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Abstract

The accuracy of direction finding (DF) systems can often be improved by the time av-
eraging of multiple measurements, particularly when the signal-to-noise ratio is low.
Many DF techniques involve the computation of the emitter angle of arrival (AOA)
from the phase angle of a complex-valued signal. For this type of system, there are
two closely related, but distinctly different approaches for averaging AOA informa-
tion. The first approach uses the complex value formed by averaging or summing the
individual complex signal values. The second approach reverses the previous order
of operations by first computing the phase angle for each complex signal value and
then forming the average of the resultant set of phase angle measurements. Experi-
ments performed using off-the-air signal data have shown that the first approach is
preferable. This report gives a theoretical proof for this result given the assumption
that the complex data sequence processed by the AOA estimator is i.i.d. Gaussian
distributed.

Résumé

La précision des systèmes de radiogoniométrie (DF) peut souvent être améliorée au
moyen de la mise en moyenne temporelle de multiples mesures, en particulier lorsque
le rapport signal/bruit est faible. De nombreuses techniques de radiogoniométrie com-
prennent l’estimation de l’angle d’arrivée (AOA) d’un émetteur à partir de l’angle
de phase d’un signal à valeurs complexes. Pour ce type de systèmes, il existe deux
approches étroitement liées, mais nettement distinctes pour la mise en moyenne des
données d’AOA. La première utilise la valeur complexe formée par la mise en moyenne
ou la mise en somme de valeurs individuelles de signaux complexes. La deuxième ren-
verse l’ordre antérieur des opérations en calculant d’abord l’angle de phase et chaque
valeur de signal complexe, puis en établissant la moyenne de l’ensemble résultant de
mesures d’angles de phase. Les expériences menées au moyen de données de signaux
en direct ont montré que la première approche était préférable. Le présent rapport
fournit une preuve théorique de ce résultat en prenant pour hypothèse que la séquence
complexe de données traitées par l’estimateur d’AOA présente une distribution gaus-
sienne i.i.d.
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Executive summary

Comparison of the vector-sum and angle-sum angle of
arrival averaging methods: mathematical derivations

Sichun Wang, Robert Inkol, Sreeraman Rajan, François Patenaude;

DRDC Ottawa TM 2010-131; Defence R&D Canada – Ottawa; July 2010.

Background

Many commonly used direction finding techniques involve the estimation of the an-
gle of arrival (AOA) of an emitter from the phase angle of a complex-valued signal
using a four quadrant arctangent function. To reduce the variance of AOA estimates,
it is often necessary to combine information obtained from multiple measurements.
One commonly used approach, the angle-sum AOA estimator, computes the phase
angle for each complex signal value after which a simple average of these estimates
is computed. The practical implementation of this seemingly simple idea is subject
to complications. The allowed values of phase angles obtained from the application
of the four quadrant arctangent function to a complex value are contained in the
interval [−π, +π] and, since phase is a circular quantity, the angles of −π and +π
are equivalent. Consequently, the interpretation of the sum of two or more phase
angles involves ambiguities. The elimination of these ambiguities through phase un-
wrapping becomes problematic at low signal to noise ratios. An alternative approach,
the vector-sum AOA estimator, uses the phase angle of the average or sum of the
complex-valued signal samples. This document provides a theoretical comparative
performance analysis of these two approaches for a Gaussian signal model.

Principal results

It is shown that there exists a signal-to-noise ratio threshold such that, if the signal-
to-noise ratio exceeds this threshold, the vector-sum AOA estimator outperforms
the angle-sum AOA estimator. Furthermore, if the signal-to-noise ratio is below this
threshold, the results obtained using either estimator are unusable for most practical
applications. Consequently, the vector-sum AOA estimator should be the preferred
approach.

Significance of results

The results presented in this report provide valuable insights into the theoretical per-
formance of the vector-sum and angle-sum AOA estimators for Gaussian-distributed
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signals. Although the superior performance of the vector-sum AOA estimator has
been observed in investigations involving AOA measurements obtained from off-the-
air radio transmissions, a theoretical justification has not been available in the open
literature. This document fills this gap and provides a useful framework for perfor-
mance analysis and comparisons.

Future work

The Gaussian signal model is analytically tractable and well suited for many im-
portant applications. However, other signal models are more appropriate for some
applications and they can differ significantly. Consequently, the exploration of the
comparative performance of the vector-sum and angle-sum AOA estimators for other
signal models using methods similar to those employed in this document is of potential
interest.
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Sommaire

Comparison of the vector-sum and angle-sum angle of
arrival averaging methods: mathematical derivations

Sichun Wang, Robert Inkol, Sreeraman Rajan, François Patenaude;

DRDC Ottawa TM 2010-131; R & D pour la défense Canada – Ottawa; juillet 2010.

Introduction

De nombreuses techniques de radiogoniométrie couramment utilisées comprennent
l’estimation de l’angle d’arrivée (AOA) d’un émetteur à partir de l’angle de phase
d’un signal à valeurs complexes à l’aide d’une fonction arc tangente quatre quadrants.
Pour réduire la variance des estimations d’AOA, il est souvent nécessaire de combiner
l’information obtenue par de multiples mesures. Une approche couramment utilisée,
l’estimateur AOA anglesomme, consiste à calculer l’angle de phase pour chaque va-
leur d’un signal complexe, après quoi une simple moyenne de ces estimations est
calculée. La mise en æuvre pratique de cette idée apparemment simple présente des
complications. Les valeurs permises des angles de phase, obtenues par l’application
de la fonction arc tangente quatre quadrants à une valeur complexe sont contenues
dans l’intervalle [π, +π] et, comme la phase est une quantité circulaire, les angles
de −π et +π sont équivalents. Par conséquent, l’interprétation de la somme de deux
angles de phase ou plus comporte des ambigüıtés. L’élimination de ces ambigüıtés par
développement de phase devient problématique pour les faibles rapports signal/bruit.
Une autre approche, l’estimateur AOA vecteursomme, utilise l’angle de phase de la
moyenne ou de la somme des échantillons de signal à valeurs complexes. Le présent
document offre une analyse comparative des performances théoriques de ces deux
approches pour un modèle de signal gaussien.

Principaux résultats

Nous montrons qu’il existe un seuil de rapport signal/bruit tel que, si ce rapport
dépasse ce seuil, l’estimateur AOA vecteursomme produit de meilleures performances
que l’estimateur AOA anglesomme. En outre, si le rapport signal/bruit se situe sous
ce seuil, les résultats obtenus avec l’un ou l’autre des estimateurs sont inutilisables
pour la plupart des applications pratiques. Par conséquent, l’estimateur AOA vec-
teursomme devrait être l’approche privilégiée.
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Importance des résultats

Les résultats présentés dans le rapport offrent des constatations de grande valeur
en ce qui concerne les performances théoriques des estimateurs AOA vecteursomme
et anglesomme pour les signaux à distribution gaussienne. Bien que les performances
supérieures de l’estimateur AOA vecteursomme aient été observées lors d’études com-
portant des mesures d’AOA obtenues à partir d’émissions radio en direct, la littérature
non classifiée ne présente pas de justification théorique. Le présent document comble
cette lacune et fournit un cadre utile pour l’analyse des performances et les compa-
raisons.

Recherches futures

Le modèle de signal gaussien se prête bien à l’analyse et est bien adapté à de nom-
breuses applications importantes. Toutefois, d’autres modèles de signaux conviennent
mieux pour certaines applications et ils peuvent présenter des différences sensibles.
Par conséquent, l’exploration des performances comparatives des estimateurs AOA
vecteursomme et anglesomme pour d’autres modèles de signaux à l’aide de méthodes
semblables à celles qui sont utilisées dans le présent document présente un intérêt
potentiel.
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1 Introduction

Many important types of direction finding systems measure the angle of arrival (AOA)
of a received signal by evaluating the phase angle of a complex-valued signal us-
ing the four quadrant arctangent function. Examples of such systems include the
Adcock-Butler matrix and Watson-Watt direction finders investigated in [1]-[2] and
the multichannel direction finding system discussed in [3]. The variance of AOA mea-
surements can often be reduced by the time averaging of phase information from
multiple measurements. This is particularly important at low signal-to-noise ratios
since the variance of the individual measurements is often quite large. There are two
closely related, but distinctly different approaches for time averaging the phase in-
formation. The first involves summing or averaging the sequence of complex values
obtained over the available observation period. The AOA estimate is then obtained
by computing the phase of the resultant sum or average. The second approach re-
verses the order of operations by first computing the phase angle of each complex
value and then averaging the individual phase angles. Both approaches have been
used in practice. For example, the system described in [3] uses both approaches in
combination. Also, the second approach is often used when it is desired to average
measurements obtained from a DF system and the results are only available in the
form of angles.

Although the first approach was found to perform consistently better in experiments
carried out with off-the-air signal data [2], a theoretical explanation was not available.
This report compares these two AOA averaging techniques using a Gaussian signal
model. In addition to offering better performance, the first approach has the further
advantages of lower computational cost and the avoidance of potential difficulties with
phase unwrapping, and should be preferred in practical system implementations.

The above results are summarized in the conference paper [4] given at the 2009
Canadian Conference on Electrical and Computer Engineering (CCECE 2009). Due
to space constraints, a complete mathematical treatment could not be given in that
paper. This technical memorandum provides a more comprehensive analysis, which
may also be relevant to other signal processing problems.

DRDC Ottawa TM 2010-131 1



2 Mean and Variance of the Phase Angle of a
Complex Gaussian Random Variable with
Non-zero Mean

This section derives formulas for the mean and variance of the phase angle of a
complex-valued Gaussian random variable with non-zero mean. These results form
the theoretical basis for the comparative analysis presented in the paper [4].

Consider the two-dimensional transformation from rectangular coordinates to polar
coordinates defined by:

T (x, y) = (r, θ), −∞ < x, y < +∞, (1)

where x + jy = rejθ, r =
√

x2 + y2, θ is the phase angle of x + jy, θ ∈ (−π, π]. The
phase angle θ, as a function of x, y, is sometimes denoted by θ = atan2(x, y). It is
easily verified that {

∂r
∂x

= x√
x2+y2

, ∂r
∂y

= y√
x2+y2

,

∂θ
∂x

= − y
x2+y2 ,

∂θ
∂y

= x
x2+y2 ,

(2)

and the Jacobian of T is equal to 1/r. Let X0 = I0 + jQ0 = r0e
jθ0 �= 0 be a fixed

non-zero complex number with amplitude r0 > 0 and phase angle −π < θ0 < π and
consider the complex Gaussian random variable X = I+jQ+X0 = I+I0+j(Q+Q0),
where I and Q are independent and identically distributed zero mean real-valued
Gaussian random variables with equal variance σ2/2 (see Fig. 1). The joint probability
density function p(r, α) of r =

√
(I + I0)2 + (Q + Q0)2 and θ = atan2(I + I0, Q+Q0)

can be verified to be given by:

p(r, α) =
r

πσ2
exp

[
−r2 − 2rr0 cos(α − θ0) + r2

0

σ2

]
, (3)

and the probability density function of the phase angle θ, denoted by p(α), is given
by:

p(α) =
1

πσ2
e−r2

0/σ2

∫ +∞

0

r exp

[
−r2 − 2rr0 cos(α − θ0)

σ2

]
dr

=
e−r2

0/σ2

π

∫ ∞

0

s exp
[−s2 + 2s (r0/σ) cos(α − θ0)

]
ds. (4)

The mean and variance of the phase angle θ of the random variable X can be com-
puted utilizing the formula (4).
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Figure 1: The complex-valued Gaussian random variable X.
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Lemma 1. The mean of the phase angle θ, denoted by mθ, is given by:

mθ =

∫ π

−π

αp(α)dα =
e−r2

0/σ2

π
×∫ π

−π

αdα

∫ +∞

0

s exp
[
−s2 + 2s

r0

σ
cos(α − θ0)

]
ds

=
2θ0e

−r2
0/σ2

π

∫ +∞

0

se−s2

ds

∫ π

0

e2s
r0
σ

cos φdφ −

2e−r2
0/σ2

∫ +∞

0

se−s2

ds

∫ θ0

0

e−2s
r0
σ

cos φdφ. (5)

Proof. We have

mθ =

∫ π

−π

αp(α)dα =
e−r2

0/σ2

π

∫ π

−π

αdα

∫ +∞

0

s exp
[−s2 + 2s(r0/σ) cos(α − θ0)

]
ds

=
e−r2

0/σ2

π

∫ +∞

0

se−s2

ds

∫ π

−π

αe2s
r0
σ

cos(α−θ0)dα

=
e−r2

0/σ2

π

∫ +∞

0

se−s2

ds

∫ π−θ0

−π−θ0

(φ + θ0)e
2s

r0
σ

cos φdφ

=
e−r2

0/σ2

π

∫ +∞

0

se−s2

ds

∫ π−θ0

−π−θ0

θ0e
2s

r0
σ

cos φdφ +

e−r2
0/σ2

π

∫ +∞

0

se−s2

ds

∫ π−θ0

−π−θ0

φe2s
r0
σ

cos φdφ

=
θ0e

−r2
0/σ2

π

∫ +∞

0

se−s2

ds

∫ π

−π

e2s
r0
σ

cos φdφ +

e−r2
0/σ2

π

∫ +∞

0

se−s2

ds

∫ π−θ0

π

φe2s
r0
σ

cos φdφ +

e−r2
0/σ2

π

∫ +∞

0

se−s2

ds

∫ −π

−π−θ0

φe2s
r0
σ

cos φdφ

=
θ0e

−r2
0/σ2

π

∫ +∞

0

se−s2

ds

∫ π

−π

e2s
r0
σ

cos φdφ −

e−r2
0/σ2

π

∫ +∞

0

se−s2

ds

∫ π

π−θ0

φe2s
r0
σ

cos φdφ −

e−r2
0/σ2

π

∫ +∞

0

se−s2

ds

∫ π+θ0

π

φe2s
r0
σ

cos φdφ

=
θ0e

−r2
0/σ2

π

∫ +∞

0

se−s2

ds

∫ π

−π

e2s
r0
σ

cos φdφ −
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e−r2
0/σ2

π

∫ +∞

0

se−s2

ds

∫ π+θ0

π−θ0

φe2s
r0
σ

cos φdφ

=
θ0e

−r2
0/σ2

π

∫ +∞

0

se−s2

ds

∫ π

−π

e2s
r0
σ

cos φdφ −

e−r2
0/σ2

π

∫ +∞

0

se−s2

ds

∫ θ0

−θ0

(t + π)e−2s
r0
σ

cos tdt

=
2θ0e

−r2
0/σ2

π

∫ +∞

0

se−s2

ds

∫ π

0

e2s
r0
σ

cos φdφ −

2e−r2
0/σ2

∫ +∞

0

se−s2

ds

∫ θ0

0

e−2s
r0
σ

cos φdφ.

This completes the proof of Lemma 1.

Lemma 2. The variance of the phase angle θ, denoted by vθ, is computed by:

vθ =

∫ π

−π

α2p(α)dα − m2
θ, (6)

where ∫ π

−π

α2p(α)dα

=
2θ2

0e
−r2

0/σ2

π

∫ +∞

0

se−s2

ds

∫ π

0

e2s
r0
σ

cos φdφ +

4e−r2
0/σ2

∫ +∞

0

se−s2

ds

∫ θ0

0

φe−2s
r0
σ

cos φdφ +

e−r2
0/σ2

π

∫ +∞

0

se−s2

ds

∫ π

−π

φ2e2s
r0
σ

cos φdφ −

4θ0e
−r2

0/σ2

∫ +∞

0

se−s2

ds

∫ θ0

0

e−2s
r0
σ

cos φdφ. (7)

Proof. We have∫ π

−π

α2p(α)dα =
e−r2

0/σ2

π

∫ π

−π

α2dα

∫ +∞

0

s exp
[
−s2 + 2s

r0

σ
cos(α − θ0)

]
ds

=
e−r2

0/σ2

π

∫ +∞

0

se−s2

ds

∫ π

−π

α2e2s
r0
σ

cos(α−θ0)dα

=
e−r2

0/σ2

π

∫ +∞

0

se−s2

ds

∫ π−θ0

−π−θ0

(φ + θ0)
2e2s

r0
σ

cos φdφ
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=
e−r2

0/σ2

π

∫ +∞

0

se−s2

ds

∫ π−θ0

−π−θ0

θ2
0e

2s
r0
σ

cos φdφ +

e−r2
0/σ2

π

∫ +∞

0

se−s2

ds

∫ π−θ0

−π−θ0

φ2e2s
r0
σ

cos φdφ +

2θ0e
−r2

0/σ2

π

∫ +∞

0

se−s2

ds

∫ π−θ0

−π−θ0

φe2s
r0
σ

cos φdφ

=
2θ2

0e
−r2

0/σ2

π

∫ +∞

0

se−s2

ds

∫ π

0

e2s
r0
σ

cos φdφ +

e−r2
0/σ2

π

∫ +∞

0

se−s2

ds

∫ −π

−π−θ0

φ2e2s
r0
σ

cos φdφ +

e−r2
0/σ2

π

∫ +∞

0

se−s2

ds

∫ π

−π

φ2e2s
r0
σ

cos φdφ +

e−r2
0/σ2

π

∫ +∞

0

se−s2

ds

∫ π−θ0

π

φ2e2s
r0
σ

cos φdφ +

2θ0e
−r2

0/σ2

π

∫ +∞

0

se−s2

ds

∫ π−θ0

π

φe2s
r0
σ

cos φdφ +

2θ0e
−r2

0/σ2

π

∫ +∞

0

se−s2

ds

∫ π

−π

φe2s
r0
σ

cos φdφ +

2θ0e
−r2

0/σ2

π

∫ +∞

0

se−s2

ds

∫ −π

−π−θ0

φe2s
r0
σ

cos φdφ

=
2θ2

0e
−r2

0/σ2

π

∫ +∞

0

se−s2

ds

∫ π

0

e2s
r0
σ

cos φdφ +

e−r2
0/σ2

π

∫ +∞

0

se−s2

ds

∫ θ0

0

(φ + π)2e−2s
r0
σ

cos φdφ +

e−r2
0/σ2

π

∫ +∞

0

se−s2

ds

∫ π

−π

φ2e2s
r0
σ

cos φdφ −

e−r2
0/σ2

π

∫ +∞

0

se−s2

ds

∫ θ0

0

(φ − π)2e−2s
r0
σ

cos φdφ −
2θ0e

−r2
0/σ2

π

∫ +∞

0

se−s2

ds

∫ π+θ0

π−θ0

φe2s
r0
σ

cos φdφ.

Further simplifications yield the identity:∫ π

−π

α2p(α)dα

=
2θ2

0e
−r2

0/σ2

π

∫ +∞

0

se−s2

ds

∫ π

0

e2s
r0
σ

cos φdφ +
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4e−r2
0/σ2

∫ +∞

0

se−s2

ds

∫ θ0

0

φe−2s
r0
σ

cos φdφ +

e−r2
0/σ2

π

∫ +∞

0

se−s2

ds

∫ π

−π

φ2e2s
r0
σ

cos φdφ −

4θ0e
−r2

0/σ2

∫ +∞

0

se−s2

ds

∫ θ0

0

e−2s
r0
σ

cos φdφ.

This completes the proof of Lemma 2.

Let x = r0/σ > 0. Then

e−r2
0/σ2

π

∫ ∞

0

se−s2

ds

∫ π

−π

φ2e2s
r0
σ

cos φdφ

=
e−x2

π

∫ ∞

0

se−s2

ds

∫ π

−π

φ2e2sx cos φdφ

=
2e−x2

π

∫ ∞

0

se−s2

ds

∫ π

0

φ2

∞∑
k=0

1

k!
(2sx cos φ)kdφ

=
2e−x2

π

∞∑
k=0

(2x)k

k!
Ik

∫ ∞

0

sk+1e−s2

ds, (8)

where

Ik =

∫ π

0

φ2(cos φ)kdφ. (9)

The expression in (8) can be further simplified to yield an easily computable power
series expansion. In fact,

Lemma 3. For x ∈ (−∞,∞),

2e−x2

π

∞∑
k=0

(2x)k

k!
Ik

∫ ∞

0

sk+1e−s2

ds = F (x) (10)

=
π2e−x2

3
+

e−x2

π

+∞∑
k=0

x2k+2∏k
n=0(n + 1/2)

I2k+2 +
e−x2

√
π

+∞∑
k=0

x2k+1

k!
I2k+1.

Proof. Using the transformation s2 = t, we obtain∫ ∞

0

sk+1e−s2

ds = 1/2

∫ ∞

0

t
k+2
2

−1e−tdt = Γ(k/2 + 1)/2. (11)
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Also it is known that, for n odd,

Γ(n/2 + 1) =
√

π
n!!

2(n+1)/2
.

Substituting the identity (11) into (8) yields

2e−x2

π

∞∑
k=0

(2x)k

k!
Ik

∫ ∞

0

sk+1e−s2

ds =
2e−x2

π

∞∑
k=0

(2x)k

k!
IkΓ(k/2 + 1)/2

=
e−x2

π

∞∑
k=0

(2x)k

k!
IkΓ(k/2 + 1)

=
e−x2

π

∞∑
k=0

(2x)2k

(2k)!
I2kΓ(k + 1) +

e−x2

π

∞∑
k=0

(2x)2k+1

(2k + 1)!
I2k+1Γ((2k + 1)/2 + 1)

=
π2e−x2

3
+

e−x2

π

∞∑
k=0

(2x)2k+2

(2k + 2)!
I2k+2Γ(k + 2) +

e−x2

π

∞∑
k=0

(2x)2k+1

(2k + 1)!
I2k+1

√
π

(2k + 1)!!

2k+1

=
π2e−x2

3
+

e−x2

π

∞∑
k=0

(2x)2k+2

(2k + 1)!!2k+1(k + 1)!
I2k+2(k + 1)! +

+
e−x2

√
π

+∞∑
k=0

x2k+1

k!
I2k+1.

=
π2e−x2

3
+

e−x2

π

+∞∑
k=0

x2k+2∏k
n=0(n + 1/2)

I2k+2 +
e−x2

√
π

+∞∑
k=0

x2k+1

k!
I2k+1.

This completes the proof of Lemma 3.

Lemma 4. For x ∈ (−∞,∞),

∫ ∞

0

se−s2

ds

∫ π

0

e2sx cos φdφ =
πex2

2
. (12)

Proof. We have∫ ∞

0

se−s2

ds

∫ π

0

e2sx cos φdφ =

∫ ∞

0

se−s2

ds

∞∑
k=0

1

k!

∫ π

0

(2sx cos φ)kdφ
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=
∞∑

k=0

(2x)k

k!

∫ ∞

0

sk+1e−s2

ds

∫ π

0

cosk φdφ

=
∞∑

k=0

(2x)2k

2(2k)!
Γ(k + 1) 2

∫ π/2

0

cos2k φdφ

=
∞∑

k=0

(2x)2k

(2k)!
Γ(k + 1)

(2k − 1)!!

(2k)!!

π

2
=

∞∑
k=0

x2k

k!

π

2
=

πex2

2
.

Lemma 5. For x ∈ (−∞,∞),∫ ∞

0

se−s2

ds

∫ θ0

0

e−2sx cos φdφ = (13)

1

2

[
θ0 +

∞∑
k=0

x2k+2∏k
n=0(n + 1/2)

∫ θ0

0

cos2k+2 φdφ −√
π

∞∑
k=0

x2k+1

k!

∫ θ0

0

cos2k+1 φdφ

]
.

Proof. We have∫ ∞

0

se−s2

ds

∫ θ0

0

e−2sx cos φdφ =

∫ ∞

0

se−s2

ds

∞∑
k=0

1

k!

∫ θ0

0

(−2sx cos φ)kdφ

=
∞∑

k=0

(−2x)k

k!

∫ ∞

0

sk+1e−s2

ds

∫ θ0

0

cosk φdφ

=
∞∑

k=0

(−2x)k

2 k!
Γ(k/2 + 1)

∫ θ0

0

cosk φdφ

=
1

2

[
θ0 +

∞∑
k=0

(−2x)2k+2

(2(k + 1))!
Γ(k + 2)

∫ θ0

0

cos2k+2 φdφ

]
+

1

2

∞∑
k=0

(−2x)2k+1

(2k + 1)!
Γ((2k + 1)/2 + 1)

∫ θ0

0

cos2k+1 φdφ

=
1

2

[
θ0 +

∞∑
k=0

x2k+2∏k
n=0(n + 1/2)

∫ θ0

0

cos2k+2 φdφ −√
π

∞∑
k=0

x2k+1

k!

∫ θ0

0

cos2k+1 φdφ

]
.

Lemma 6. For x ∈ (−∞,∞),∫ ∞

0

se−s2

ds

∫ θ0

0

φe−2sx cos φdφ =
1

2
× (14)[

θ2
0

2
+

∞∑
k=0

x2k+2∏k
n=0(n + 1/2)

∫ θ0

0

φ cos2k+2 φdφ −√
π

∞∑
k=0

x2k+1

k!

∫ θ0

0

φ cos2k+1 φdφ

]
.
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Proof. We have∫ ∞

0

se−s2

ds

∫ θ0

0

φe−2sx cos φdφ =

∫ ∞

0

se−s2

ds

∞∑
k=0

1

k!

∫ θ0

0

φ(−2sx cos φ)kdφ

=
∞∑

k=0

(−2x)k

k!

∫ ∞

0

sk+1e−s2

ds

∫ θ0

0

φ cosk φdφ

=
1

2

∞∑
k=0

(−2x)k

k!
Γ(k/2 + 1)

∫ θ0

0

φ cosk φdφ

=
1

2

[
θ2
0

2
+

∞∑
k=1

2kx2k

(2k − 1)!!

∫ θ0

0

φ cos2k φdφ −√
π

∞∑
k=0

x2k+1

k!

∫ θ0

0

φ cos2k+1 φdφ

]

=
1

2

[
θ2
0

2
+

∞∑
k=0

x2k+2∏k
n=0(n + 1/2)

∫ θ0

0

φ cos2k+2 φdφ −√
π

∞∑
k=0

x2k+1

k!

∫ θ0

0

φ cos2k+1 φdφ

]
.

Lemma 7. Let β ∈ (−π, π]. For non-negative integers k ≥ 0,

∫ β

0

cosk φdφ = 2−k

k∑
n=0

(
k
n

)
sin β(2n − k)

2n − k
, (15)

and ∫ β

0

φ cosk φdφ (16)

= 2−k

k∑
n=0

(
k
n

)
β sin β(2n − k)

2n − k
+ 2−k

k∑
n=0

(
k
n

)
cos β(2n − k) − 1

(2n − k)2
.

Proof. The identities (15) and (16) can be proved using the Euler identity

ejx = cos x + j sin x.

In fact,

∫ θ0

0

cosk φdφ =

∫ θ0

0

[
ejφ + e−jφ

2

]k

dφ

= 2−k

k∑
m=0

(
k
m

)∫ θ0

0

ejφ(2m−k)dφ

= 2−k

k∑
m=0

(
k
m

)
ejθ0(2m−k) − 1

j(2m − k)
= 2−k

k∑
m=0

(
k
m

)
sin θ0(2m − k)

2m − k
.
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Similarly,∫ θ0

0

φ cosk φdφ =

∫ θ0

0

φ

[
ejφ + e−jφ

2

]k

dφ

= 2−k

k∑
m=0

(
k
m

)∫ θ0

0

φejφ(2m−k)dφ = 2−k

k∑
m=0

(
k
m

)∫ θ0

0

φ

[
ejφ(2m−k)

j(2m − k)

]′
dφ

=
2−k

j

k∑
m=0

(
k
m

)
2m − k

[
φejφ(2m−k)|θ0

0 −
∫ θ0

0

ejφ(2m−k)dφ

]

=
2−k

j

k∑
m=0

(
k
m

)
2m − k

[
θ0e

jθ0(2m−k) − 1

j(2m − k)

(
ejθ0(2m−k) − 1

)]

= 2−k

k∑
m=0

(
k
m

)
θ0 sin θ0(2m − k)

2m − k
+ 2−k

k∑
m=0

(
k
m

)
cos θ0(2m − k) − 1

(2m − k)2
.

Summarizing Lemmas 1-6, we finally obtain the following formulas for the mean and
variance of the phase angle θ of the Gaussian random variable X = I +I0+j(Q+Q0):

Theorem 1. The mean of the phase angle θ is computed by:

mθ =

∫ π

−π

αp(α)dα = M(x, θ0), (17)

where x = r0/σ and

M(x, θ0) = θ0(1 − e−x2

) − e−x2 × (18)[ ∞∑
k=0

x2k+2∏k
n=0(n + 1/2)

∫ θ0

0

cos2k+2 φdφ −√
π

∞∑
k=0

x2k+1

k!

∫ θ0

0

cos2k+1 φdφ

]
.

Proof. Combining Lemma 1, Lemma 4 and Lemma 5, we obtain:

mθ =

∫ π

−π

αp(α)dα =
2θ0e

−r2
0/σ2

π

∫ +∞

0

se−s2

ds

∫ π

0

e2s(r0/σ) cos φdφ −

2e−r2
0/σ2

∫ +∞

0

se−s2

ds

∫ θ0

0

e−2s(r0/σ) cos tdt

= θ0 − 2e−r2
0/σ2 ×

1

2

[
θ0 +

∞∑
k=0

(r0/σ)2k+2∏k
n=0(n + 1/2)

∫ θ0

0

cos2k+2 φdφ
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−√
π

∞∑
k=0

(r0/σ)2k+1

k!

∫ θ0

0

cos2k+1 φdφ

]
= M(x, θ0),

where x = r0/σ and M(x, θ0) is defined by (18).

Theorem 2. The variance of the phase angle θ is computed by:

vθ =

∫ π

−π

α2p(α)dα − m2
θ = V (x, θ0) (19)

= θ2
0

(
1 − e−x2

)
+ F (x) + G(x, θ0) − m2

θ,

where x = r0/σ, F (x) is defined by (10), G(x, θ0) is defined by:

G(x, θ0) = 2e−x2
∞∑

k=0

x2k+2∏k
n=0(n + 1/2)

[∫ θ0

0

φ cos2k+2 φdφ − θ0

∫ θ0

0

cos2k+2 φdφ

]

+2
√

πe−x2
∞∑

k=0

x2k+1

k!

[
θ0

∫ θ0

0

cos2k+1 φdφ −
∫ θ0

0

φ cos2k+1 φdφ

]
, (20)

and mθ is computed by (17).

Proof. The proof follows by combining Lemmas 2-6 and the identity (8).

It can be verified that both mθ and vθ are even functions of θ0, which is consistent
with the definitions and conventions introduced earlier in this document, It can also
be verified that in general mθ is not equal to θ0 and therefore the phase angle θ is a
biased estimator for θ0. It is thus more appropriate to use the mean square error of the
phase angle θ to characterize AOA estimation accuracy. Note that the mean square
error of the phase angle θ of X = I + I0 + j(Q + Q0) is computed by vθ + (mθ − θ0)

2.

It remains to compute the sequence Ik, k ≥ 0, defined by (9). For non-negative
integers n ≥ 0, k ≥ 0, define

J(n, k) =

∫ π/2

0

φn cosk φdφ. (21)

It can be proved that⎧⎨
⎩

I2k = π2J(0, 2k) + 2J(2, 2k) − 2πJ(1, 2k),

I2k+1 =−π2J(0, 2k + 1) + 2πJ(1, 2k + 1).
(22)
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Moreover, J(0, k), J(1, k) and J(2, k) can be computed recursively. In fact, by inte-
gration by pars, it can be shown that , for k ≥ 2,⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

J(0, k) = k−1
k

J(0, k − 2),

J(1, k) = −1
k2 + k−1

k
J(1, k − 2),

J(2, k) = −2
k2 J(0, k) + k−1

k
J(2, k − 2),

(23)

and

J(1, 0) =
π2

8
, J(1, 1) =

π

2
− 1, (24)

J(2, 0) =
π3

24
, J(2, 1) =

π2

4
− 2. (25)

Further calculations yield the following formulas that can be used to compute the
sequences J(0, k), J(1, k) and J(2, k) non-recursively:

Lemma 8. The sequences J(0, k), J(1, k) and J(2, k) can be, respectively, computed
by: {

J(0, k) = (k−1)!!
k!!

π
2
, k is even,

J(0, k) = (k−1)!!
k!!

, k is odd,
(26)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

J(1, k) = (k−1)!!
k!!

[
J(1, 0) −∑ k−2

2
n=0

(k−2n−2)!!
(k−2n−1)!!

k−2n

]
,

k ≥ 2 and is even,

J(1, k) = (k−1)!!
k!!

[
J(1, 1) −∑ k−3

2
n=0

(k−2n−2)!!
(k−2n−1)!!

k−2n

]
,

k ≥ 3 and is odd,

(27)

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

J(2, k) = (k−1)!!
k!!

[
J(2, 0) − π

∑ k−2
2

n=0
1

(k−2n)2

]
,

k ≥ 2 and is even,

J(2, k) = (k−1)!!
k!!

[
J(2, 1) − 2

∑ k−3
2

n=0
1

(k−2n)2

]
,

k ≥ 3 and is odd.

(28)

Proof. The proofs of the formulas from (26) to (28) are all similar. As an example,
we shall only give the proof for the first identity of (27). In fact, repeatedly applying
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the second recursion of (23), we obtain, for even integers k ≥ 2,

J(1, k) = − 1

k2
+

k − 1

k
J(1, k − 2)

= − 1

k2
+

k − 1

k

[
− 1

(k − 2)2
+

k − 3

k − 2
J(1, k − 4)

]

= − 1

k2
− k − 1

k

1

(k − 2)2
+

(k − 1)(k − 3)

k(k − 2)
J(1, k − 4)

= − 1

k2
− k − 1

k

1

(k − 2)2
− (k − 1)(k − 3)

k(k − 2)

1

(k − 4)2

+
(k − 1)(k − 3)(k − 5)

k(k − 2)(k − 4)
J(1, k − 6)

= − 1

k2
−

k−2
2∑

n=1

(k − 1)(k − 3) · · · (k − (2n − 1))

k(k − 2) · · · (k − (2n − 2))

1

(k − 2n)2

+
(k − 1)(k − 3) · · · 5 · 3 · 1

k(k − 2) · · · 6 · 4 · 2 J(1, 0)

= −
k−2
2∑

n=0

(k − 1)!!

k!!

(k−2n−2)!!
(k−2n−1)!!

k − 2n
+

(k − 1)!!

k!!
J(1, 0)

=
(k − 1)!!

k!!

⎡
⎣J(1, 0) −

k−2
2∑

n=0

(k−2n−2)!!
(k−2n−1)!!

k − 2n

⎤
⎦ .
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3 Means and Variances of the Vector-Sum and
Angle-Sum Estimators

Consider the length-N complex signal sample sequence Xk, 0 ≤ k ≤ N − 1, where
the phase angle of each sample Xk yields an estimate of the true angle of arrival
of the emitter and N is a fixed positive integer. The data sequence, Xk, is assumed
to consist of independent Gaussian random variables with non-zero mean Xk0 and
variance σ2

k, where Xk0 = rke
jθ0 , with rk and θ0 being respectively the amplitude of

Xk0 and the true angle of arrival of the emitter. The real and imaginary parts of each
sample Xk are independent and have equal variance σ2

k/2.

There are two closely related, but distinctly different, approaches to estimating θ0

from the data sequence Xk, 0 ≤ k ≤ N −1. The first approach, called the vector-sum
estimator here, averages the values of Xk and then computes the value of AOA from
the phase angle of the resultant average signal sample. The second approach, called
the angle-sum estimator here, reverses the order of operations of the first approach
by first computing the phase angle of each signal sample and then averaging the indi-
vidual phase angles. Let the phase angle of Xk be denoted by θ̂k and θ̂a = 1

N

∑N−1
k=0 θ̂k.

Let X = 1
N

∑N−1
k=0 Xk and denote its phase angle by θ̂v. The mean and variance of

the vector-sum estimator (respectively, the angle-sum estimator) are then given by
the mean and variance of θ̂v (respectively, θ̂a).

Let E denote the expectation operator. The following results follow directly from
Theorem 2:

Theorem 3. The mean and variance of the vector-sum estimator θ̂v are computed
by (29) and (30) respectively:

E(θ̂v) = M

⎛
⎝ ∑N−1

k=0 rk√∑N−1
k=0 σ2

k

, θ0

⎞
⎠ , (29)

E
(
θ̂2

v

)
−
(
E(θ̂v)

)2

= V

⎛
⎝ ∑N−1

k=0 rk√∑N−1
k=0 σ2

k

, θ0

⎞
⎠ , (30)

where the functions M(x, θ0) and V (x, θ0) are defined by (17) and (19) respectively.

Theorem 4. The mean and variance of the angle-sum estimator θ̂a are computed by
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(31) and (32) respectively:

E(θ̂a) =
1

N

N−1∑
k=0

M (rk/σk, θ0) , (31)

E
(
θ̂2

a

)
−
(
E(θ̂a)

)2

=
1

N2

N−1∑
k=0

V (rk/σk, θ0) , (32)

where the functions M(x, θ0) and V (x, θ0) are defined by (17) and (19) respectively.

Theorem 5. If the data sequence Xk consists of independent and identically dis-
tributed Gaussian random variables with rk = r0 and σk = σ0, 0 ≤ k ≤ N − 1, then
the mean and variance of the vector-sum estimator θ̂v are computed by (33) and (34)
respectively:

E(θ̂v) = M
(√

Nr0/σ0, θ0

)
, (33)

E
(
θ̂2

v

)
−
(
E(θ̂v)

)2

= V
(√

Nr0/σ0, θ0

)
, (34)

and the mean and variance of the angle-sum estimator θ̂a are computed by (35) and
(36) respectively:

E(θ̂v) = M (r0/σ0, θ0) , (35)

E
(
θ̂2

v

)
−
(
E(θ̂v)

)2

=
1

N
V (r0/σ0, θ0) . (36)

Here the functions M(x, θ0) and V (x, θ0) are defined by (17) and (19) respectively.

Using the formulas (29)-(36), it is quite straightforward to compute the mean square
error for the vector-sum and angle-sum estimators. The formulas (29)-(32) can be
used to compare the vector-sum and angle-sum estimators for data sequences, Xk,
with time varying amplitudes. However, useful insights can be obtained by focusing
on the simpler case where the signal data samples, Xk, all have the same probability
distribution. Performance comparisons are provided in the next section.
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4 Advantages of the Vector-Sum Estimator
over the Angle-Sum Estimator

In this section, the same assumptions as in Theorem 5 are made and the formulas
(33)-(36) are applied to compute the root mean square error for the vector-sum and
angle-sum estimators. As typical examples, in Figs. 2 - 5, the root mean square error
(rms error) of the phase angle θ is plotted as a function of the input signal-to-noise
ratio, r2

0/σ
2, for N = 15 and θ0 = 0◦, 45◦, 90◦ and 120◦, respectively. For large

signal-to-noise ratios, the vector-sum and angle-sum estimators are almost identical
in performance. When the signal-to-noise ratio is relatively small, say, in the range
from −4 to 10 dB, the vector-sum estimator outperforms the angle-sum estimator. For
very small signal-to-noise ratios, the angle-sum estimator actually outperforms the
vector-sum estimator. This surprising result has a simple physical interpretation. The
angle-sum and vector-sum averaging schemes differ in how they weight the individual
measurements. The former gives the same weight to each measurement whereas the
weights given by the latter are proportional to the magnitude of the complex values.
For a constant envelope signal at very low signal-to-noise ratios, the vector-sum esti-
mator gives the largest weights to the measurements that are most seriously affected
by noise, thus yielding worse AOA estimates than the angle-sum estimator. This ad-
vantage of the angle-sum estimator is however of minimal practical value since the
root mean square error for both estimators at such low signal-to-noise ratios is very
large (more than 20◦).

The same observations also hold for other values of N .

Formulas (29)-(32) can be used to gain information on the relative performance of
the vector-sum and angle-sum estimators when the magnitudes of the signal values
vary over time. However, this is beyond the scope of this technical memorandum.

The vector-sum estimator enjoys several other important advantages over the angle-
sum estimator. First, it avoids phase unwrapping problems, which are a major source
of difficulty with the angle-sum estimator. The phase angles provided by the four
quadrant arctangent function are restricted to the interval [−π, +π] and, since phase
is a circular parameter, −π is equivalent to +π. The averaging of phase angles near ±π
results in substantial bias errors. An extreme example involves the average of −π + δ
and π − δ where δ is an arbitrarily small angle. The resultant average angle of zero
is in error by π. Second, the vector-sum estimator has a much lower computational
cost than the angle-sum estimator, particularly for large N , since the phase angle is
computed only once whereas the angle-sum estimator requires N phase angle compu-
tations, each of which requires a four-quadrant arctangent operation. Third, it lends
itself to a simple estimator of signal quality that does not require the computation of

DRDC Ottawa TM 2010-131 17



individual angle estimates (see equation (7) in [3] for a specific case):

Q =

∣∣∣∑N−1
k=0 Xk

∣∣∣∑N−1
k=0 |Xk|

. (37)

The quality estimator, Q, ranges in value from 0 to 1 and is a measure of the cor-
relation between the complex-valued signal data samples Xk, 0 ≤ k ≤ N − 1. For
increasing signal-to-noise ratio, its value increases, ultimately approaching unity for
infinite signal-to-noise ratio. Finally, for amplitude modulated, or other signals whose
amplitudes vary over time, the vector sum approach gives the greatest weight to data
values having the largest magnitudes. This is generally desirable since these values
would be expected to have the highest signal-to-noise ratios.
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Figure 2: The root mean square error of the phase angle, θ, plotted as a function
of the input signal-to-noise ratio r2

0/σ
2 for the vector-sum and angle-sum estimators

(N = 15, θ0 = 0◦).
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Figure 3: The root mean square error of the phase angle, θ, plotted as a function
of the input signal-to-noise ratio r2

0/σ
2 for the vector-sum and angle-sum estimators

(N = 15, θ0 = 45◦).
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Figure 4: The root mean square error of the phase angle, θ, plotted as a function
of the input signal-to-noise ratio r2

0/σ
2 for the vector-sum and angle-sum estimators

(N = 15, θ0 = 90◦).
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Figure 5: The root mean square error of the phase angle, θ, plotted as a function
of the input signal-to-noise ratio r2

0/σ
2 for the vector-sum and angle-sum estimators

(N = 15, θ0 = 120◦).
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5 Conclusions

This report considers a Gaussian signal model to compare the estimation accuracy for
two angle of arrival averaging schemes. For most practical purposes, the estimation
accuracy obtained by the vector-sum estimator is better than that obtained with the
angle-sum estimator. The vector-sum estimator can be implemented with a smaller
computational cost and is not affected by phase unwrapping issues. Consequently,
the vector-sum estimator should be the preferred approach for the time averaging
of phase information in DF systems based on the computation of phase angles from
complex-valued signal data. These results are also applicable to other signal processing
problems of a similar nature.
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