9982 ± 0.0006
1.0 0.780 ± 0.006 0.939 ± 0.003 0.987 ± 0.002 0.9981 ± 0.0006
2.0 0.782 ± 0.006 0.942 ± 0.003 0.988 ± 0.002 0.9987 ± 0.0005
5.0 0.789 ± 0.006 0.944 ± 0.003 0.989 ± 0.002 0.9992 ± 0.0004
10.0 0.794 ± 0.006 0.945 ± 0.003 0.990 ± 0.001 0.9990 ± 0.0004

Table 3: The fraction of muon tracks with the correct charge assignment for muon tracker
hit resolution σx[y] = 2 mm. The spectrometer uses two layers of magnetized, 10 cm thick
Fe absorbers.

momentum magnetic field [T]
[GeV/c] 0.5 1.0 1.5 2.0

0.5 0.769 ± 0.006 0.930 ± 0.003 0.984 ± 0.002 0.998 ± 0.001
1.0 0.780 ± 0.006 0.937 ± 0.003 0.987 ± 0.002 0.998 ± 0.001
2.0 0.783 ± 0.006 0.936 ± 0.003 0.987 ± 0.002 0.999 ± 0.001
5.0 0.774 ± 0.006 0.926 ± 0.003 0.984 ± 0.002 0.998 ± 0.001

10.0 0.742 ± 0.006 0.890 ± 0.003 0.962 ± 0.003 0.992 ± 0.001

Figure 15 shows the effect on 1/p f it of estimating the muon charge incorrectly. For both
plots (a) and (b), all the simulated muons had qμ = +1, so the green (dark) histograms for
q f it

μ = −1 represent incorrect charge assignments. More muons have the wrong charge in
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Table 4: The fraction of muon tracks with the correct charge assignment for muon tracker
hit resolution σx[y] = 4 mm. The spectrometer uses two layers of magnetized, 10 cm thick
Fe absorbers.

momentum magnetic field [T]
[GeV/c] 0.5 1.0 1.5 2.0

0.5 0.766 ± 0.006 0.930 ± 0.004 0.982 ± 0.002 0.999 ± 0.001
1.0 0.779 ± 0.006 0.935 ± 0.003 0.986 ± 0.002 0.998 ± 0.001
2.0 0.774 ± 0.006 0.929 ± 0.003 0.983 ± 0.002 0.998 ± 0.001
5.0 0.741 ± 0.006 0.889 ± 0.003 0.962 ± 0.003 0.992 ± 0.001

10.0 0.674 ± 0.007 0.803 ± 0.003 0.894 ± 0.004 0.949 ± 0.003

the upper plot (a) as the hit resolution is worse and the magnetic field strength is lower. In
both plots, the wrong sign sample has 1/p f it values that are smaller (and farther from the
true value) than the correct sign sample. Consequently, the larger the wrong sign fraction,
the worse the 1/p f it resolution.

For one specific spectrometer design (two 10 cm thick Fe absorbers with two 2 mm hit
resolution trackers), the effect of varying the magnetic field strength from 0.0 T to 2.0
T is shown in Figure 16. The results are separated by muon momentum to show how the
1/p f it resolution differs significantly with momentum. The resolution improves as the field
strength increases, but the difference between unmagnetized and 1.0 T Fe is only ∼ 10%
for a . This means that very high magnetic fields will be required to make a substantial
improvement in the resolution.

Figures 17 to 19 show the effect on the 1/p f it resolution of varying different spectrometer
parameters: the tracker hit resolution, number of absorbers, and absorber thickness. A range
of muon momenta and magnetic field strengths are considered for each set of spectrometer
parameters.

Figure 17 shows that degrading the hit resolution from perfect (0 mm) to more realistic
resolutions has a significant effect on the 1/p f it resolutions that are obtained for the higher
momentum muons. For example, the resolution of the 10 GeV/c muons degrades from ap-
proximately 36% to 70% as the hit resolution is varied from 0 mm to 4 mm. The resolution
for lower momentum muons is affected much less. Tables 5 to 7 show the results used to
generate Figure 17.

Figure 18 shows that increasing the number of Fe absorbers (and associated trackers) from
one to three significantly improves the 1/p f it resolution for lower momentum muons (0.5≤
pμ ≤ 2.0 GeV), but has less of an effect on the higher momentum muons.

Figure 19 shows that the 1/p f it resolution of lower momentum muons is not significantly
improved by increasing the thickness of the Fe absorbers (plates); however, increasing the
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thickness results in a modest improvement for the resolution of higher momentum muons.
This suggests that if the higher momentum muons are important for detecting and/or imag-
ing high-Z materials, then thicker absorbers should be considered if the increased cost is
warranted.
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Figure 15: The fitted 1/p values for a magnetic spectrometer with correct (q f it
μ = +1)

and incorrect (q f it
μ = −1) muon charge assignments. The results for 2 GeV/c muons in a

spectrometer with 0.5 T field and 4 mm hit resolution are shown in the upper plot (a);
the lower plot, (b), shows the results for a spectrometer with a 1.0 T field and 2 mm hit
resolution.
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menta and magnetic field strengths. The 1/p f it resolution improves as the strength of the
magnetic field increases.
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Table 5: The resolution of 1/p (RMS(1/p f it)/< 1/p f it >) with no tracker hit uncertainty
(σx[y] = 0 mm) for different magnetic field strengths for a 2-layer spectrometer. Each layer
uses a 10 cm thick Fe absorber.

momentum magnetic field [T]
[GeV/c] 0.0 0.5 1.0 1.5 2.0

0.5 0.358 0.354 0.326 0.287 0.249
1.0 0.373 0.367 0.333 0.290 0.250
2.0 0.374 0.370 0.336 0.293 0.252
5.0 0.375 0.369 0.335 0.292 0.251

10.0 0.374 0.368 0.334 0.291 0.251

Table 6: The resolution of 1/p (RMS(1/p f it)/< 1/p f it >) with 2 mm tracker hit resolution
for different magnetic field strengths for a 2-layer spectrometer. Each layer uses a 10 cm
thick Fe absorber.

momentum magnetic field [T]
[GeV/c] 0.0 0.5 1.0 1.5 2.0

0.5 0.359 0.354 0.326 0.287 0.250
1.0 0.379 0.371 0.336 0.292 0.252
2.0 0.394 0.383 0.347 0.301 0.259
5.0 0.476 0.438 0.394 0.342 0.291

10.0 0.610 0.551 0.515 0.471 0.414

Table 7: The resolution of 1/p (RMS(1/p f it)/< 1/p f it >) with 4 mm tracker hit resolution
for different magnetic field strengths for a 2-layer spectrometer. Each layer uses a 10 cm
thick Fe absorber.

momentum magnetic field [T]
[GeV/c] 0.0 0.5 1.0 1.5 2.0

0.5 0.362 0.356 0.328 0.289 0.251
1.0 0.392 0.381 0.344 0.299 0.257
2.0 0.444 0.418 0.376 0.327 0.278
5.0 0.608 0.549 0.514 0.469 0.412

10.0 0.724 0.659 0.668 0.674 0.657

3.4 Assessing the impact of different 1/p f it

resolutions
The different 1/p f it resolutions that are obtained by varying spectrometer parameters must
be incorporated into simulations of image reconstruction and SNM detection with CRIPT.
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Figure 17: The resolution of 1/p f it with a magnetized spectrometer for different tracker
hit resolutions (0 mm, 2 mm and 4 mm for plots (a), (b) and (c)).

This will determine the effect that different spectrometer designs would have on the perfor-
mance of CRIPT. These simulations must study how imaging times, probabilities of SNM
detection, and false positives rates vary for different spectrometer designs.

In order to provide useful momentum resolution information, the 1/p f it resolution func-
tions (versus 1/ptrue) were determined for different spectrometer designs. Simple functions
(an exponential decay plus a constant) were sufficient to fit the simulated 1/p f it results. An
example of one these resolution functions is shown in Figure 20.
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4 Conclusions

The results of the simulation cross-checks from Section 3.1 show that the Monte Carlo sim-
ulation of CRIPT’s muon spectrometer is behaving as expected. Both the scattering angles
and horizontal displacements caused by multiple Coulomb scattering in the Fe absorbers
are consistent with expectations.

Using only multiple scattering measurements (i.e. an unmagnetized spectrometer), the mo-
menta of muons can be estimated in an unbiased manner (after appropriate corrections, see
Section 3.2). Previously, 1/p f it resolution < 50% has been shown to be adequate for muon
scattering tomography [11]; this resolution goal is achievable using only multiple scattering
measurements. The resolution is strongly dependent on the number of layers of scattering
Fe absorbers as the uncertainty of 1/p f it is statistics limited: the more scattering layers, the
more scattering angle measurements that are available to constrain the muon momentum.
The 1/p f it resolution of high momentum muons (pμ ≥ 5 GeV/c) is also strongly affected
by the hit resolution of the spectrometer’s muon trackers. The resolution for lower momen-
tum muons is less affected due to their larger scattering angles. The Fe absorber thickness
does not have a strong effect on the 1/p f it resolution for an unmagnetized spectrometer.

Magnetizing the Fe absorbers in the spectrometer provides extra information for estimating
muon momenta; however, the gain in 1/p f it resolution is not very significant (less than
10% relative improvement) unless the magnetic field in the Fe is very high (≥ 1.0 T). For
lower fields, the deflection from multiple scattering is greater than the magnetic deflection
so the sign of the muon’s electric charge is frequently estimated incorrectly (25% wrong
sign for B = 0.5 T), leading to poor resolution for 1/p f it . If the 1/p f it resolution needs to
be better than that obtained with the baseline, unmagnetized spectrometer (approximately
40% resolution with two layers of 10 cm thick Fe absorbers with 2 mm tracker hit resolution
and a total spectrometer depth of 2 m), it is likely cheaper and easier to increase the number
of absorber-detector layers than to magnetize the Fe absorbers to very high field strengths.

The impact of the different spectrometer designs on the performance of CRIPT will ulti-
mately be determined by simulating the image reconstruction performance using a variety
of 1/p functions that represent different spectrometer designs. By comparing the imaging
performance and cost of different designs, the best muon spectrometer design for CRIPT
can be determined.
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5 Recommendations

This study has shown how the measurement of 1/p f it depends on a number of muon spec-
trometer design parameters. With the caveat that more detailed simulations will be per-
formed in the future, it appears that an unmagnetized spectrometer is likely to be the most
cost-effective solution for measuring muon momenta on an event-by-event basis. The base-
line design of two absorber-detector layers provides approximately 40% 1/p f it resolution
with 2 mm hit resolution for the muon detectors. As the absorber thickness does not have a
large effect on the resolution, it is recommended that a thin Fe absorber (5 cm) be used to
reduce the weight and cost of the spectrometer.

The 1/p f it resolution functions obtained from this study should be incorporated into image
reconstruction simulations to assess the full impact of different spectrometer designs. In
parallel with this activity, a more detailed simulation of this study’s baseline, unmagnetized
muon spectrometer should be performed in GEANT4 to test the validity of the results
obtained in this study.
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List of Abbreviations and Symbols
3D three-dimensional
A number of nucleons per nucleus
B magnetic field
β velocity of muon as a fraction of the speed of light
c speed of light in vacuum
CBRNE Chemical, Biological, Radiological, Nuclear, Explosives
CBSA Canadian Border Services Agency
CRIPT Cosmic Ray Inspection and Passive Tomography
CRTI Chemical, Biological, Radiological, Nuclear, Explosives Research & Technology Initiative
DRDC Defence Research and Development Canada
Fe iron
gi Gaussian random number
GeV giga-electron-volt
L path length
L likelihood
mrad milliradians
MeV mega-electron-volt
MST muon scattering tomography
N nitrogen
O oxygen
p momentum
pμ muon momentum
pT transverse momentum
p f it muon momentum from fit
ptrue true muon momentum
qμ muon charge
R radius of curvature
ρ density
RDD radiological dispersal device
RMS root mean squared
SNM special nuclear material
T tesla
θMS width of multiple scattering angle distribution
X0 radiation length
yd horizontal displacement
Z number of protons per nucleus
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